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Abstract: In this paper, a numerical investigation of natural convection in three-dimensional 
cylindrical and divergent annular duct is studied. In the inner cylinder of thin thickness, are 
mounted a cylindrical blocks which subjected to a volumetric heat generation. The governing 
equations of mass, momentum and energy equation for both the fluid and the solid are solved by 
the finite volume method using the commercially available CFD software fluent .The effect of 
the number of heated blocks (N = 1, 2, 3 and 5) and the inclination angle of the divergent  
(φ = 0°, 15°, 23° and 45°) have been studied . The temperature and velocity contours fields, 
stream lines also the local Nusselt number have been presented here for Ra = 2.105 and N = 3 
while temperature and velocity profiles in the span-wise direction of the flow were plotted for  
Ra = 1.105 (φ = 0°, 15°, 23° and 45°) and (N = 1, 2, 3 and 5) also the local and average Nusselt 
number for those geometries. 
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1 Introduction 

The concentric annular duct is an important geometry of 
many fluid flows and heat transfer devices. The study of 
natural convection in this configuration is important from 
both theoretical and practical point of view. The fluid 
dynamic behaviour of air in open environments with or 
without the presence or not heat generating sources is 
extensively applicable, in industrial environments, nuclear 
reactors, solar energy collectors, energy storage, electronic 
equipment’s, and energy storage. Cooling by natural 

convection over heated bodies or fins in horizontal and 
vertical channel, have received considerable attention and 
have been experimentally and numerically studied by many 
researchers (e.g., Edwards et al., 1963; Rasim, 1996; Chen, 
2007; Bazylak, 2007). 

Adding a fin to an object increases the amount of 
surface area in contact with the surrounding fluid, which 
increases the heat transfer between the object and the 
surrounding fluid. Heated bodies can be used in variety 
applications such as heat sinks and heat exchangers. The 
performance of any heat sink is measured by the 
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temperature difference between its base and the ambient 
temperature normalised to the dissipated power. This 
performance is a strong function of the operating 
environment, material, geometry, and overall surface heat 
transfer coefficient. Heat sinks are used in a wide range of 
applications wherever efficient heat dissipation is required, 
major examples include refrigeration, heat engines, cooling 
electronic devices and lasers. Microprocessors and power 
handling semiconductors are examples of electronics that 
need a heat sink to reduce their temperature through 
increased thermal mass and heat dissipation (primarily by 
conduction and convection and to a lesser extent by 
radiation). Cooling electronic components using natural 
convection is considerably more challenging than forced air 
cooling, that is because the thermal resistance of a heat sink 
may be up to 20% higher in a natural convection 
environment than in a forced convection environment. In 
natural convection, the heat sink depends solely on the 
‘chimney effect’ to break the layers of still air and 
accelerate the cold air circulation over the heat sink. The 
existing literature presents a vast number of studies on 
convection in its three forms and in open or closed cavities. 
Dehghan et al. (1996) investigated the influence of the 
heating generation mode and the separation distances 
between the sources in their numerical modelling of natural 
convection air cooling. Kasayapanand (2009) investigated a 
numerical modelling of the electric field effect, on natural 
convection in finned enclosures; he analysed the interaction 
between electric fields flow and temperature. Kobus et al. 
(2005) developed experimental technique parameters for 
pure natural convection and for combined forced and 
natural convection. Amir et al. (2010) studied numerically 
the convection cooling of horizontal heat source mounted in 
square cavity filled with nano fluid, their results shows that 
dimension of heat source is an important parameter 
affecting the flow pattern and temperature fields. Wang et 
al. (1999) presented a procedure for the development of a 
comprehensive model for natural convection heat transfer 
from isothermal vertical disks with horizontal support 
cylinders as found in annular fin heat sinks. Culham et al. 
(2000) presented an analytical model for calculating natural 
convection heat transfer for three heat sinks geometries. 

