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Introduction

he theory of fractional derivation is an almost old subject than classical calculus such as
we know it today, its origins date back to the end of the 17" century, the time where

Newton and Leibniz developed the foundations of differential and integral calculus. In partic-

d"f

- for denotes the n'* derivative of a function f. When he

ular, Leibniz introduced the symbol

announced in a letter to the Hospital (apparently with the implicit assumption that 2 € N), The

arf
dtn

hospital replied: What does = mean? if n = 1/2?.

This letter from Hpital, written in 1695, is now accepted as the first incident of what we call
the fractional shunt, and the fact that Hpital asked for n = 1/2, i.e. a fraction (rational number)
actually gave rise to the name of this part mathematics.

Fractional differential equations, also known as extraordinary differential equations, are a
generalization of differential equations through the application of fractional calculus.

However, analytic solutions of the fractional partial differential equations either do not exist
or involve special functions, such as the Fox (H-function) function (Mathai and Saxena 1978)
and the Mittag-Leffter function (Podlubny 1998) which are diffcult to evaluate.

Consequently, numerical techniques are required to find the solution of fractional partial
differential equations.

This thesis is broken down into three chapters as follows: in the first chapter, which is di-

vided into four sections. In the first section,we will be devoted to a some preliminary concepts

will be introduced as the Euler Gamma function, Beta and Mittag-Leffler functions. In the sec-



ond section, we are interested in elementary defenitions and basic notions relating to fractional
calculus: the fractional integrals, Riemann-Liouville, Caputo and Grnwald-Letnikov fractional
Derivatives, we also talked about some of their properties and the relationship between them.
In the last section of this chapter, will be devoted to Partial Fractional Derivatives.

In the second chapter, we will have to study the numerical ways of Approximations to
Riemann-Liouville Derivatives using serval ways of them the Griinwald-Letnikov, L1, L2 and
L2C approximation.

In the third chapter of our work, which is divided into three sections. In the first section, we
investigate the finite difference methods for the time-fractional equation in one spatial dimen-
sion. In the second section, we construct the finite difference methods for the space-fractional
equations in one spatial dimension. In the last section of this chapter, we derive the finite dif-

ference methods for time-space fractional equations in one space dimension .

vi



CHAPTER 1

BASIC CONCEPTS AND ELEMENTS OF
FRACTIONAL CALCULUS

% his chapter will be devoted to the primary definitions and basic concepts related to
fractional calculus such as the Euler gamma, Beta and Mittag-Leffler functions. In
addition to that, it will also present other elements of functional analysis, such as the fractional
integration, fractional derivation, relative definitions of operators of fractional order, among

others, which will all be at the core of this work.



1.1 Historical Overview

Fractional calculus is not a new topic, in reality it has almost the same history as that of classical
calculus. It can be dated back to the Leibniz letter to L'Hpital, dated 30 September 1695, in
which the meaning of the one-half order derivative was first discussed with some remarks
about its possibility.

Following L'Hspital’s and Leibniz’s first inquisition, fractional calculus was primarily a
study reserved for the best minds in mathematics. Fourier, Euler and Laplace are among the
many who tackled the fractional calculus and the mathematical consequences [?5]. Several
mathematicians used their own notation and methodology to introduce definitions that fit the
concept of an integral or derivative non-integral order. The most famous of these definitions of
fractional calculus are Riemann-Liouville, Caputo and Grnwald-Letnikov definitions.

Most of the mathematical theory applicable to the study of fractional calculus was devel-
oped prior to the turn of the twentieth century. However, it is only during the last century
that the most intriguing advances in engineering and scientific application have been achieved.

Mathematics had in some cases to change in order to meet the requirements of physical reality.

1.2 Special Functions of Fractional Calculus

In this section, we present the Euler gamma, Beta and Mittag-Leffler functions. These functions

play an important role in the theory of fractional calculus.

1.2.1 Euler Gamma Function

The simplest interpretation of the Euler gamma function is simply the generalization of the

factorial for all real numbers. The definition of the Euler gamma function is given as follows:

Definition 1. The Euler gamma function is defined by the so-called Euler integral of the second kind
and is given by:

+oo
['(z) = / t*~te~tdt, (1.1)
0



z—1)In(t)

where t*71 = el . This integral is converge for all complex z,(Re(z) > 0), with I'(1) = 1,

I'(0%) = 400, I'(2) is a monotonous and strictly decreasing function for 0 < z < 1.

Property 1. An important property of the Euler gamma function I'(z) is the following recurrence rela-
tion:

['(z+1) = 2I'(2), Re(z) > 0. (1.2)
When we can demonstrate it by an integration by parts, as follows:
+oo +oo
['(z+1)= / tetdt = [—tPe ™ + z/ t*le tdt = 2T(2). (1.3)
0 0

Property 2. The Euler gamma function can be extended to the half-plane Re(z) < 0 by:

['(z) = %, Re(z) > 0, forn € N*, Re(z) ¢ Zy ={...,—3,-2,—1,0} . (1.4)

Here (z),, is the Pochhammer symbol defined for complex =z € C and non-negative integer n € N by:
(Z)Q = 1,
{ (2)n=2(z4+1)...(z+n—1),n € N*, (1.5)
For a better understanding, the graph of the Euler gamma function y = I'(x) for real values of x is given
in (). (L) demonstrates the Euler gamma function at and around zero. Note that at negative integer

values, the Euler gamma function goes to infinity.

Figure 1.1: Graphe of the Euler gamma function

r(x)




Property 3. 1. The Euler gamma function generalizes the factorial:

I'(n+1) =n!¥n € N. (1.6)
2.
1. 2nly/m

1.2.2 Beta Function

Beta function, also known as the Euler integral of the first kind, is an important relationship in
fractional calculus. In many cases it is more convenient to use beta function instead of a certain

combination of values of the gamma function.
Definition 2. The Beta function is a type of Euler integral defined by:

B(p,q) = /01 =11 — )97 tdt, (p, q € C, Re(p) > 0, Re(q) > 0), (1.8)
where p and q are complex numbers, with Re(p) > 0 and Re(q) > 0.

Property 4. Forall p,q € C, with Re(p) > 0, Re(q) > 0, we have:

L'(p)l'(q)

B(p,q) = Tota)

(1.9)

Proof. Let D = (0, +00) x (0, 400), we have

L(p)T(q) = ( /O m xp_le_zdx) ( /O " gt _ydy> / / 2Pyt e~ @) dady,

we put u =z +y and v = = then we have:

O, y) —‘ v Y = —uv —u(l —v) = —u,

Oxy) |1-v —u
and, D' = {(u,v)/u>0,0 < v < 1} then

//xp Lyp-le= @ dpdy = // (uv)P~H(u(l — v)) e — u|dudv
D/
= // uPT P (1 — ) e dudu
e
= / / uPT P (1 — )T e dudy
0 0
+o0 1
— </ up+q_1e_“du> </ vP(1 —v)q_ldv)
0 0

= T'(p+4q)B(p,q),

4



then

L(p)l'(q)
Lip+q)

Equation (IT9) provides the analytical continuation of the Beta function to the entire complex

B(p,q) =

plane via the analytical continuation of the Euler gamma function. It should also be mentioned

that Beta function is symmetric, i.e.,

B(p,q) = B(q,p), (Vp,q € C, Re(p) > 0, Re(q) > 0). (1.10)
1.2.3 Mittag-Leffler Function

The Mittag-Leffler function is an important function that is widely used in the field of fractional
calculus. Just as the exponential naturally arises out of the solution to integer order differential
equations, the Mittag-Leffler function plays an analogous role in the solution of non-integer
order differential equations. The generalization of the single-parameter exponential function

has been introduced by G.M. Mittag-Leffler [?3] and is designated by the following definition:

Definition 3. The standard definition of the Mittag-Leffler function is given by

+o00 k
t
E = E — .« 1.11

it is also common to represent the Mittag-Leffler function in two arquments, o and (3. Such that

+o0 tk
Eop(t) = kZ:O mﬂ,ﬁ > 0. (1.12)

The last relation is the more generalized form of the function. For 3 = 1; we find the rela-

tionship (ICTT).

Example 1. From the relation (ILT2); we find that

otk <X ¢tk
Bu)=B0) =) rarp=2m=¢"
k=0 k=0

“+o00 tk —+o0 tk 1+OO tk+1 1 .
Eat)=) wrs =D i =7 2 = 7€ D
12(1) £ T(k +2) ;(k)—Fl)! t%(kz—kl)! A



1.3 Basic Fractional Integrals and Derivatives

In this section, we first introduce fractional calculus (i.e., fractional integration and fractional
differentiation). Generally speaking, the fractional integral mainly means (fractional) Riemann-
Liouville integral. The fractional derivatives consist of at least six kinds of definitions, but they
are not equivalent. Here, we present the most frequently used fractional integral and deriva-
tives. Then we study their important properties, some of which are easily confused. Following
that, we observe that - only - certain properties of classical derivatives can be generalized to the

fractional case.

1.3.1 Fractional Integrals

It is known that calculus means integration and differentiation. Fractional calculus, as its name
suggests, refers to fractional integration and fractional differentiation. Fractional integration
often means Riemann-Liouville integral. But for fractional differentiation, there are several

kinds of fractional derivatives.

1.3.1.1 The Riemann-Liouville Fractional Integrals

Definition 4. (The Left and Right Riemann-Liouville fractional integral [27]) The left and Right
fractional integral ( or the left and Right Riemann-Liouville integral) with order o > 0 of the given

function f(t),t € (a,b) are defined as

](f‘,tf(t) = ﬁ/ (t — 5)* 1 f(s)ds, (1.13)
and
b
0 = 0 [ =0 s (1.14)

where I'(.) is the Euler’s gamma function.

It is natural to extend the equation (ICT3) to the axes R and R*. Let us note these operators

I¢ and I, respectively.



Definition 5. 1. The left Riemann-Liouville integral with order o > 0 of a continuous function

[ R — Ris defined as
Iof(t) = ﬁ /_ "= )™ f(s)ds. Yt € R. (1.15)

2. The left Riemann-Liouville integral with order o > 0 of a continuous function f : Rt — R is

defined as

1

T(a) /t(t —5)* 1 f(s)ds,Vt € RT. (1.16)
0

[(()l+f(t) = F(a

1.3.2 Fractional Derivatives

As previously mentioned in the previous section, there are several kinds of fractional deriva-
tives, but they are not equivalent. In the following, the most frequently used fractional deriva-

tives are introduced.

