
Eur. Phys. J. D (2015) 69: 86 DOI: 10.1140/epjd/e2015-60005-0

Effect of orthogonalization on total ionization cross sections
by electron impact: application to small molecules

Samra Nehaoua, Salim Houamer, Claude Dal Cappello, Mehdi Chinoune,
Alexander Galstyan and Amulya Chandra Roy

http://www.epj.org
http://dx.doi.org/10.1140/epjd/e2015-60005-0


Eur. Phys. J. D (2015) 69: 86
DOI: 10.1140/epjd/e2015-60005-0

Regular Article

THE EUROPEAN
PHYSICAL JOURNAL D

Effect of orthogonalization on total ionization cross sections
by electron impact: application to small molecules

Samra Nehaoua1, Salim Houamer1,a, Claude Dal Cappello2, Mehdi Chinoune1,3,
Alexander Galstyan4,5, and Amulya Chandra Roy6

1 LPQSD, Department of Physics, Faculty of Sciences, University Setif 1, 19000 Setif, Algeria
2 SRSMC, UMR CNRS 7565, University of Lorraine, BP 70239, 54506 Vandoeuvre-lès-Nancy, France
3 USTHB, Faculty of Physics, Department of theoretical physics, 16111 Algiers, Algeria
4 Faculty of Physics, Lomonosov Moscow State University, 119991 Moscow, Russia
5 Institute of Condensed Matter and Nanosciences, Université catholique de Louvain, 2, chemin du Cyclotron,
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Abstract. Total ionization cross sections by electron impact are calculated for H2O, NH3 and CH4

molecules by using an improved first Born approximation which has been previously applied for atomic
targets by Bartlett and Stelbovics [P.L. Bartlett, A.T. Stelbovics, Phys. Rev. A 66, 012707 (2002)]. In
this model a full orthogonalization of the final state to the initial state has been performed to evaluate
the cross sections. One center wave functions are employed to describe the molecular orbitals. It is shown
that the results obtained in the present model are immensely improved when compared with the first Born
model without orthogonalization. Furthermore, an overall agreement is also observed when a comparison
is made with the experimental data.

1 Introduction

Differential and total cross sections for the ionization
of atoms and molecules by electron impact provide fun-
damental data in a wide range of applications such
as plasma physics, fusion experiments and also in liv-
ing matter [2–6]. Besides their strategic applications, in-
vestigations of molecular targets constitute effectively a
challenging task for theorists because of their multicen-
ter character. Theoretical investigations of ionization of
molecules remain thus an open problem even in the case of
first Born approximation. In fact, many theoretical mod-
els have been widely applied to atoms [7–11] in contrast to
molecules where only a few models exist and are applied
especially to small molecules [12–17]. On the other hand,
total cross sections for molecular targets are more exten-
sive in literature than the differential ones. Semi empiri-
cal studies of molecules have been used to estimate cross
sections for molecules using various additive rules [18,19]
which generally overestimate total cross sections. A semi
empirical approach, referred to as the BEB model, is cur-
rently known to reproduce quite well the cross sections
for a large variety of small molecules [20–22]. These theo-
ries provide only total and singly differential cross sections
and are unable to describe the detailed aspect of the ion-
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ization process. More recently, full quantum mechanical
models have also been applied to molecules to calculate
total and all multiply differential cross sections using a
method like the FBA-CW [23,24] which represents a first
Born approach where the ejected particle is represented
by a Coulomb wave. These models were able to correctly
reproduce experimental triple differential cross section in
several regions even at a low impact energy. Neverthe-
less these models provide total cross sections which over-
estimate experiments like other first order models. The
M3DW model [25], where the final state is represented by
a 3-body distorted-wave, is currently the most sophisti-
cated used approach. This rather complicated numerical
model generally provides results in good agreement with
experiments [26] but can lead to large discrepancies as in
the ionization of the tetrahydrofuran [27]. However, this
model has never been applied for the calculation of to-
tal cross section. Recently a multicenter distorted wave
method has been developed and applied successfully for
the single ionization of water molecule [28] but not for
total cross section.