Catharina et al. (2001) provided a system and method 
for enhancing thermal performance of a heat transfer device. 
The most effective heat transfer enhancement can be 
achieved by using fins as elements for the heat transfer 
surface area extension. A large variety of fins have been 
applied for this purpose, the area of interest is a tube fin 
configuration. the aim of this work is to study the heat 
transfer enhancement of fin tube immersed in a cylindrical 
or divergent tube, here the fins are considered as a 
cylindrical generating blocks and the divergent 
configuration is provided for enhancing thermal 
performance of a heat transfer device. So this kind of 
configuration has not been yet studied, and the purpose of 
the present work is to study the buoyancy driven flow 
generated by heated blocks in a three dimensional 
cylindrical and divergent annular duct. In the inner thin 

cylinder are fixed cylindrical blocks subjected to a 
volumetric heat generation, while the opposite wall of the 
outer cylinder which is inclined is supposed adiabatic. This 
work aims to study the effect of the number of heated 
blocks and the inclination angle of the outer cylinder on the 
flow and heat transfer characteristics (Figure 1). 

Figure 1 Studied configuration (see on line version for colours) 

 

Figure 2 Schematic view of the physical problem (see online 
version for colours) 

 

2 Problem configuration 

The physical model illustrated in Figure 2 consists of a 
vertical annular and divergent duct. In the external wall of 
the inner cylinder are mounted a cylindrical blocks which 
are submitted to uniform volumetric heat generation. The 
three-dimensional configuration was defined by exploiting 
the symmetry of the duct; a vertical symmetry plane allows 
reducing the computational domain to the total half-volume. 
The fluid entering by the bottom with constant velocity w0 
and at ambient temperature T0 while the annular space is 
open in top to the atmospheric pressure. 
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The geometric parameters are fixed throughout the 
parametric study. The dimensions considered in the present 
study are as follows: The length of the duct L = 50 mm, the 
radius of the inner cylinder Ri = 3 mm, the radius of the 
block Rb = 5 mm and the radius of the outer cylinder  
Ro = 10 mm. The fluid, air (the Prandtl number Pr = 0.71) is 
brought to initial temperature T0 = 298 K. 

2.1 Governing equations 

The flow and temperature distributions are governed by 
continuity, Navier-Stokes, fluid and the fluid-solid energy 
equations. The flow is steady; the fluid is Newtonian and 
incompressible, with constant properties, except in the term 
of gravity where the Boussinesq assumption is adopted).The 
thermo physical properties of the fluid are constant and 
evaluated at inlet temperature. Radiation transfers and 
viscous dissipations are supposed negligible. Considering of 
the simplifying assumptions formulated above, the 
governing equations in cylindrical coordinates in directions 
(r, θ, and z) Bejan (1995) are as follows: 

• continuity equation 
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• energy equation 

( )
2 2

f
2 2 2

p

1 (ruT) 1 (vT) (wT)
r r r θ z

k 1 T 1 T Tr
ρC r r r r θ z

∂ ∂ ∂
+ +

∂ ∂ ∂
⎡ ∂ ∂ ∂ ∂ ⎤⎛ ⎞= + +⎜ ⎟⎢ ⎥∂ ∂ ∂ ∂⎝ ⎠⎣ ⎦

 (5) 

• energy equation for the solid wall 
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2.2 Boundary conditions 

The velocity boundary condition is (u = v = w = 0) for the 
walls of the duct and the blocks. 

For the fluid the temperature is T = T0. 
For the adiabatic walls of the inner and outer cylinder. 

T 0
n

∂
=

∂
 

• At interface solid fluid 
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For the heated blocks the flux q” is defined versus the 
volumetric heat generation Qv and the volume of the block. 

As: q” = Qv.V [W], V is the volume of the block. 

2.3 Calculation of the Nusselt number 

The convective heat transfer rate in the annular space is 
obtained by the calculation of the Nusselt number, which 
reflects the ratio of the convective and conductive heat 
transfers. It is defined as follows: 

f

hDNu
k

=  

where h is the heat transfer coefficient at the block, D is the 
characteristic diameter and kf is the thermal conductivity of 
the fluid. 

We are interested only in heat transfer at the level of the 
heated blocks. The Nusselt number can be written 
depending on the temperature of the heated wall and the 
fluid in each section as follows: 
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− ∂
 (7) 

Tp(r, θ, z) is the local temperature of the blocks. 
Tb (z) is the bulk temperature in the section (r – θ) is 

computed as: 

1
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The average Nusselt number is computed on heated walls as 

local(block1,2,3,5)
nodes

block1,2,3,5

block1,2,3,5

Nu
Nu

Nu
n n

= =
∑ ∑  

With n: is nodes number. 
The characteristic parameter of natural convection is set 

by the Rayleigh number, defined by: 
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5
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where g, β, ν, α are respectively the gravitational 
acceleration, the coefficient of thermal expansion, the 
kinematic viscosity and the thermal diffusivity, Qv is the 
volumetric heat generation and Dh is the hydraulic diameter. 