1.3.2.1 The Riemann-Liouville Fractional Derivatives

Definition 6. (Riemann-Liouville fractional derivatives [27]) The left and right Riemann-Liouville
derivatives with order o > 0 of the given function f(t),t € (a,b) are defined as

dm m—aq _ 1 d_m ' _Sm—a—l s)ds
Gl 10 = g [ s )

DS () = ['(m — «) dtm

and

LD F(0) = (1" Gl 0] = s [ s 9

respectively, where m is a positive integer satisfying m — 1 < a < m.

1.3.2.2 The Caputo Fractional Derivatives

Definition 7. (Caputo fractional derivatives [27]) The left and right Caputo derivatives with order

a > 0 of the given function f(t),t € (a,b) are defined as

CDLA0) = I [0] = oy [ = s (119)
and
C Ha m pm—ac [ ¢(m) = ’ m—a—1 ¢(m)
D) = (<" E [10)]) = o [ = 0m s 020



respectively, where m is a positive integer satisfying m — 1 < a < m.

Property 5. ([27]) Let « > 0and m—1 < a < mif f € C™([a, b]; R) The Riemann-Liouville derivative

and Caputo derivative of f(t) have following relation

n=1 rp) a
“Dg (1) =" D, [f(t)—zf o ><t—a>k]. (21)
k=0 )
Proof. By definition
RL — [P, d\" e ©« [P,
DL | F0) =Y Tt —a)f| = () L |0 - (-
k=0 k=0
AN A ) el IR e W AL O DTS
(dt) /a I'(m — «) [f<8) — k! ( )]d
By part integration
ml o) (g mlek) (g
ols) = [f(s)— i >(3_a)k] — [f(S)— = ’<s—a>’“]
(t—s)m ot (t—s)m
I'(m—a) 'm—-—a+1)
We find
bt —g)ym—al TR (g
) = f %[ﬂs)— = )<s—a>k] ds
a k=0 )
—(t—s)m @ K Pot—s)m e d
{F(m—a—l) (S)L—i_/a F(m—oz—i—l)%g( )
Where
I l0)] = 15 (1)

Same way for n-times



Ig?tia[g(t)] = [g?tiaercﬁ_mg(t)
m ym—o d"
= Ia,tIa,t dt_mg(t)
m ym—a d" = f(k) (a> k
= Ia,t]a,t dt_m [f(t) - k! (t - CL)
k=0
m ym—a d" d" = f(k) (a) k
= I 1o, dt_mf(t)’ i I (t—a)"| =0,
k=0
then
m—1 m m—1
a f(k) (a> k _ d m—aq f(k) (CL) k
Da,t f(t) - k! (t - CL) - % [at f(t> - k! (t - &)
k=0 k=0
d\™
_ v e
(5) st
d\" m ym—o d"
- (%) [a,t[a,t dt_mf(t)
m—a d"
Iat dt_mf( )
= CDth(t)

1.3.2.3 The Griinwald-Letnikov Fractional Derivatives

Definition 8. (Griinwald-Letnikov fractional derivatives [27]) The left and right Griinwald-Letnikov

derivatives with order oo > 0 of the given function f(t),t € (a,b) are defined as

“EDSf(t) = Jim i W f(t — kh), (1.22)

k=0

and .
Dy f(t) = lim b > wpf(t+ kh), (1.23)

respectively, where h = 5% and -
Wi = <_1)kr(/-c + Ef?& i)k: F1) F(qu(tklgrcz[)—a)' (124)

Property 6. let & > 0and m — 1 < a < m if f € C™([a, b]; R) The Riemann-Liouville derivative and

the Griinwald-Letnikov derivative of f(t) have following relation

FEDgf(t) =1 Dg, f (), DYy f () =F DR f(1). (1.25)

a

9



1.3.3 Fractional operators properties

Let us turn our attention to the properties of fractional-order integration and differentiation,

which are most frequently used in applications.

Property 7. ([27]) The fractional integrals and derivatives are linear operators

DH(Af(E) + pg(t)) = ADf(t) + pDg(t). (1.26)

We prove property () for the Riemann-Liouville fractional Derivatives, and in similar way

we also can prove it for the other operators. So, we have

DLW +10(0) = s | (=" () + pg(s))ds
- F(m/\— a)ccii_z / (t = o)™ f(s)ds + ﬁi—: / (t = s)" " g(s)ds

— XD f() + uDg g t).

Remark][T]
We have remark the absence of generalization for the derivative of the product and of the com-
position of two functions.these characteristics of the classical derivative actually go badly to the

fractional. for all the definition used and even with restrictions on the functions:

D%(fg) # (D*f)g+(D%)f
Da(f/g) 7& (Daf)gg_Q(Dag)f
D*(fog) # (Df)9)(9)"

1.4 Partial Fractional Derivatives

Similar to the classical partial derivatives, we can also define the partial fractional derivatives

[29]. For example let 0 < oy, oy < 1, the partial fractional derivative - D2 %2 u(x, y) is defined

10



RLDaé;ryQQU(l’ y) _RL Da2 [RLDag (x7 y)}

=L pg2 [ﬁdi /x( — 8) (s, y)d]
:F(l—al)l (1 — a) d:p2// x—8) " (y — 7)"%u(s, T)drds,

then

RLDaéfy%u(x y) ="F Daéjxoélu(x Y). (1.27)

Definition 9. (The partial fractional derivative operator [29]) The partial fractional derivative

operator "t D242 u(x, y) with order on + s is defined by

1 dmn

RLDal-l—oz
L(m — a)l'(n — ag) de™dy™

r¥1y2 u(x y)

// (x — s)™ Yy — 1) 2 (s, 7)drds,

wherem — 1 < oy <m,n —1 < ay < n,m,n are positive integers.

Definition 10. [29] The partial fractional derivative operator D21 with order (ay + ap +

..+ «y) is defined by

RL N + 1 am1+m2+...+ml T T

(03 (0% (e

D él a22 lu(]ﬁ, eeey l’l) = i I ™
z] LT, ..J:l Hk—l (mk: — ak) 81‘ @l’ .8$l 0

—oy—1 —a1—1
(xp— )™ M (x — €)™ u(ey, ..., €)dey .. dey,
where my, — 1 < oy, < my(k = 1,2,,1), my, are positive integers.

Definition 11. [29] The partial fractional derivative operator CDO‘H 2t with order (o + g+ ...+

To "ml

«ay) is defined by

1 T x;
CDaéfx?;r ;O‘lu(ajl, ) = / /
ft e [Tiey Dmx — ax) Jo 0

8m1+m2+-..+ml
A u(eq, ..., €)de...dey,
.0z,

(7 — &)™ L (2 — )™ !

where my, — 1 < oy, < my(k = 1,2,,1), my, are positive integers.

Fractional-order’s partial differential equations (FPDEs) are generalizations of classical par-

tial differential equations. They have been of considerable interest to the recent literature. A

11



considerable attention has been especially devoted to these topics in the fields of visco-elasticity
materials, electrochemical processes, dielectric polarization, among others. Increasingly, these
models are used in applications such as fluid flow and finance. The solutions of FPDEs play
an important role in the proper understanding of qualitative features of many phenomena and
processes in various areas of natural sciences. Furthermore, simple solutions are often used in
teaching many courses as specific examples which illustrate basic tenets of a theory that admits

mathematical formulation.

Definition 12. (Fractional Differential Equation [12]) A fractional differential equation (FDE) is a

relationship of the type
F(n,u(n), Du(n), D**u(n),...) = 0,01, g, ... > 0, (1.28)

between the variable n € R, and the fractional derivatives of orders a1, v, ... of the unknown function u

at the point 1. Here D“u presents a fractional differential operator of order o > 0.

Definition 13. A fractional-orders’s partial differential equation (FPDE) for the function w is a rela-
tionship between u; the independent variables (1,2, ..., n,) € R™ and one or more fractional derivatives

Dptu, Dy2u, ..., D3 Do, ..., that we can write in the form:
F(u,m, ..., Dptu, Dy2u, Dp?, Didu, ...) = 0, aq, g, ... > 0, (1.29)

n3’?

the symbol Dy presents a fractional differential operator of order acat n;, i =1,2,...,n.

12



CHAPTER 2

FINITE DIFFERENCE APPROXIMATIONS FOR
FRACTIONAL DERIVATIVES

n this chapter, we consider approximation methods to evaluate fractional derivative numer-

ically. In particular we look for approximations for the Riemann-Liouville fractional deriva-
tive. The fractional derivative of f(¢) in the definition of Riemann-Liouville fractional deriva-
tive, Equation (IT4), depends upon f(t) at the times [0; 7], which means that the fractional
derivative of function f(t¢) depends on the historical behaviour of f(¢) [2Z]. One of the main ap-
proximations of the Riemann-Liouville fractional derivative is the Grnwald-Letnikov approx-
imation based upon the Grnwald-Letnikov definition, given by Equation (I"22) in Chapter 1.
Another methods to approximate the fractional derivatives L1,L.2 and L2C schemes. Note that,
the Riemann-Liouville derivative and the Caputo derivative have the relation equation("2T),
almost all the numerical methods for the RiemannLiouville derivative can be theoretically ex-

tended to the Caputo derivative if f € C"™([a, b]; R) conditions.

13



2.1 The Griinwald-Letnikov Approximation

As mentioned above, one method to approximate the fractional derivatives numerically is the
Griinwald-Letnikov approximation. Let ¢ € [0,7], At = T'/N so that t, = nAt, for 0 < n < N.
If f(t) € C([0,T]), the Griinwald-Letnikov derivative is equivalent to the Riemann-Liouville
derivative (property B). Using The left Griinwald-Letnikov derivatives, the left Riemann-Liouville

derivative can be approximated with first order accuracy by [27, 17, B3]:
1 n
[*Dg, f(t)],_, =~ NG Z W f (tn_r) + O(AL). (2.1)
k=0

The Griinwald-Letnikov weights w = (—1)*(%), with k > 0, are the coefficients of the power

series of the generating function (1 — 2)* = > "2 jwiz¥. These weights satisfy the recursive
formula:
o « o + 1 «
wy = Liwy = (1- 2 Jwi_q- (2.2)

However, other formulas for the calculation of these weights exit, leading to higher order ap-
proximations [27, [I7].
The estimate of the accuracy of the Griinwald-Letnikov scheme, using the weights wj’ given

by Equation (Z2), was tested on the functions f(¢) = sin(t), ¢ € [0; 7] ,and f(t) = ¢, ¢ € [0;1].

|
\\
\s

DUf(t)

Figure 2.1: Riemann-Liouville derivative with different values of order 0 < ae < 1 of sin(t)

14
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Figure 2.2: Riemann-Liouville derivative with different values of order 0 < a < 1 of ¢

2.2 L1 Approximation

The L1 method is another popular choice for the approximation of fractional derivatives. This
approximation is found in many unconditionally stable schemes and is suitable for (0 < a < 1)
[14, 16, 26, B0]. Nevertheless, similar methods exist for (1 < a < 2).