We examine here a first order model (FBA-CW) which
is often used to calculate ionization cross sections of
molecules by electron impact. It is well-known that first
order models generally overestimate total cross sections
at low impact energy. So one has to include second Born
terms to improve the results. For atoms second Born

http://www.epj.org
http://dx.doi.org/10.1140/epjd/e2015-60005-0


Page 2 of 6 Eur. Phys. J. D (2015) 69: 86

calculations can be performed but for molecules the nu-
merical situation becomes more complicated because of
additional three integrations to average over Euler angles.

We present in the present work an improved model
based upon the FBA-CW where the Coulomb wave rep-
resenting the final state is orthogonalized to all occupied
molecular initial states of the target. In fact this model
(FBA-OCW) has been inspired by the work of Bartlett
and Stelbovics [1] who applied it to atoms. It provided
consistently good agreement with experiments for several
atomic targets. It is worth noting that the notion of or-
thogonalization has recently been introduced to study the
fragmentation of HDO+ molecular ions produced by elec-
tron impact ionization [29].

The molecular orbitals of the target are sometimes de-
scribed by single center Slater-type wave functions [30–32]
to avoid multicenter calculations. The accuracy of these
single center molecular targets has been formerly exam-
ined while investigating molecular structures in electron
momentum studies [24]. The calculated momentum pro-
files exhibited shapes in good agreement with experiments.
The description of the targets used here can thus be con-
sidered to be reasonably accurate for calculating ioniza-
tion cross sections.

The present paper is organized as follows: in Section 2
we outline the theory used to describe the ionization pro-
cess. In Section 3, our results are discussed and com-
pared with experiments. Finally, a conclusion is drawn
in Section 4.

Atomic units are used throughout unless otherwise
indicated.

2 Theory

The electron-impact single ionization of a molecular target
A can be schematized by:

e− + A → A+ + e− + e−. (1)

In the first Born approximation the fourfold differential
cross section (4DCS) corresponding to a particular orien-
tation of the molecule defined by Euler angles (α, β, γ) is
given by:

σ(4)(α; β; γ) =
d4σ(α; β; γ)

dΩEulerdΩsdΩedEe
=

kske

ki
|Tif |2 , (2)

where dΩEuler = sin β dα dβ dγ.
The lesser multiply differential and total cross sections

are then obtained by successive integrations over dΩe, dΩs

and dEe where dΩs and dΩe are the elements of solid an-
gles corresponding to the scattered and the ejected elec-
trons respectively while dEe represents the energy interval
of the ejected electron. �ki, �ks, and �ke denote respectively
the momentum of the incident, scattered and ejected elec-
tron, and are required to fulfil the conservation law

k2
i

2
=

k2
s

2
+

k2
e

2
+ Ii, (3)

where Ii is the ionization energy. The matrix element M
is given by:

Tif =
1
2π

〈Ψf |V |Ψi〉 (4)

and represents the transition from the initial state Ψi to
the final state Ψf . V represents the interaction between
the incident electron and the target, and is written as:

V = −
M∑

j=1

Zj∣∣∣�r0 − �Rj

∣∣∣ +
i=N∑
i=1

1
|�r0 − �ri| (5)

where N is the number of bound electrons, Zj the charge
of each nuclei and �ri is the position of the ith bound
electron of the target with respect to the center of the
molecule. M is the number of nuclei constituting the
molecule and �Rj their positions with respect to the cen-
ter of mass of the molecule. In the present case the con-
sidered molecules are of type XHn, the center of the
molecule is located on the heavy atom X as indicated by
Moccia [30–32]. The distance between the center of the
molecule and the incoming electron is r0.

Moreover, by using the well-known frozen-core approx-
imation and the single particle picture we reduce this
N -electron problem to a one active electron problem. In
this case the matrix element can be rewritten as

Tif =
1
2π

〈
Φf

(
�ks, �ke, �r0, �r1

)∣∣∣ 1
r01

− 1
r0

∣∣∣Φi

(
�ki, �r0, �r1

)〉
(6)

where �r1 represents the position of the bound electron
with respect to the center of the molecule while r01 is the
distance between the projectile and the bound electron.