2.4 Resolution procedure 

The continuity, momentum and energy equation are solved 
using commercially software Fluent 6.3 (2006), the  
simple algorithm proposed by Patankar (1980) is used for 
coupling between pressure and velocity with a power-law 
approximation scheme, a numerical solution is supposed to 
converge when the following test is checked. 
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i.e., the residues for different physical quantities become 
more low 10–6. 

Фk are u, v, w, T and p, k is the number of iterations. 
A non-uniform mesh in axial and radial directions is 

more refined in regions where temperature variations are 
relatively important (near the walls). Figure 3 shows mesh 
structure of the computational domain for ϕ = 0° and N = 2. 

Figure 3 Mesh structure of the computational domain for ϕ = 0, 
N = 2 

 

To examine the effect of the mesh on the  
numerical solution, three meshes have been considered  
(15 × 20 × 100) nodes, (35 × 30 × 200) nodes and  
(40 × 30 × 250) nodes. Table 1 gives the values of the 
average Nusselt number (Nu)  as well as the computing 
times of each one for the configuration ϕ = 0 with N = 2 and 
Ra = 1.2 ⋅ 105. From these results we can see that the values 
obtained for these different meshes are very close, the mesh 
size (40 × 30 × 250) give a very precise result but require a 
higher execution time compared to the others. Our choice 
was directed towards the grid (35 × 30 × 200) which ensures 

a good compromise between the computing time and the 
precision of the results. 

Table 1 Variation of Nu �for various grids for ϕ = 0, N = 2, 
Ra = 1.2.105 

Mesh 15 × 20 × 100 35 × 30 × 200 40 × 30 × 250
Time of 
computing 

30 min 1 h 5 h 30 min 

Nu  4.623 5.649 5.788 

Figure 4 shows the evolution of the local Nusselt number at 
the level of the two solids for these three types of mesh. 
According to these figures we see that the plots of the local 
Nusselt number for meshes (35 × 30 × 200) and that of (40 
× 30 × 250) are identical which confirms our choice of mesh 
(35 × 30 × 200). The quantitative results are compared with 
those of Vahl Davis et al. (1969) and Kumar (1991, 1997), 
for an annular vertical cylinders with the geometrical 
parameters (A: aspect ratio and λ = re/ri: the radius ratios). 
Results of Table 2 show that our results are in agreement 
with those of literature with a percentage between 8% and 
9%. 

Table 2 Comparison of Nu  for annular cylinder  
(A = 1, λ = 1) 

Ra 103 104 

De Vahl Davis (1969) 2.242 4.523 
Kumar and Kalam (1991) 2.242 4.523 
Kumar (1997) 2.256 4.526 
Our results 2.471 4.968 

Figure 4 Effect of the mesh on the local Nusselt number for the 
two blocks (see online version for colours) 
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3 Results and discussions 

Numerical results of temperature distributions, for various 
numbers of blocks N (N = 1, 2, 3 and 5) and various 
inclinations angle of the divergent (ϕ = 0°, 15°, 23° and 45°) 
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have been made for the Rayleigh numbers Ra = 1.105 and 
Ra = 2.105 corresponding to the volumetric heat generation 
Qv = 60,000 W/m3 and 90,000 W/m3. Figure 5 illustrates the 
temperature contours fields in the span-wise direction of the 
flow for a Rayleigh number Ra = 2.105 and N = 3 and for 
the different inclination angle of the divergent. According to 
this figure it can be seen that, the natural convection starts 
when the cold fluid enters towards the annular space 
between the two cylinders the temperature of the fluid and 
of the heated blocks increases in the direction of main flow 
and reach a maximum near the last block in the top. For  
ϕ = 0°, i.e., a vertical duct, the fluid layers are concentric 
circles which temperature decreases in moving away from 
the blocks and the flow is symmetrical on both sides of the 
median plane of the duct . 