The L1 scheme was originally developed by Oldham and Spanier [?6]. In this method the
function f(t¢) is defined as a piecewise linear, and the Riemann-Liouville derivative given in

Equation (CT7) with m = 1 is written as

1 d

REDS f(t) = m@/@ (t—s5)""f(s)ds. (2.3)

The L1 approximation scheme is found as

f(0)

mt*a. (2.4)

DG, f (1) =C DELf(t) +
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Letting t = t,, = nAtand 0 < a < 1, one gets

[cD[‘itf(t)L:tn _ F(l;_a) /t "(tn — §)"f(s)ds

-1

1 nol et ) — ft .
D) U e T
= i:(f(tk—l—l) — f(ty)) [%} o -
Re At ((n— k) — (n—k -1 ..
=3t - £(0) | o k

k=0

A

- ijbn e (Fltisn) — F() + B

where

At 11— l1-o

In each interval, kAt < s < (k + 1)At the derivative is then assumed to be constant and is
approximated by a first order finite difference approximation. The approximation is then given

as

~

[RLD&tf(tﬂt:tn 1 I a + Z bn k— 1 tk+1 f(tk)) + R™. (26)

We tested by the functions f(¢) = sin(t), ¢t € [0; 7T] ,and f(t) =€, telo;1].

7

-0.21-

DY(t)

-0.4f

-0.6[-

0.8~

L L L L
0.5 1 15 2 25 3

ol

Figure 2.3: Riemann-Liouville derivative with different values of order 0 < a < 1 of sin(t)
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10F

Figure 2.4: Riemann-Liouville derivative with different values of order 0 < @ < 1 of €'
Theorem 1. Let 0 < a < 1and f(t) € C?*([0,T]). Then

L

0<t<T

/ (50— )7 (s)ds + z_: @ (f (k1) = f (1)) | < CTimaa)*™ max |f"(2)],
to k=0

where C'is only dependent on o and Tpaz / Trin-

2.3 L2 and L2C methods

The L2 method and its variant L2C method [26, 18] are used to discretise the Riemann-Liouville
derivative of order a(l < a < 2), which can be obtained in a similar way to that of the L1
method.

The L2 approximation scheme is found as

RL N« _C e f(O) —« f/(O) j e
Dg, f(t) = Do’tf(t)+—F(1—a)t +—F(2—a)t . (2.7)
For the Caputo derivative with order 1 < o < 2,we have
C na 1 tn 1—a g1
CD510) iy, = =y JRCEERAET
1 n—1 teat - .
_ mz/ (£, — )= F"(s)ds
k=0 'tk
1 n—1 teat - .
:mZ/ s (t, — s)ds,
k=0 tk

17



where in each interval kAt < s < (k 4+ 1)At, we have

n—1 tet1
RZIOIEDY m (f(tn—k-1) = 2f (tn—s) + f(tn-k+1)) / s'"%ds + O(A™7)
k= tk
- Z ka n— k
k=—1

The L2 approximation scheme is given

o fO) ., fO) .,
2 E;W@fnk fi—a Tt (2.8)

where W, is defined by

( 1, k=1,
2% — 3, k=0,
W, = At (k+2>2_a_3(k+1)2—a+3k2—a_(k_l)Z—a 1<k<n-—=—2 (29)
T3—a) T '
=202 4+ 3(n — 1)>7 — (n — 2)%7, k=n-—1,
\ n?>=* —(n —1)%7°, k =n.

On the other hand, we have “Dg, f(t) = Dg;' f(t). The L1 method can be used to discretise

the (o — 1)-order Caputo derivative of f(t).

[CD&tf(t)} = aof'(tps1/2) Zan i1 (tj=12) = (an — By) f'(t12) — Buf'(to), (2.10)

t=t,11/2

where a,, and B, are defined by

At 2At @

an = m[(n +1)>* = n*°,B, = m[(n +1/2)77% —n*7. (2.11)

Where in each interval kAt < s < (k + 1)At.

/tk+1 Slfaf//(tn . S)dS ~ f(tn - tk+2) B f(tn - tk—i—l) + f(tn - tk—l)f(tn B tk) /tk+1 Sl—ad&

th 2A¢2
(2.12)
so, the approximation of L2C method for Riemann-Liouville derivative is given as
- L fo | Fon
[RLDa Z ka ) + n (2.13)

[(l-a) T[2-a)

18



where W, is defined as

( 1, k=1,
22— _ 9, k=0,
32 92 k=1,
W= ot (k+2) =2k + 1) +2(k+1)>* — (k—2)*, 2<k<n-—2
2I'(3 — «) LT ’
—n?7% — (n — 3)27* + 2(n — 2)?7°, k=n—1,
—n?7% 4+ 2(n — 1)>% — (n — 2)?7°, k=n,
\ n?>=* —(n—1)%7°, k=n+1.
(2.14)

The accuracy of the L2 and L2C methods depends on a. If o = 1, the L2 and L2C methods
reduce to the backward difference method and the central difference method for the first order
derivative, respectively. If o = 2, the L2 method reduces to the central difference method for

the second order derivative, and the L2C method reduces to

d? f(tr,) - f(teso) + f(te) — f(te—1) — f(trt1)
dt? 2A¢?

. (2.15)

With accuracy of order 1. In fact, the L2 method converges with order O(At*~*). Experiments
show that the L2 method is more accurate than the L2C method for 1 < o < 1.5, while the

reverse happens for 1.5 < o < 2. Near a = 1.5, the two methods have almost similar results

([T8)).

2.4 Finite difference approximations of integer order deriva-
tives

In addition to fractional derivatives, integer order derivative will also need to be approximated
throughout the coming chapter. First order time derivatives will appear in space fractional
PDEs and are approximated either by central or backward difference operators. On the other
hand, second order difference operators are used to approximate second order derivatives in

time fractional PDEs. Hence, this section introduces the operators used to approximate integer
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order derivatives, common to several of the coming schemes.

Denote by I = (a,b). Let be At the time step size and N a positive integer with At = T'/N and
t, = nAt forn =0,1,..., N. Denotebytmr% = % forn =0,1,...,n — 1. We can define
the space step size Az = (b — a)/M, M is a positive integer. The space grid point z; is given by
z; =a+iAz,i=0,1,.... M. Letz;,1 = Zitfiel | For the function u(z,t) € C(I x [0,77), denote
by u, = u,(.) = u(., t,) and u! = u(z;, t,,).

Next, we introduce the following notations that will be used in the description of the numerical

schemes. At time level n + 1/2 it holds that

ou
[E]mi,tn+%

1
u7_l+ _gn

1 1
= §u; ? + O(At?), where du) " 2 = "%

which holds a similar result, apart from the truncation error, to the approximation of the first

time derivative at time ¢ = (n + 1) At with backward differences

ou
[E]Iiytn+l

u’(l+1_ n

= §,ul™" + O(At), where §uth = =

1
The first order space derivative can be approximated at = = (i + §)Aaz with

du = S O(A 2 h Sou™ uil g —ug
[%]%%vtn = 0\ 1t (Az?), where ¢l 1 Az

The second order space derivative can be approximated at x = iAx with

0*u N _ounqyn
9 9 2 po_ W —2ulFul
[_8552]“’% = 0;uj + O(Ax?), where §juj = —=——*.
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CHAPTER 3

FINITE DIFFERENCE METHODS FOR
FRACTIONAL PARTIAL DIFFERENTIAL
EQUATIONS

Many researchers have investigated ways of finding the solution of fractional partial
differential equations (FPDEs) such as analytical solutions [T, 15, 2?2, 19, 32] and
numerical solutions [14, B, 7, &, P4, 5]. Some analytic solutions are known but they are difficult
to evaluate. Most fractional partial differential equations do not have exact solutions and so
consequently numerical techniques must be used to obtain their approximate solutions.
This chapter is divided into three sections. In the first section, we investigate the finite
difference methods for the time-fractional equation in one spatial dimension. In the second
section, we construct the finite difference methods for the space-fractional equations in one

spatial dimension. In the last section of this chapter,we derive the finite difference methods for

time-space fractional equations in one space dimension .
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3.1 One-Dimensional Time-Fractional Equations

Denote by I = (a,b). Let be At the time step size and N a positive integer with At = T'/N and
t, = nAtforn =0,1,..., N. Denotebytn+% = % forn =0,1,..., N — 1. We can define
the space step size Az = (b — a)/M, M is a positive integer. The space grid point z; is given by

z; =a+iAz,i=0,1,...,M. Letz,, 1 = “2=1 For the function u(z,t) € C(I x [0,T7]), denote

1
2

by ty = () = ul., ) and uf = u(y, ).

Next, we introduce the following notations that will be used in the description of the numerical

schemes.
n n n n n
st = dit1 T U g0 Uit1 T 2ui + gy
ity T Az T Ax? ’
n+1 n
’ At

3.1.1 Caputo Type Subdiffusion Equations

We consider the following Caputo type time-fractional diffusion equation [9, 22]

“Dgu = KoOzu+g(z,t),  (x.t) € [a,b] x [0, 7],
u(z,0) = ¢o(z), a<z<b, (3.1)
u(a,t) = uq(t),u(b,t) = up(t), 0<t<T,

where g(z,t) = D§; ' f(, ).

If 0 < o < 1 and the solution u(x,t) € C™([0,T]; R), then “ D§ ,u(x,t) =" D ,(u(z,t) — u(z,0)).
Hence, a natural way to discretize the Caputo derivative in (B) is to use the GrnwaldLetnikov
approximation, or the L1 method, ...etc., and the space is discretized by the classical methods

such as the central difference method or the compact difference method ([8],[9],[13],[37]).