The triple differential cross section (TDCS) is obtained
by integrating over the Euler angles due to the random
orientation of the molecule in gaseous state:

σ(3) =
1

8π2

∫
σ(4)dΩEuler. (7)

2.1 The initial state description

In the single particle picture the initial state is written as:

Φf

(
�ki, �r0, �r1

)
= ϕp

(
�ki, �r0

)
ϕi (�r1) (8)

where ϕp

(
�ki, �r0

)
is the plane wave describing the inci-

dent electron. All the individual bound electrons are rep-
resented by linear combinations of single center wave func-
tion of Moccia [30–32] and are written as:

ϕi(�r) =
Ni∑

k=1

aikφεik

niklikmik
(�r) (9)

where Ni is the number of trial functions used in the
construction of the ith molecular orbital and aik are the
weights of each component. The trial Slater-type functions
are taken to be:

φεik

niklikmik
(�r) = Rξik

nik
(r)Smik

lik
(Ω). (10)
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The radial part Rξik
nik

(r) may be given by the usual radial
Slater-type functions such as bnik

rnik−1 exp(−εikr), where
bnik

is the normalization constant while Smik

lik
(Ω) are the

so called real spherical harmonics [33] expressed as:

⎛
⎜⎜⎜⎝

Sm
l (Ω) =

(
m

2|m|
) 1

2

×
{
Y

−|m|
l (Ω) + (−1)m

(
m
|m|

)
Y

|m|
l (Ω)

}
m �= 0

Sm
l (Ω) = Y m

l (Ω) m = 0.
(11)

2.2 The final state description

In the single particle picture the final state is given by:

Φf

(
�ks, �ke, �r0, �r1

)
= ϕp

(
�ks, �r0

)
ϕc

(
�ke, �r1

)
(12)

where ϕp(�ks, �r0) and ϕc(�ke, �r1) are a plane wave and a
Coulomb wave describing the scattered and ejected elec-
tron respectively. The Coulomb wave is described by the
following

ϕc

(
�ke, �r

)
=

exp
(
i�ke · �r

)

(2π)3/2

× 1F1

(
−i

Z

ke
, 1,−i

(
�ke · �r + ker

))

× exp
(

π Z

2 ke

)
Γ

(
1 + i

Z

ke

)
. (13)

When equation (12) in combination with (13) represents
the final state our model is called the FBA-CW model.
This model constitutes a first Born theory which overesti-
mates the total cross section. It is well known that non first
order approaches like BBK [34] or second Born [35] are ca-
pable of improving the cross sections at low impact ener-
gies. However, these models require generally long time of
computation and the situation becomes formidable when
one deals with the molecules considered in this work. We
present here an alternative method to calculate total cross
sections for some molecules thanks to an improved first or-
der model. In fact the model is inspired by a work applied
previously by Bartlett and Stelbovics [1] for atoms. In this
model, the final state is fully orthogonalized to the initial
state. More explicitly, in our single particle picture the
Coulomb wave describing the ejected electron is chosen to
be orthogonal to all occupied molecular orbitals.

We would like to remind that the Coulomb wave given
by equation (13) is not orthogonal to the molecular or-
bitals of Moccia given by equation (5). So we have chosen
the final state such that the Coulomb wave is orthogo-
nal to the initial state. The fully orthogonalized Coulomb
wave is hence given by:

ϕ⊥
c

(
�ke, �r

)
= ϕc

(
�ke, �r

)
−

∑
i

ϕi (�r) 〈ϕi|ϕc〉 (14)

where ϕc(�ke, r) and ϕi(�r) refer respectively to the non-
orthogonalized Coulomb wave and denote the molecular
orbitals describing the target. As stated by Bartlett and
Stelbovics, relation (14) is valid only if the orbitals form
an orthonormal set. This requirement is satisfied for the
molecular description of Moccia [30–32] used here.

The new model, called FBA-OCW (first order approx-
imation with an orthogonalized Coulomb wave), is used
to perform calculations for three molecules, namely, H2O,
CH4 and NH3. This model is able to provide results for
the fully differential as well as the total cross section. Fur-
thermore, the matrix elements calculations are carried out
analytically [36] in almost all cases enabling considerable
economy of computation time.