The maximum temperature is near the last block and it 
is about 373.47 K. For ϕ = 15°, 23° and 45°, we see a 

decrease in temperature followed by asymmetry of the flow, 
the temperature reaches 318.52 K for ϕ = 15°, 314.78 K for  
ϕ = 23° and 314.26 K for ϕ = 45°.This is because of the 
expansion of the fluid due to the sudden enlargement of the 
divergent outer cylinder of the duct. 

Figure 6 shows the velocity contour fields for the 
configurations and the Rayleigh number considered, from 
this figure it can be seen that for ϕ = 0° the maximum of the 
velocity is in the middle of the annular space and near the 
heated blocks mainly in the edges of the second and the last 
block, it is seen by a plume in this place. The asymmetry of 
the right top, i.e., on the plume where the flow is more 
intense, near the blocks where the vectors are diverted to 
change direction, in the recirculating region where the flow 
is reversed and its intensity is decreasing. 

Figure 5 Temperature contour fields in the span-wise direction of the flow for Ra = 2.105, N = 3, (a) ϕ = 0° (b) ϕ = 15°  
(c) ϕ = 23° (d) ϕ = 45° (see online version for colours) 

 
(a) (b) (c) (d)  

Figure 6 Velocity contour fields in the span-wise direction of the flow for Ra = 2.105, N = 3, (a) ϕ = 0° (b) ϕ = 15° (c) ϕ = 23° (d) ϕ = 45° 
(see online version for colours) 

 
(a) (b) (c) (d)  
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In Figure 8 for Ra = 2.105 and N = 3, the stream lines for 
different inclination ϕ are depicted. For ϕ = 0° the stream 
lines are a vertical lines in the span-wise direction of the 
flow and symmetrical from both sides of the inner cylinder. 
Further for ϕ = 15°, 23° and 45° the stream lines are not. 

The flow is visible by the moving of the plume in the 
top at the left for ϕ = 23° and at the right for ϕ = 15°and  
ϕ = 45°a recirculating cell covering the whole of the duct is 
formed for ϕ = 15°, 23° and ϕ = 45°. The increasing of the 
inclination angle ϕ leads to a weak buoyancy force due to a 
weak flow. To see more details on the flow structure,  
Figure 7 shows the velocity vectors in different area for  
ϕ = 15°, in symmetrical and show the reversed flow in the 
recirculating region for this configurations. 

In Figure 9 the velocity and temperature profiles in the 
annular space in the symmetry plane in the middle of each 
block are depicted. 

For ϕ = 0°, the highest temperatures are localised in the 
last block in the top, the velocity profile in this case is 
parabolic and the flow is fully developed in the span-wise 
direction of the flow. For ϕ = 15°, the asymmetry of the 
flow is visible in both velocity and temperature profiles. 
The plume produced by the buoyancy forces that carry the 
fluid particles in the top under the effect of heat where the 
highest velocities are located. This plume is translated by 
the velocity and temperature profiles disturbed in the 
direction of flow for ϕ = 15°, 23° and 45°due to the change 
in the outlet section thus causing a decrease in the 
temperature. 

Figure 7 Velocity vectors in different areas for ϕ = 23°, N = 3, Ra = 2.105 

 

Figure 8 Effect of the inclination angle on streamlines for Ra = 2.105, N = 3, (a) ϕ = 0° (b) ϕ = 15° (c) ϕ = 23° (d) ϕ = 45° 

 
(a)      (b) 

 
(c)      (d) 
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Figure 9 Velocity and temperature profiles in the symmetry plane (x, z) in the middle of each block, N = 3, Ra = 2.105, (a) ϕ = 0°  
(b) ϕ = 15° (c) ϕ = 23° (d) ϕ = 45° (see online version for colours) 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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Figure 10 Velocity and temperature profiles in a vertical line near the surface of the blocks for N = 3, Ra = 2.105  
(see online version for colours) 
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Further the highest temperatures are localised in the top at 
the level of the second and the third block. 

Figure 10 exemplifies the variation of the velocity and 
temperature profiles in a vertical line near the surface of the 
blocks in the span-wise direction of the flow. It is shown 
from this figure that for both temperature and velocity the 
trends are similar. For ϕ = 0°, the temperature is high and 
the maximum is in the top at the level of the last block. 
Further for ϕ = 15°, 23° and 45°, the decrease in 
temperature leads to an increase of the velocities. Figure 11 
presents the variation of the local Nusselt number at the 
heated blocks for these configurations and for N = 3. It is 
shown that the Nu profiles present an increasing in the level 
of the last block and for inclination angles ϕ ≠ 0; this is due 
to the fact that with increasing the inclination angle ϕ, the 
convection increases progressively. 