3.1.1.1 Explicit Euler Type Methods

The explicit method is particularly of interest because of its simplicity, easy implementation,and
low cost in real computation. Like the explicit Euler method for the heat equation (o« = 1 in
(B1)), we can present the corresponding explicit method for the fractional sub-diffusion equa-

tion (), which can be seen as an extension of the forward Euler method.
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Letting (z,t) = (x;,t,) in (B1) leads to
“Dgsu(istn) = KaOyu(wi, tn) + g(wi,tn) = KaOyu(s, ta-1) + g(wista) + O(AL).  (3.2)

The Caputo derivative in (32) can be discretized by the known methods, i.e., the Grnwald-
Letnikov formula or the L1 method, etc.; the space direction is discretized by the central differ-

ence method. We have

8l = K02l + g + O(At + Ax?), (3.3)

Where 6\’ is the approximate operator in time that is to be defined.
The Caputo derivative is discretized by the Griinwald-Letnikov formula and the space direction

is discretized by the central difference method, one can get the finite difference method for (B):

0w —uf) = Kod2ul ™+ g, i=1,2,...,N—1,
’U/?:(bo .ﬁL’i), izO,l,...,N, (34:)
uy = Ua(t),ufy = Up(t),
where
(@ n 0\ _ 1 - o k_ .0 a F(k—()é)

The Caputo derivative is discretized by the L1 method with the space direction approximated

by the central difference scheme; we can derive the method for (B):

5ur = Ko82u ' g, i=1,2,... N —1,
U?:¢0( Z) i:0717"'aN7 (36)
uy = Ua( ) uy = ( )»
where
1 n—1 1 n—1
oy = g 2 (T =) = o (b Y (0 — 0 uf —bae? | B)
k=0 k=0
b= [k + 1) — k1] (3.8)
FTT(@2-a) ’ '
and
n—1 n—1 n—1
2 me1 W1 —2up o Fuiy
n—1l _ 3.9
53}“1 A2 ( )

Now, we discuss the stability of the two methods (B4) and (36).
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Theorem 2. Suppose that u?(i = 1,2,...,N — 1) is the solution to (B4). Let p = K,At*/Ax?. if
< a/2, then the method (B-4) is stable.

Proof. Suppose that u}(i = 1,2,...,N — 1) and ¢/'(: = 1,2,..., N — 1) have perturbations
aMi=1,2,...,N —1)and g*(: = 1,2,..., N — 1). Denote by u" = (a},a5,...,a%_ )", g" =

(g%, 4%, ..., 9%_1)",and

w2 —p 0 . 0 0
— [ wi + 2 — I e 0 0
0 —n w42 ... 0 0
a=| romT e . . 610
0 0 0 oo Wi 2u —
i 0 0 0 e —u wi + 24 | (N—1)x(N—1)
[ 1-2u 0 ... 0 0 |
1 1—2u L e 0 0
0 1—24 ... 0 0
p=| . . (311)
0 0 0 oo 1 =2p 7
|0 0 0 e W 1—2p | (N—1)x(N—1)
Expand the equation (B4) in the following form
> wo g (af —ad) = pap gyt - 20y ) + Argp. (3.12)
k=0
Then the matrix representation of the perturbation equation (BI2) can be expressed as
u' = Ba’ + Ateg', n=1, (3.13)
"= AT - a0 we @ A > 1. '
Since 21 < o = —wf, it is easy to obtain ||A|| < —w{ and ||B|| < 1. Here ||A|| denotes the

spectral norm (or 2-norm ) of the matrix A, which is equal to the absolute largest eigenvalue of
A when A is symmetric.

We also denote it by

_ — a _ F(n — a> _ n-® —l-«
by = ’;wk = o)t~ T o) +O0(n~ 7). (3.14)

Then one can easily prove that At* < Cb,_;, C'is a positive constant only dependent on o and
T. Next, we prove that

|| < J[u°]] + ¢ max ||g"|| = E, (3.15)
1<n<np
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where ||.|| is the discrete L? norm for the vector, which is defined by

1
llu|| = ("231%2) 2 u = (up,uy,...,uy_1)" € RN (3.16)
We use the mathematical induction method to prove (B16). For n = 1, we have from (BI5)
la']] = [|Ba” + Atg'|| < ||B]J[[a°]| + Cbollg'|] < [[a°]| + ClIg']] < E.
Suppose that ||[u"|| < E;n =1,2,...,m — 1. For n = m, one has from (B-I5)

n—2 n
~ ~— ~k ~ ~
™) < [JAR™ ] =) gl[@f]] + ) w0 + A8
k=1 k=1
n—2

<|AIIE =) wi B+ by |[[0°]] + At 1g™|
k=1
n—2

<—wiE =) wy E+bnE
k=1

n—1
=WE > WiE+by E=E.
k=1

We can similarly prove that the explicit method (B-6) is conditionally stable and convergent

with order O(At + Az?) if Ko8f" < W0 — I3-ay- The convergence of the explicit method (B4)

was also proved by Gorenflo and AbdelRehim ([10]) in the FourierLaplace domain.

3.1.1.2 Implicit Euler Type Methods

Next, we introduce the typical implicit methods. Let (z,t) = (z;,t,) in (B). Then we have
CD&tu($i’t") = Kaaﬂ%u(xi>tn) + g(xiytn)- (317)

The time derivative in (B17) is discretized by the Griinwald-Letnikov formula,and the space
derivative is discretized by the central difference method. We can obtain the following finite

difference method for (B1), which is given by:

op (uf —uf) = KodZuf + g7,
U? = ¢0($i)a
ug = Ua(t)v UJ?V = Ub(t)v

: (3.18)

where 6% (u? — u?) is defined by (B3).
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The L1 method can be used to discretize the Caputo derivative in (B) or (3.18),and the

space derivative is discretized by the central difference. The corresponding method is given by:
1=1
) = ¢o(z;), i=0,1,...,N, (3.19)

where 5§a)u? is defined by (B7) and by} is defined by (3.8).

It is easy to prove that the two difference methods (B19) and (B4) are unconditionally stable
using the Fourier method , and are convergent of order O(At + Ax?) and O(A#*~® + Ax?),
Next, we just give the stability and convergence analysis for (B72); the stability and convergence

for (B19) is very similar.
Theorem 3. The finite difference method (B4) is unconditionally stable.

Proof. We use the Fourier method. Suppose that ¢ = 0 and u! = p,e”/27(j2 = —1).

Inserting v into (B72) yields

i
L

(5 + 407 )pn = ) (bn 1 = by_g) ok + U o, (3.20)
1

B
Il

where p* = 25 K, sin®(25%).
Next, we use the mathematical induction method to prove that |p,| < |po|. Itis easy to verify
that0 <02, <03, k=0,1,---.

If n = 1, We can get

Oé

L . 21
| < ba+4 ~|pol < |pol (3.21)

‘Pl

Suppose that |p;| < |po],n =1,2,...,m — 1. For n = m, we have

m—1 a
m by 1 — b5 +
lpm| < b"‘—|—4usm ggx ; k—1 )|kl bo‘—|—4 *‘PO|

m—1
1
< b . —b% )+ b
—b8+4u(;(mkl mk) m1>|p0|

(0]

<
< gl < ool

Therefore,|p..| < |pol, so that |p,| < |po| forall 0 <n < nr.
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Lemmal. Let u* = (uf, uf, ... uk)and g" = (g, g%, ..., g%). The series by, satisfies by > 0,> . |bx| <

bo, by, = O(k™7), B, = O(n™7), and At" < Cb,,, C is independent of n and At. If

—_

n—

bo(u™, u")y <Y by p(uF u")n + B, (0, u")y + At* (g7, u") N, (3.22)
k=1
then
o1 < ol + € ma (5 623)

where C,, is only dependent on o and C4 is independent of n, At.

Proof. Denote by ;1 = At /65 and ¢, = by, /by = O(k™*),80 ¢ = 1, |cx| < 1 and Yopey ek < 1.

From (49) and the Cauchy inequality, we have

n—1

1 ] : ] i
2 <« Z B k|2 n||2 n n||2 n 012 n n||2 n 2'
[y < 2;:1 [ensl ([Tl flu i) + = il + gl + =il + 5 = llet
Forn=1,2,...,m — 1.We get
n—1
282 2142
n||2 < - k|2 n 0]12 2 e |12
I8 < 3 lencall 1R + 521+ 2871
n—1

<D len-wll[uM[% + leal (Collul 3 + Cullg™|I3).
k=1

where we have used 22+ < Cylen| and s < C here C, is only dependent on «, and C; is

bolen| — c2

independent of At and n.

Now, we use the mathematical induction method to prove that
][y < Cal[u[[§ + C1 max [|gh][} = E. (3.24)
0<k<nr

For n = 1, we have

'} < leal(Col [’} + Cullg"l3) < E-

For n = m, we have

n—1 n
[ l3 < S fenilllubl3 + el B < B Jei] < o = E.
k=1 k=1

Therefore,||[u™||% < E holds for all n.
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Theorem 4. Let U(x;,t,) and u'(i = 0,1,...,N;n = 1,2,... nr) are the solutions to the equations

(B13). Denote by e} = U(z;,t,) —ul' and e" = (e, e}, . ..

C independent of n, At and Ax, such that

, )T . Then there exists a positive constant

"]y < C(A + Ax?).

Proof. We can get the error equation as follows

n—1

béa)e? - Z(bf_)k_l - bf_)k)ef - bffi)le? -

k=1

where |R!| < C(At*~* + Az?),and we have

Ko At52e" + At*R™,

|} < 2l[u’l[§ +C max [|g"[[}.

We get

0<k<ny

e[y < Calle®lly + € max [[R*|[3 < C(A" + Az?).
SRsnr

3.1.1.3 Crank-Nicolson Type Methods

(3.25)

We know that the Crank-Nicolson (CN) method for the classical equation has second-order

accuracy in time. The CN method for the classical diffusion equation can be constructed by the

following direct methods:

Let (z,t) = (x4, t,) in (B). Then we have

CD&tu(xivtn> = Kaa;%U(xiatn) + g(z4,t5).

The space is discretized by the central difference scheme, i.e.,

8§u(xi, tn) = Eﬁuf + O(AxQ) =

We can get the following CN method for (B)

“Dgui = KoOzu} + g7,

U’ZO - ¢0(xi)7
ug = Uy(tn), ufy = Up(tn),

we have

n n n
uilyy — 2ui +uit

Ax?

n=20,1,...

n—1
Crna . n __ E (e} k+1 k
k=0
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where b7 is defined by (B3).