3 Results and discussion

We have calculated the total cross section (TCS) for sin-
gle ionization of some molecules in their ground states
by electron impact. These cross sections have been ob-
tained on integrating the TDCS given by equation (7)
over the scattering and ejection angles as well as the ejec-
tion energy successively. An improved first order model
with orthogonalization of the final state to the initial state
(FBA-OCW) has been used to calculate TCS’s. In partic-
ular H2O, NH3 and CH4 molecules have been considered.
These molecules consist of ten electrons but they have dif-
ferent geometries. In addition to this difference they are
composed of different numbers of atoms.

The goal of the present investigation is to study the
effect of orthogonalization on the calculation of the cross
sections of these molecules. We therefore apply the FBA-
OCW model to calculate total ionization cross sections
for the cited targets, and compare the results with the
first Born model without orthogonalization (FBA-CW)
and available experiments.

First of all let’s look at the case of atomic Neon which
has already been investigated [1] and where the TCS’s
obtained with FBA-CW and FBA-OCW are displayed for
incident energies from threshold to 5 keV. This atom con-
sists of ten electrons like molecular targets under investi-
gation in this work.

We observe in Figure 1 that the results are greatly
improved with the use of the orthogonalized model FBA-
OCW and agree quite well with experiments in all regions.
The calculations agree very well with the data even at low
impact energy where generally first order models fail. The
peak is also well reproduced in the FBA-OCW. The cross
sections corresponding to the non-orthogonalized model
FBA-CW considerably overestimate the experiments at
low impact energy as it was expected. We can conclude
that the effect of the orthogonalization is extremely im-
portant in reproducing the amplitude especially in the
peak region, the position of the maximum being kept
unchanged.

We now consider the case of some small molecules, e.g.,
H2O, NH3 and CH4. From the practical point of view,
these molecules are of great interest in several domains,
for example, H2O in living matter, and NH3 and CH4 in
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Fig. 1. Comparison of the measured data with our theoretical
total cross sections versus incident energy with the FBA-OCW
(solid line) and FBA-CW (dashed line) in the case of Neon.
The data are taken from several sources: Sorokin et al. [37]
(up triangles) and Wetzel et al. [38] (full squares).

astrophysics. As it was stated above, accurate single center
wave functions, whose accuracy has been checked by us-
ing electron momentum spectroscopy technique, have been
used for these molecules reducing the problem to atomic
calculations. In each case we display TCS’s correspond-
ing to the orthogonalized model (FBA-OCW) as well as
to the non orthogonalized one (FBA-CW) simultaneously
for comparison.

The water molecule is first investigated. We use the
single center description of Moccia for the five occu-
pied orbitals of H2O in its ground state: 1a1, 2a1, 1b2,
3a1 and 1b1. As the inner orbital 1a1 is strongly bound
(–558.277 eV), its contribution will be neglected. The ion-
ization energies corresponding to the orbitals 2a1, 1b2, 3a1

and 1b1 are respectively 32.2, 18.6, 14.7 and 12.6 eV. The
total cross section of the ionization of the molecule in its
ground state is obtained by summing the contribution of
the individual molecular orbitals representing the struc-
ture of the target. Before displaying the total cross sec-
tion, we present in Figure 2 the results representing the
contribution of each orbital in order to check the effect of
the orthogonalization separately. It is seen that the TCS
decreases when orthogonalization is applied. The inner or-
bital 2a1 is the most sensitive to the orthogonalization, the
amplitude is practically divided by four while for the other
orbitals the decrease is less important.

In Figure 3 we show the TCS for the ionization of H2O
in an incident energy range from threshold to 5 keV. It is
seen that calculations without orthogonalization (dashed
line) largely overestimate the experiments at low impact
energy especially in the peak region. When orthogonaliza-
tion is used, the results are considerably improved. At low
impact energy our theoretical results reproduce very well
the data and the amplitude is quite well reproduced when
compared with experiments. The peak is also well located.
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Fig. 2. Comparison between the theoretical total cross sections
versus incident energy with the FBA-OCW (solid line) and
FBA-CW (dashed line) in the case of H2O. The comparison is
made for the four individual molecular orbitals 1b1, 1b2, 2a1

and 3a1.
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Fig. 3. Comparison of the measured data with our theoretical
total cross sections versus incident energy with the FBA-OCW
(solid line) and FBA-CW (dashed line) in the case of H2O. The
data are taken from several sources: Shutten et al. [39] (solid
circles), Djuric et al. [40] (solid squares), Khare and Meath [41]
(open triangles) and Straub et al. [42] (crosses).