Figure 11 Variation of the local Nusselt number on the heated 
blocks (see online version for colours) 
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To show the influence of the numbers of blocks N and ϕ on 
the structure of the flow we have considered necessary to 
plot the velocity and temperature profiles in a vertical line 
near the blocks also and in the symmetry plane for  
N = 1, 2, 3 and N = 5 . Figure 12 illustrates the variation of 
the velocity and the temperature profiles in the span-wise 

direction of the flow in a vertical line near the surface of the 
blocks for a number N = 1, 2, 3 and 5 blocks and for Ra = 
1.105. 

It can be seen from these plots that the temperature 
remains high for ϕ = 0° and for the different number of N. 
Further the maximum temperature is in the top near the last 
block where as for N = 2, 3 and 5 slight difference between 
plots appears. This temperature decreases for ϕ = 15°, 23° 
and 45° for the different number of blocks, also seen in 
Figure 13 which shows the velocity and temperature 
profiles in the annular space in the symmetry plane and in 
the middle of each block . On the other part it is indicated 
from these figures that the enhanced fluid velocity increases 
with the number of the heated blocks and the inclination 
angle ϕ. The highest velocities are in the middle of the 
annular space and zero at the level of the walls of the heated 
blocks. 

Figure 14 illustrates the variation of the local Nusselt 
number along the heated wall of the block. The plots are 
presented for different number N of blocks to understand 
the effect of the blocks and the inclination angle ϕ on the 
characteristics of the flow .It can be seen from this figure 
that the local Nusselt number is an increasing function of 
the inclination ϕ and it is seen that the trends are similar. On 
the other part the maximum value of Nu is located on the 
edges of the blocks, it is about 17 for N = 1 and ϕ = 45°at 
the level of the first edge and it reaches the value of 14 at 
the second block for N = 2 and ϕ = 45°, the highest values 
of the local Nusselt number correspond to N = 1 and ϕ = 45° 
then the local Nusselt number is a decreasing function of N. 

Figure 15 shows the variation of the average Nusselt 
number versus the numbers N of blocks and for the 
inclination angles ϕ studied. From this figure it is shown 
that the average Nusselt number is a decreasing function of 
the number of blocks N and an increasing function of the 
inclination angle ϕ. 
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Figure12 Variations of the velocity and temperature pro files in a vertical line near the surface of the blocks for, Ra = 1.105, (a) N = 1  
(b) N = 2 (c) N = 3 (d) N = 5 (see online version for colours) 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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Figure 13 Velocity and temperature profiles in the symmetry plane (x, z) in the middle of each block, Ra = 1.105, (a) N = 1 (b) N = 2  
(c) N = 3 (d) N = 5 (see online version for colours) 

 
(a) 

 
(b) 

 
(c) 

 
(d) 
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Figure 14 Local heat transfer rate for Ra = 1.105 (see on line version for colours) 

 
 

Figure 15 Average Nusselt number versus the number of blocks 
(see online version for colours) 
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4 Conclusions 

The numerical study of natural convection heat transfer and 
fluid flow in a 3D cylindrical and divergent annular  
duct has been presented. Heated blocks are attached in the 
inner cylinder and are subjected of a volumetric heat 
generation. The effect of the numbers of heated blocks  

(N = 1, 2, 3 and 5) and the inclination angle of the divergent 
(ϕ = 0, 15°, 23° and 45°) have been studied. 

The result of numerical simulation for Ra = 1.105 and 
Ra = 2.105 leads to the following conclusions. 

• the temperature decreases with the increasing of the 
inclination angle ϕ 

• a loss of symmetry particularly when ϕ is high is 
observed in the velocity and the temperature contours 
fields 

• the temperature of the flow increases with the number 
of the heated blocks, except for N = 5, where the 
temperature decreases 

• the maximum temperature is at the level of the last 
block in the top for the all inclination angles 

• the local Nusselt number is an increasing function of 
the inclination angle while the average Nusselt number 
is a decreasing function of the heated blocks N. 
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