We can obtain

no— 2yl n
Zb Ukt k) = ), S AZ;”” + g7 (3.30)

Here we will show that the stability of the fractional numerical schemes can be analyzed very
easily and efficiently with a method close to the well-known Von Neumann (or Fourier) method

of non-fractional partial differential equations ([15], [20]).

Theorem 5. The fractional Crank-Nicolson discretization, applied to the time-fractional diffusion equa-

tion (B71) and defined by (B330) is unconditionally stable for 0 < o < 1.
Proof. Setting 11 = 53— and bf = 1, we finally get for n = 1:
— gy A (KabS 4 2p)u) — puf oy = (Kob% — 2p)uf + p(udyy +uf 1), i=1,2,...,N—1, (3.31)
forn>2,i=1;2;...; N — 1 ,we have:

— g+ (Kb +2p)uf — pufy = (Kobfy—2p0)uf ™ 4 (ufy! +ul ') — K, baZb b by

(3.32)
To study the stability of the method, we look for a solution of the form u} = eIl § = /=1, w
real.

—[Lpne(i_l)th + (Kab(]z + 2Iu)pn6iwjh . Iupne(i-i-l)wjh _ (Kab% . Zu)pn_leiw]’h

n—2
1t (puoa €8T g TIR) KBRS B0 (kg€ — ppe®") (3.33)
k=0
Simplifying and grouping like terms:
n—2
21 2 2 o
(1 + Kabg<1 — cos(wh))> pn = (1— Kabg)pnq + Kabgp" 1 cos(wh) — 2 b1 (prst — pr) s
(3.34)
this can be reduced to:
(1= 725=)Pn1 + 7= pn1 cos(wh) — 3020 b5y (pryr — pr)
oy = Kot )Pt T Robg Pl k=0 Tk AL TR (3.35)

(1 + KQJZL)% (1-— cos(wh)))
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We observe that from equation (B35), since <1 + (1— cos(wh))) > 1 for all a;n;w; h and k;

Kb“

it follows that:

2
< — — .
p1 < po (1 Kabg(l cos(wh))) , (3.36)
and
2/L n—2
Pn < Pn-1 (1 - ﬂ(l — cos(w h))) - E by— (Pr+1 — pr) - (3.37)

Repeating the process until p, < pr_1;k =1;2;...;n — 1; we finally have:

n—2

2p o
Pn < Pn-1 ( K bo (1 - COS(Wh))) - g bn—k (Pk+1 - pk) < Pn—k; (3.38)

since each term in the summation is negative. This shows that the inequalities (8:37) and (B=38)

imply p, < pn—1 < pr—2 < ... p1 < po.

Thus, p, = [u?] < po = [uf] = |f;]; which entails ||u?||;2 < ||fi||z2 and we have stability.

Remark 1. For a = 1; the numerical scheme is reduced to the well-known convergent fully CN al-
gorithm for the equation (B30). Also, the proof of stability (and hence convergence) can be extended
to other types of boundary conditions and more general time fractional diffusion equations in one and
higher space dimensions.

The truncation error T'(x,t) of the CN difference scheme is:

Zb o) - KM g

At —1)? At?
= E b, {(u?—l—(At— 1)ut—|—<T)utt—|—-~) - (u?%—Atut%—Tutt—ir---)} + O(At)
k=0

K, N Ax?
T A [\ AT T

— O(AL) + O(Az?).

2

Txuxz+):| +O(Az?) — g

um—l—) —2u?+<u?+Aa¢ux+

3.1.2 Riemann-Liouville Type Subdiffusion Equations

Consider the following type of time-fractional diffusion equation

Ou =" DI (Ko02u) + f(,t), (,t) € [a,b] x [0,T],
u(z,0) = (% a<az<b, (3.39)
u(a,t) = ug(t), u(b, t) = up(t), 0<t<T,

where K, > 0and 0 < o < 1.
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3.1.2.1 Explicit Euler Type Methods

Letting (z,t) = (x;,t,) in (B39) leads to

Oyu(z;, t,) = K, (RLDé;aaiu) (i, tn) + flxg, ty).

(3.40)

The integer-order time derivative and fractional derivative in (840) are discretized by the for-

ward Euler method and the Griinwald-Letnikov formula, i.e.,

u(wi, tyy1) — u(wi, ty)

5’tu(xi, tn) = At

(REDL20%u) (w3, t,) =CF 01~ (92u™ (2:)) + O(Ad).

T

The space is discretized by the central difference scheme, i.e.,
O2u(xi, t,) = O2u" () = O2ul! + O(Ax?).

We can obtain

8tun+2 KGLcS(l 04)82un + '+ O(At + Az?).

We can get the following explicit Euler method for (B39) as

1
Oy = K0 (GRup) + f7 i =120 N =,
ud = ¢o(z;), i=1,2,...,N,
g = Ua(t )7“% = Ub(tn)a
where -5~ is defined by
Ik — «)

GLg(a) n
o U_Atazw”ku k= T D)

If « — 1,the method (B42) is reduced to the classical forward Euler method.

Let = £48% and we have
1
S n—i—% - U?—i_ — U;L
tU; = T’
n n
52" — Uiy — 2u +uiy
Y T A332 )
1

GL(St(l ® (ag ?) = Atl anQ Zw a H—l 2u _'_ul l)
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(3.41)

(3.42)
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then

U’;H_l _ u:L K a n
At Atl QAZL'Q Zw H—l 2’LL +uz 1)+f

Then method (342) can be written as

ultt =l —|—uZw T (uf = 2uf +ul) + Af (3.44)

Therefore, the unknowns u}"! can be solved if uf(k = 0,1,,n) and I are given.
The fractional Von Neumann analysis for the stability analysis of scheme (B42) is illustrated
below.

Let f* = 0 and u} = ppe¥722(j2 = —1). Inserting u¥ into (B42) yields

Prsl = Pn — 4prsin® ( ) Zw Pk (3.45)

According to the Von Neumann method([5],[34]),we can first assume that p,1 = £(0)p, and
(o) is independent of time. Then (B42) implies a closed equation for the amplification factor £

as:

A n
€ =1— 4usin’ (“T””> > wiet (3.46)
k=0
If [£| > 1 for some o, p,, grows to infinity and the method is unstable. Considering the extreme

value £ = —1, we obtain from (B48) the following stability bound on p:
& y

5 aAa:) 1
f4sin ( < m — — San- (3.47)
2 2> h—0 w,}: (=1)~*

The bound defined by () depends on the number n of iterations. Nevertheless, this dependence

is weak: S, , approaches S, = lim,_,,, S, in the form of oscillations with small decaying
amplitudes([34]). Since Y ;> w, %2 7% = (1 — 27117 = w{™*(271). We find that the explicit
method (B42) is stable as long as
psin? (J§x> <S8, = m (3.48)
Since sin” (25%) < 1, we can give a more conservative but simple bound: the explicit method
(B42) is stable when
J N 1 1

:—< == = . .4
W= A ST gy T e (349)
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The stability bound in (B:49) is reduced to that of the forward Euler method if « — 1.
For p = 2 with wy *(2) = (3/2 — 2z + 22/2)'~, We can obtain that the explicit method (B42) is

stable when
K o 11
R= A2 =707 QwiY(—1)  43/2-e’

(3.50)

Next, we consider the convergence. Let ¢} = U(xz;,t,) — u?. Then one can derive the error

equation from (B35) and (B36) as

n—1

et = ey MZW};% (efﬂ — 2 + ef—l) + AtR.
k=0

Let e = "el?4% R = r"ed”A and p* = 4psin?® (252). Then one has

Mt = T — 15w g + At
k=0

From (B44), we find that the local truncation error of the method (B42) is O(At(At + Az?)). Itis
a little difficult to prove the global truncation error. In the following sections, some techniques
will be introduced to prove the convergence of the numerical schemes for the subdiffusion

equation (B42).
3.1.2.2 Implicit Euler Type Methods

In (B39), if the integer time derivative, the Riemann-Liouville derivative, and the space deriva-
tive are approximated by the backward Euler formula, the Griinwald-Letnikov formula, and

the central difference method, respectively, i.e.,

Dy, 1) = “Eirtn) = Ui tat) o npy g

,% A
= +O(A),

(REDY20%u) (w4, t,) =CF 6, (020" (1)) + O(AY).
We can obtain the backward Euler method for (339) as:
ol * = KGH6) (@2ur) + f7,

7
U? = ¢o($i)> i
uy = Uy(ty), uly = Up(tn),

1,2,...,N —1,
0,1,2,..., N, (3.51)
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where 26"~ is given by (B43).

We give a simple implementation of the method (B21). We have

n n—1
S n—% Uy Uy
tui - )
At
n n n
sy = Yl 2ui +uit
Wi = Al‘2 )

oyt (Opu}) = Afl—aA 2 anz Zw “h(uty — 2uf ),

then
up —uft K,

A - A anQZw (b = 2ul ) +

We first rewrite the scheme (B339) as

ul = ult 4 p zn:w}l_z(ufﬂ —2uF +uf )+ ALf (3.52)
k=0
where p = K, At/ Az?.
We consider the stability of the finite difference scheme (B:21). The Fourier method is powerful
tool for the stability and convergence analysis of the numerical methods for fractional differ-
ential equations. We mainly focus on the stability analysis, and the convergence analysis is

somewhat equivalent to the stability analysis for the linear problems.
. Fourier method

We first use the Fourier method ([34],[2],[35]) for the stability analysis of the method (B:20).

Supposing that ] has perturbation @', we can obtain the perturbation equation as follows

= ey wh (g, — 2af +al ). (3.53)
Let 4 = p,e/7"2%(j2 = —1) and inserting 4! into (3.51),
pnejaiAa: Pt e]azAx + Mzw p e]O’(z+1) 2pk€jUiAx + pkeja'(ifl)A:r)
k=0

= Pn— 1+uzwn pr(e178T — 24 e7I78T)
= Pn-1 —l—QMan “pr(cos(cAz) — 1)
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We get

oAx oAz —
(1 + 4y sin? (T)) Pn = Pn—1 — 4p sin? (T) Zwi_apn_k.

k=1
Next, we prove that |p,| < |po| from (B54).

Theorem 6. The finite difference method (B51) is unconditionally stable.

Proof. We use the mathematical induction to complete the proof.