At high energy the two models converge and provide sim-
ilar results.

For NH3, the TCS is displayed in Figure 4 and com-
pared with experiments. Here the outer molecular or-
bitals 2a1, 3a1 and 1e corresponding to ionization en-
ergies 30.5 eV, 11.3 eV and 16.5 eV, respectively have
been investigated. We further observe that orthogonaliza-
tion causes a lot of improvement. The amplitude is sub-
stantially reduced and results are quite close to exper-
iments. In particular, at low impact energy the present
calculations are in excellent agreement with experimental
data. In the vicinity of the maximum, the experiments are
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Fig. 4. Comparison of the measured data with our theoretical
total cross sections versus incident energy with the FBA-OCW
(solid line) and FBA-CW (dashed line) in the case of NH3. The
data are taken from several sources: Rao and Srivastava [43]
(solid squares), Djuric et al. [44] (open up triangles) and Crowe
and McConkey [45] (open circles).
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Fig. 5. Comparison of the measured data with our theoretical
total cross sections versus incident energy with the FBA-OCW
(solid line) and FBA-CW (dashed line) in the case of CH4. The
data are taken from several sources: Nishimura and Tawara [46]
(solid squares) and Orient and Srivastava [47] (open circles).

still improved but the data are somewhat overestimated.
At high energies the results corresponding to the FBA-
CW model fall more rapidly and the experiments are well
reproduced. We can state that the overall shape of the
TCS agrees rather well with experimental data for NH3

when orthogonalization is applied.
In Figure 5 we present our results for CH4 molecule,

where 2a1 and 1t2 (corresponding to ionization energies
25.7 eV and 14.25 eV) have been treated. The calcula-
tions still agree very well with experiments at low ener-
gies. The TCS for FBA-OCW model falls more rapidly to

zero and agrees better with experiments when compared
with non-orthogonalization results. The amplitude weakly
overestimates the data in the peak region and the maxi-
mum is well located.

In summary, we can state that our first order model
FBA-OCW provides TCS results which improve the cal-
culations considerably and agree quite well with exper-
iments. Results are in excellent agreement with experi-
ments at low impact energies. The peak is well reproduced
for H2O but remains weakly overestimated for NH3 and
CH4. Nevertheless it is observed that the model repro-
duces the general shape of the TCS in most regions.

4 Conclusion

We have presented an improved first Born model (FBA-
OCW) to calculate total ionization cross sections for some
small molecules by electron impact. This model consists of
orthogonalizing the final state to all occupied initial states
which are represented by single center molecular orbitals.
It shows substantial improvement over the traditional first
Born model without orthogonalization (FBA-CW) which
overestimates the TCS at low impact energies. The FBA-
OCW is capable of reproducing the amplitude at low inci-
dent energy highlighting an overall good agreement with
experiments with the peaks somewhat reasonably repro-
duced and well located. The agreement is found to be bet-
ter for H2O while for NH3 and CH4 the peaks are weakly
overestimated.

We plan to apply the model for larger molecular tar-
gets like the strategic DNA molecules whose interest has
grown during the last few years in view of their im-
portance in radiotherapy, for example. To date, several
theoretical and experimental investigations have been suc-
cessfully accomplished at the triple differential cross sec-
tion level [48–50]. However, theoretical calculations of to-
tal cross sections are still to be reported in spite of the
availability of experimental data [51].

The reported study was supported by the Supercomputing
Center of Lomonosov Moscow State University [52]. One of
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University of Lorraine for hospitality and support. Partial fi-
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CNEPRU No. D01220120074. AG is grateful to the Russian
Foundation of Basic Research (RFBR, Russia) and to the
Fonds National de la Recherche Scientifique (FRS-FNRS,
Belgium) for the financial support.
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