Let p* = 4psin® (252). Then we have from (B54)

1 ,LL* - 11—«
n — n—1 — w n—
Po = TPt~ Tge 22 P

k=0
For n = 1, it follows from (B:53) that
1w [1—p'(1—a)
g = <
o1l T ol T [P0l < lpol-

Suppose that |pi| < |po](0 < k < n —1). For k = n, we get from (B-54)

1 1—

Pn < T nt||Pn—k|
< T 1 ~|pol + pa “2l1pol
1t ! |,00 ( ij) ol
< 1+,u*|/70| 1+ ~|pol = [pol-

Therefore, |p,| < |pol-

(3.54)

(3.55)

Remark 2. If w7 satisfies wi' ™ > 0 and S0, |w ™| < w8, then the inequality (B53) holds.

Theorem 7. Let be U(x,t) and u}(i = 0,1,2,...,N;n = 1,2,...,ny) solutions to equations (B339)

and (B:A1). Denote by € = ul' — U(x;,t,) and e” = (eb, e}, ..., e%)T . Then there exists a positive

constant C' independent of n, At and Ax, such that

lle"||x < C(AE + Az?).
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Proof. We can get the error equation as follows

e =i+ AVK, Y w62k + ALRY,
k=0

in which R is the truncation error satisfying R!" = O(At + Ax?)

we only need to estimate
|3 + ALK, e[} + CAt max |[R"[|3.
0<k<nr

To get the error bound, where R" = (Ry, RY,...,R%)T with R = O(At + Az?). ||e%|y =

%], x = 0,and ||R*||y < C(At 4 Az?). Hence |[e”||y < C(At + Ax?).
3.1.2.3 Crank-Nicolson Type Methods

The CN method for the classical diffusion equation can be constructed by the following direct

methods:
1. Method I: Lett = ¢, 11 in (B39) with a = 1 yields
8tu(tn+%) = ,uagu(tn%) + f(thr%).
Note that Gu(t, . 1) = Stz + O(A#2) and u(t, 1) = U™z + O(At2). We have
S e = pd2um e 4 f(t, 1) + O(A).
Let = z; and using 92u™ = 62ul’ + O(Az?*),We have
S e = po2u"E 4 f(wi 1) + O(AL + A?).
The classical CN method below:
S e = U 4 f(wit, ). (3.56)

2. Method II: Let x = z;,t =}, k = n,n + 1, in (B39) with o = 1 gives

Opu(iy tyi1) = pOsu(wi, tnyr) + [ (i, togr).
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Adding the two equations leads to

Opu(wi, tn) + Opu(i, tngr) = p (02U (24, ) + 02U (24, tnar)) + f (@i tn) + (24, tagr)-

Noting that
Opu(xi, ty,) + Opu(w;, i) = 2(5tu"+% + O(At?),
and
u(zy, ) = 262u™ 2 + O(Ax?).
We have

S = o2 4 T L O(AR + Ar?).
Dropping the truncation error, the following CN method:

n+

/L(;Z n+2 +fn+2

Similar to (B56), we first let (z,t) = (z;,¢ ) in (B39), which gives

n—

8tu(xi7tn7%) = Ka (RLDé;Olagu) (xlytn ) + f(xh n— ;) (357)
with (1 + a)th-order accuracy to approximate #* D att = ¢, 1. We have

n n—

5tui_% = Kaégl_a)ui : + f(wi,t,_ )+ O(AH T + Az?),

where
(1-a), "3 1 - k-3 1 0
op u; *= N bou; * — ;(bnkl —bpp)u; > — (b1 — Bp—1)u] — Ap_1uy |

in which 4,, = B,, — a("ﬁ—fsl b, and B, are defined by

(n+1)* —n® B 2[(n+1/2)°‘—na}.

bn: y DPn
I'l+a) I'l+a)

The first CN type method is given by:

atl 2= K002y 4 f

ud = ¢o(z;),

i .2,...,N, (3.58)
8 = Ua(t ),u?\, = Ub(tn)
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The CN type method (B:58) is reduced to the classical CN method (B58) if « — 1. Of course,
we can also use

1
3 [("F Dy 02u) (w4, t,) + (" Dy *02u) (x4, tn—1)]
to replace (""Dy3*93u) (2;,t,_1) in (B52) as in the classical CN method (858). Then the appro-

priate discretization for the time fractional derivative operator RLD&% att =t,,t,_ is applied.

So we can derive the following CN type method

_1 n+i .
O * = e ook o V| 4+ 1T, =12 N -1,

ug = o), i=0,1,2,...,N, (3.59)
ult = Uy(ty), ul = Up(ty),

where 6" is the approximate operator of the time fractional derivative operator #*Dg;* .

It is known that 1 ([RLDS);“@%(t)} P [FEDg,*02u(t)],_, > is not a good approximation to

x T

[ D0 u(t)]

t=t 1"
nTg

For example, u(t) = t, v > 0, so we can derive

1
5 ((=Dbeozu)],,  + Do) _, ) - [*Do2u), .,
n—g
I'(v+1)
— tl/—l—a—l tV+o¢—1 - 2tu+a—1> =0 AtQtu+o¢—3 ]
2I'(v + @) [”_1 i n—j ( " )

Let (z,t) = (z4,t,) and (z,t) = (24, t,—1) in (B39)
Oru(i ) = Ko (" Do *0%u) (wi,t0) + (2, 10), (3.60)

atu(xiv tnfl) = Ka (RLDé;aagU) (LEZ', tnfl) + f(xzy tnfl)' (361)

Adding (B-60) and (B-&T), we have

Oyu(ws, tn) + Opu(i, 1)
= Ko [("D5;°0%u) (@i, tn) + (Do 0u) (i to1)] + f(ista) + f(zistar). - (3.62)
One choice is to use L1 method to discretize - Dy *02U (x,t) att = ¢, and t = t,,, which gives
i 7 = 2o P % (f7+ 771 + O(AET™ + Az?),n > 1, (3.63)
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Where #2561 is defined by

n° )u0> o _ KD =) k1 —a)

n—1
1
L1 g@ n_ Lt (@) k+1 _ K _ =
roO; "= INT (kZ:O by, 2y (u u™) + I'(1l—a k r'2-a)
(3.64)
For n = 1,we can use the following relation
(3.65)

Dt = Ko(BH50—02uY) + 1 + O(AL + Ac?).

)

We can get the following CN type method
i=1,2... N—1,

n n—1 .
fz+fz ), Z—].,Q,...,N—]_ (366)
i=0,1,2,...,N,

1 —Q
O} = Ko [0V 2ul] + f1,

Ko [BE6 ) 0up + 0 o' 02ur | + 1 (

Next, we consider the stability and convergence of the three CN methods

Theorem 8. Let be u" = (uf,ul,...,u%)" the solutions to the finite difference scheme (B29),uj

u = 0and f'=2 = (0, £ 2,..., fu_2,0)T. Then

n
B < 20|+ AP + Caat S (I,

=0
where C, is a positive constant independent of n, h, T and T', and Cs is a positive constant independent

of n,hand 7.

1 n+3 n+3 n+3 1 nty  ntg n+3
Proof. Let 5;u"™2 = (uy 2,0u; 2,...,0uy 2)T and w2 = (uy 2,u; 2,...,uy 2)T. Then

from (B:59) we have
n—1
(5tun+§u un+§)N = N[_bO(éwum_Ev 5wun+§)N + Z(bn—j - bn+1—j)(5xuj_§a 5zun+§)N (3-67)
=2

1

+(bao1 — By) (6,07, 6,u" )y + A, (5,0, 5xu"+%)N] + (f”*é, u'ta) .
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Using Cauchy-Schwarz inequality

((51511”_‘—% 7 un—i—%)N
n—1

1 1
[— 2b0|un+2|1N+Z n—j = Ony1-j)(Ju’ 2|%,N+|un+2|iN)
j=2

1 n4+i n+i mn !
t (bnot — Ba)([u2 2y + [0 32 0) + Ap([u' y + [0 32 )]+ (£772, ")y

MI’;

-1

M ntl i1 n+l

= 5[(_[)0 — B, + An)lu T2 |%,N + Z(bn—j - bn+1—j)|uj 2 |%N + (bn—l - Bn)|u 2 EN)
=2

AU ] (7w R

n—1
H nti i1 n 1
< Slbola™ 3} Y (bny = b)WY e AR ] (7w
j=1
Writing
n+1
!
[ R+ gAY bWy
j=1
n+1
<[y ALY bl TR+ pALAL WO+ 287 u R
7j=1
Denote by
n+1
n n i1
E" = ([0 R 4 gAY byl 2
j=1

Then, we can obtain

E™ < E" 4 pAtA |2y + 288 (12wt e
< B pAL( Ay + Ay )] y + 24t [(f”+%,u”+%)]v (T )y
< E' 4 pAtjul[? Z A + 24t Z(f’”%,u’f*%
n+1 n+1
< E' + pAtfu®f] ZA +€#Atzbn+1 jlw’” 2|1N+Z ||f]_7||N7

n+1 -7

we have used the Cauchy-Schwarz inequality and e|[u/~z |3, < |u/~2 |1 v+ €is a suitable positive

constant independent of j, h, 7 and u?l we have

a2 < B el R D A+ CAIE R

=1

40



where 1/b, < Cyn' @At~ < C, T, C,, only depends on «. E' can be estimated in the fol-

lowing way. Let n = 0 in (B:67) and using the Cauchy-Schwarz inequality gives

I3+ At Bt iy = 0] + # LA (6, 5,00 + 204(E ud)
1

1
< Il + o (et o+ g0 ) + 200 (o

1 1
- I8+ callat )

where ¢, €5 > 0 are suitable constants such that

1 1 1 1
pAoer|w? |1y + 2o lw? ||y < SpuBolu? [f -

We obtain
E' = ||lul||3 + ,UAtBO‘u%ﬁ,N
<2/lu!||% + MAtBofu%ﬁ,N
< 2| + L2+ SEE R,
Then

R < 20wl Coae o+ ACa D[]
j=0

in which ( is a positive constant independent of n, h, 7 and T, and C; is a positive constant

independent of n, h and 7.

Theorem B states that the CN type method is unconditionally stable.

Letel = U(x;,t,) — ul. Then
3 _ g s0-mg2,nm o pn
oe; 2= K,0; “oye; *+ R}, (3.68)

where R = O(At'™ + Az?) and ¢} = e% = 0 and ¢} = 0,5 = 0,1,...,N. Denote e" =
(eb,er,....et)T and R" = (Ry, Ry, ..., R%)T. Then from (B88) and Theorem B, we can eas-
ily obtain
e IR < 21le°[[} + 1At e’y + AtC: Y |[R¥[} < CALT + Az?).
k=0
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The CN type method can be seen as a special case of the following weighted average finite

difference method

)

o} = Ko [(1= 003102y + 000V + fairt,y),

1=1,2,.... N—1,n=1,2,...,nyp, (3.69)
u?ngo(xi),i:(),l,Q,...,N,
USL = Ua(tn)au% = Ub(tn)7

where 0 < § < 1, and the operator 5" can be defined by any approximation operator to the

time fractional derivative operator #-Dj .

3.2 One-Dimensional Space-Fractional Differential Equations
3.2.1 One-Sided Space-Fractional Diffusion Equation

We consider the following space-fractional diffusion equation with Dirichlet boundary conditions([?T])

du = d(x)* Dy u+ g(x,t), (x,t) € [a,b] x [0,T],
{ u(x,0) = ¢o(x), x € [a,b), (3.70)
te[0,17,

u(a> t) = ua(t), u(ba t) = ub(t)a
where 1 < a < 2and d(z) > 0.
The Griinwald-Letnikov derivative of a given function is convergent to the Riemann-Liouville

derivative, a natural way to discretize the space-fractional Riemann-Liouville derivative is to

use the definition of the Griinwald-Letnikov formula
1 J
(" DS Ju)(wi, t) = N Z wiu(t, vi—j) + O(Ar). (3.71)
=0

The first-order time derivative in (B70) can be discretized by the classical methods such as the
explicit Euler method, the implicit Euler method and the Crank-Nicolson method, etc. Unfor-
tunately, the explicit Euler method, the implicit Euler method, and the Crank-Nicolson method

based on the standard Griinwald-Letnikov formula for (3Z0) are often unstable([20]).

3.2.1.1 The weighted Euler Type Methods

The weighted difference methods can be derived in the following way.

Let (z,t) = (;, tn+%) in (BZT)

Ouu(@istyy) = d(a) (D) (it y) + 9wty (372
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The explicit Euler method, the implicit Euler method and the Crank-Nicolson method can be
seen as the special cases of the following weighted difference methods

(5t n+2 — d [(1 . Q)L(;:S:a)u?_:_ll + 9L5 z+1:| (1 — 9)g($z,tn+1) —|— eg(],‘“tn), Z = 1,27 ey N - 1,

) = ¢o(z;),i=1,2,..., N,
ug = Uy(tn), uly = Up(ty),

(3.73)
where 0 < 0 < 1and L(Sg(ga)uﬁﬂ is defined by
1 T'(k— a)
(@)ymn = Qm Y — ) 74
L5x Uity N jzow] u1+17]7 wj F(k? + 1)F(—a) (3 )
We have
atU?Jri =d; [(1 —0)1.6u :ﬁl + 0,61 z+1] + (1 = 0)g(xi, tny1) + 0g(24, tugr). (3.75)

The weighted finite difference method (B75) is reduced to the explicit Euler method if § = 1,

the implicit Euler method if § = 0, and the Crank-Nicolson method if § = 1/2.

1. Explicit Euler Type Methods
If & = 1,solution to equation (B75), based on the shifted (1shift) Griinwald-Letnikov ap-

proximation to the fractional derivative, is given by:

(5tu —dzL(S ui g gt =12,
1=1,2

ui = ¢0($Z>,
uy = Uy(tn), uly = Up(ty),

(3.76)

where 0”u?, | is defined by (BZ8).

2. Implicit Euler Type Methods
If & = 0,solution to equation (B7Z5), based on the shifted (1shift) Griinwald-Letnikov ap-

proximation to the fractional derivative, is given by:

2 ..
u) —¢o( i), i=1,2,..., (3.77)

{ o = o g,
ug = Uy(ty), uly = Up(tn),

where 6\ un ", is defined by (B74).
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3. Crank-Nicolson Type Methods
Ifo = %,solution to equation (B759), based on the shifted (1shift) Griinwald-Letnikov ap-
proximation to the fractional derivative, is given by:

(5tui+2 = d,-L(S;S; )ui:f —|—g(a:i,tn+%), i=1,2,...,

N
u? = ¢o(z), i=1,2,...,N, (3.78)
ug = Ua(tn%u% = Ub(tn)a

where L(Sa(;a)uﬁrl is defined by (B7Z4).

We can similarly prove that the weighted finite difference methods (B73) are uncondition-

ally stable when 0 < # < 1/2, conditionally stable when 1/2 < 6 < 1 and AAxta < m.

Lemma 2. ([20]) Suppose that f(x) € L*'(R),*" D*L2, f(x) and its Fourier transform belong to L' (R),

and let
['(k—a)
(k+1I'(—a)’

(0% 1 - (0% a
L5Ax7pf($) = Age ;% flx—(k—p)Ar),wy = T

where p is a non negative integer. Then

103, (2) =" D2 (@) + Clp = )Az + O(Aa?), (3.79)

where C'is a constant independent of p.

A more general second-order discretization of the left Riemann-Liouville operator was de-
veloped in ([31]), which can be given as

a — 2q
2(p— ) g

Banf(2) 4 50— 03, f() =" DR f(a) + OAr?), (3.80)

where p and ¢ are integers.
Let f(z) be well defined on the interval [a,b]. If f(a) = 0, then the left Riemann-Liouville
operator ¢ Dg . at * = x; can be discretized by the following formula

—2q 2p — «
RLpe f(x = O ep 4+ LTS 5o+ O(A2?), 3.81
[ , f( )}szl 2(p _ q)L f+p 2(p _ q)L f+q ( ) ( )

where f; = f(z;) and the operator ;6 f; is defined by

- - 1 : (a) a F(k — a)
L0z fi = Ax® ij Jimin s = L(k+1DI'(—a)

j=0
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If f(b) = 0, then the right Riemann-Liouville operator #*D¢, at x = z; can be similarly dis-

cretized as

o a—2q 2p—a 9
(D2 f ()], = 5 T Réx fint 3 o q)Réx fimq + O(AZ?), (3.82)

where f; = f(x;) and the operator 0¢ f; is defined by

I'(k—a)
I'(k+1DI(—a)

We are interested in the two cases of (p, ¢), in which (B381) and (B=82) are reduced to the central

difference when a = 2.

1. Case I: (p,q) = (1,0), the left and right Riemann-Liouville derivatives ** D¢ f(x) and

RLDY, f(x) at z = x; can be discretized by the following weighted shifted Griinwald for-

mulas
9 _ i+1
L(Sg(ga’l)f — Z g] fl+1—J7 (3.83)
and
. 1) o “ 2_a N—i+1 ot
fi= 5 0 i = > g i, (3.84)
j=0
where
2 _

2. CaseII: (p,q) = (1,—1), the left and right Riemann-Liouville derivatives ** D¢ _ f(x) and

RLDY, f(x) at = z; can be discretized by the following weighted shifted Griinwald for-

mulas
24 9_ i+1
00D = == 0 fua+ = 8 fra = Z%ﬁﬂw (3.:86)
and N
RO f; = 2 Z aR(Sg(ga)fz‘— 2 = _ZZJF 9;‘1’1fi71+j7 (3.87)
=0
Where
8"2 = 2TTO{’ f"Q = QTTaw‘f,g:‘Q = 2 Z aw? + 2 ; aw,‘j_Q,k > 1. (3.88)
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Lemma 3. ([B1]) Let g\*") and ¢\ be defined by (383) and (B88),1 < o < 2, and

g™ g™ 00
e g g
sy =1 : P - (3.89)
e O A N
IN-1 IN-2" In-3 T G (N—1)x(N—1)

Then the real part of the eigenvalue X of Sime Vis negative, and the eigenvalues of s\ ) 4 (ST are

negative.

From (B83),(B:84)and (B-88), we can obtain the following finite difference methods for (B=Z0)

Sl = d [(1 N .9L5§;‘7m)uﬂ F(1—0)gt 08, i=1,2,...,N—1,
ud = ¢o(r;),i=0,1,..., N,
uf = Uq(ty), uly = Uy(ty),

(3.90)
where 0 < 0 < 1, and 1,6™ is defined by (883) for m = 1 or by (B88) for m = 2.
If U,(t) = Uy(t) = 0, then the method (B90) has second-order accuracy in space, the matrix representa-

tion of which is given by
(B — u(1 = 0)S™)u™" = (B + 0uS™)u" + At((1 — 0)g" + 68" ), (3.91)

where = At/Az* u" = (uy, ..., u%_ )T, 8" = (g7,...,9% )T, Eisan (N — 1) x (N — 1) identity
matrix, S is given by

S(m) == diag(dla d?a s 7dN—1)S](VnE(f)'

In which S\ g ) is defined by (B59).

One knows that gi™" + S0, g\ < —gY for ATl < o < 2. In such a case, the matrix SO
has eigenvalues with negative parts. So we can easily prove that the method (BZ0) with m = 1 is
unconditionally stable for 0 < 0 < 1/2, and conditionally stable for 1/2 < 6 < 1.

Assume that d; = d is a constant. We can easily prove that weighted finite difference method (B90) is
unconditionally stable for 0 < 0 < 1/2,and conditionally stable for 1/2 < 6 < 1 by the energy method.

For 6 = 1/2, the method (B90) has second order accuracy both in time and space([31]).
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3.2.2 Two-Sided Space-Fractional Diffusion Equation

On consider the finite difference methods for two-sided space fractional partial differential
equations. A class of two-sided space-fractional partial differential equations can be written

as

dpu = c(x, t)*E DY u(w,t) + d(z, ) D2 ju(x,t) + g(z,t), (x,t) € [a,b] x [0,T],
{ u(z,0) = ¢o(x), x € [a,b), (3.92)
u(a,t) = Uy(t),u(b, t) = Uy(t), t € 10,77,

Where 1 < o < 2 and ¢(z, t),d(z,t) > 0.

Letting (z,t) = (x;,t,) in (392) leads to
Qu(wi, ty) = (@i, tn) ™ D2 u(xs, tn) + d(wi, tn) ™ DS yu(ws, ) + (1, tn).

We have
Oyu(x;, ty) = 5tu?+% + O(At).

If the left and right Riemann-Liouville fractional derivative operators are respectively discretized
by the right and left shifted formulas with one shift, then the weighted average method for

(B32) is given by:

(REDS up) = (1= 0)r ™ (L6 uly) + 0} (0% ul,y),

G,CL‘Z

di (" D) = (1= 0)di (0wl + 0d} (r0L 0y ).

T ’L

We can get the weighted average method for (392) as

bl = (1= ) (8wt + 0r (108w )|
+ [ 1 — 0)d™ (6wt ) + 0P (6L )] + (1= 0)g g2 i=1,2,... N~ 1, (303
; :¢0(Ii),Z:0,1,...,N7

where ;5 and 5\ are defined by

o F(k-Oé)
Lé( )ulfA Zw Ui j; WS = T+ D (—a) (3.94)

[k — «)

(@), = —— gy = 9
Réx Uj Al'ajzow] WUitj5 j F(k+1)F(—a) (3 5)
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1. Explicit Euler Type Methods

If 0 = 1,solution to equation (B93) is given by:

o (0 ) + AP (a0 ) + P i =12, N — 1
uz _¢0($i)7l_1 2 N7
uy = Uy(tn), uly = Ub(tn).

2. Implicit Euler Type Methods

If 0 = 0,solution to equation(B93) is given by:

5tu”+2 — Cn+1(L(5§;a)U?jll) +di N (r oL )+t i=1,2,... N -1
W = Gofwi),i= 1,2, N,
8 = Ua(tn)a T](/ = Ub(t”>'

3. Crank-Nicolson Type Methods

If § = 3,solution to equation (B93) is given by:

1

1 n+2 a) n n n .
Sl = 5y ij)wﬂ(Ra +2)+gl 2i=1,2,...,N—1

Let u = AAJQ Mo = pei,and pg ;= pd}. Then (B93) can be written as

Wt = (1= 0) | Lo g R

(2

=uf — O [pr T Lo uf + py T RO + AL [(1—0)g ™ 4+ 6g7] i =1,2,...,N — L.

The matrix can be given below
(B — (1 - 0)uS™] w™' = [E + 0puS"] u" + At [(1 —0)gr + egj] ,
where Fisan (N — 1) x (N — 1) identity matrix and

S™ = diag(ct,cy,. .. ,c’f\,_l)Sfﬁ)l + diag(ct, ey, . .. ,c}f,_l)(Sﬁfi)l)T.

(3.96)

(3.97)

(3.98)

(3.99)

(3.100)

(3.101)

Next, we consider the stability of the weighted finite difference methods (893). For simplic-

ity, we suppose that c(z,t) and d(z,t) are time independent. And we denote that by ¢ =

maxo<i<n C(Z;), dmax = Maxo<;<n d(z;). The matrix S™ is independent of n, so we denote it by
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S = 5"
We have
i N—1
|)\—w§a)(6¢+di)| < ¢ Z |qu|+di Z |qu|7
§=0,j#1 J=0,j#1

Oonehaszj 021 W5 < —wi.

Noticing that w§ > 0,5 # 1,and }>*

J=0 J
’)\ — W?(Ci + dz)‘ < —w‘f‘(c,; + dl)
The eigenvalues )\ of the matrix S satisfy

_Qa(cmax + dmax) S 2W?<Ci + dz) S >\ < 0

Next, we are in a position to estimate the eigenvalues of the following matrix
[E— (1 —0)A]"Y(E 4 6uS).

Suppose that ) is the eigenvalue of the matrix S . Then the eigenvalue of [E — u(1—0)S| ' (E +

1410
OpS) is = —a(1I—0)A"

If 0 < 6 < 1/2, then we always have |%] < 1, so the weighted finite difference method

(B93) is unconditionally stable.If 1/2 < # < 1, we deduce from —1 < % < 1 that p =

At
Ax S a(cmax+dmax(29 1)

.The weighted finite difference method (B93) is conditionally stable for

1/2 <6 <1land AA; <= e dim T .The first-order method is used in the space discretization
in (B93).
Replacing the operators ;3% and 6\ in (B93) by 6™ and z0%™, m = 1,2,

We can get the following difference method:

Soul 2 = [(1 — O)cit (Lot uph') + ey (05" 2+1)}

~

+[(1—9)d’?+1( Syt 4 0dr (8™ ;ll)]+(1—9) L Ggri=1,2,...,N —1,
w = ¢o(z:),i=0,1,..., N,
ug = Ua(tn), ufy = Up(tn),

(3.102)
where 0 < 6 < 1,,61°™ is defined by (BB3) for m = 1 or by (BR8) for m = 2, and 6™ is
defined by (B:84) for m = 1 or by (B82) for m = 2.

As in method (BY0), we can easily obtain that for @ < a < 2, the method (B12) with m = 1
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is unconditionally stable for 0 < # < 1/2, and conditionally stable for 1/2 < 6 < 1.
If0 <60 < 1/2and ¢(z,t) = d(z,t) = K,K > 0, then method (B102) is unconditionally
stable([B1]).

3.3 One-Dimensional Time-Space Fractional Differential Equa-
tions

In this section, we numerically investigate the time-space fractional differential equations, where

the time derivative and the spatial derivative are both fractional.

3.3.1 Time-Space Fractional Diffusion Equation with Caputo Derivative in
Time

We consider the following time-space fractional diffusion equation

“Dgu = (Lou)(x,t) + g(x,t), (x,t) € [a,b] x [0,T],
u(x, O) = ¢0(l’), S [aa b]a (3103)
u(a.) = Up(t), u(b,t) = Uift), 1 [0,7],

where L = ¢(x,t)* D¢, + d(x,t)*F DS

z,b)

0<y<l,1<a<2andcd>0.
We introduce the notation L(Aagfq) defined by

a8 uty) + (07 ) g = 1,
Ly = & dp(u88 ur) + e (168 up), g = 2, (3.104)

Ax,q 1 i P i 3

A (6P ur) + (6 Pur), g = 3,

3 K3 (3

where 6 5 8%, 61 5&D 58 and z6? by (B98),(B95),(BR3),(B8A),(34) and (3R7).

It is known from the previous sections that

L = (L) (s, 1) + O(A), (3.105)
where
) Lg=1,

1. The time fractional derivative is discretized by the Griinwald-Letnikov formula and the

space operator L(® in (B103) is discretized as in (BIIH); the fully discrete finite difference
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method for (B103) is given by:

SO (ur — ) = L™ ur + gni=1,2,... N — 1,

) ) qu %
W) =o¢(z;),i=0,1,..., N, (3.107)
ug = upy =0,

where 6\ is defined as in (87) and L(®™ is defined by (BI05).

2. The time fractional derivative is discretized and the space operator L(*) in (BI03) is dis-

cretized as in (B109); the fully discrete finite difference method for (B103) is given by:

Lo up = L + gryi=1,2,... N — 1,
u?:gb(a:i),i:(),l,...,N, (3.108)
ug = up =0,
where L™ is defined by (B-I1H) and
n—1
1 (k + 1)1—7 _ kl—fy
L1 ¥ k+1 _ Kk M _ 1
5 = AP (kzo b, 1 (u u )) by T@—7) : (3.109)

Next, we present the stability analysis for the methods (B.107)-(B-T08). For simplicity, we sup-
pose that c¢(z,t) = d(z,t) = constant. We first focus on the stability for (B108). The matrix

representation of (B-I08) is given by:

3
,_.

OYE — pS)u" = (bf] ooy — b uF + b0u’ + Ag”, (3.110)
k=1 B
where = 25 Eisan (N — 1) x (N — 1) identity matrix.u” means
u" = (uf,...,un) " = (ul,. . uh ) n=0,1,--- .
g.g" e e" G and R" with g = g% = ef = e} = R} = R} = 0 have the same meaning.It

is known that all the eigenvalues of the matrix S have negative real parts. For any vector
u € RV~!, we have (Su,u) = u?' Su < 0. We have from u? = u}, = 0 that
0 Il < b I+ (=S, u)

n—

=0 = b (e )y + b (W u )y + A (g7, u) .

—_

We get

B, < 2]+ € mase g3 (3111)
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For method (BI07), one can similarly obtain that the numerical solution of (BI07) satisfies
(B1Tm).
Next, we consider the convergence analysis. Let e} = U(z;,t,) — u’. Then one gets the error
equation for (BI08) as

LigMer — plemen 4 pn (3.112)

Amq 7

where R is the truncation error satisfying |R?| < C'(At*~7 + Ax?). We get
e B < 213+ C max IR < C(AF + Aa) (3.113)
The error bounds for the method (B-I007) can be similarly obtained,which is given by
"3 < C(AL + AgP). (3.114)

3.3.2 Time-Space Fractional Diffusion Equation with Riemann-Liouville Deriva-
tive in Time
We consider the finite difference methods for the following time-space fractional diffusion

equation

u(z,0) = ¢o(z), x € [a,b], (3.115)
u(a,t) = Uy(t), u(b, t) = Uy(t), te€[0,T],

where L = ¢(x,t)* Dy, + d(x,t)*'D$,,0 <y <1,1<a<2and¢,d > 0.

{ Oyu =L Dé;w(Lau) +g(z,t), (x,t) € la,b] x [0,T],

We directly list several finite difference methods for (B1135).

1. Explicit Euler type methods:
The time direction is discretized , the space operator L®) at t = t, is approximated by

Am p ) which is defined as (3.105), and the tully discrete finite difference method for (B-115)

is given by:
dpi 2 =CL ST LR ) + i = 1,2, N — 1,
0= ¢(x;),i=0,1,...,N (3.116)

ug = uy, = 0.
The time fractional derivative in (B-T15) can be discretized by the L1 method or the frac-

tional backward difference formula; we just need to replace “~6" " in (BTT8) by L6 )
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2. Implicit Euler type methods:
The time direction is discretized , the space is discretized as in (B-ITH), the fully implicit

Euler type method for (BI15) is given by:

n—1i — o,n) .
Sy =CE ST (LE ) + fri = 1,2, N =1,

qu %
w) = ¢(z;),i=0,1,..., N, (3.117)
ug = uy = 0.
The operator “26!' " in (BITZ) can be replaced by #46!' " or B 5" when the L1 method

is used in the discretization of the time fractional derivative, which yields various Euler

type methods.

3. Crank-Nicolson type methods:
The time direction is discretized as that in the CN, the space operator L® att = t, is
approximated by L(Aafq_%) , the fully discrete Crank-Nicolson type method for (BIT6) is
given by:

u) = ¢(z;),i=0,1,..., N, (3.118)
ug = upy =0,

n—3 _qrL §0-7)plan—3) n—3 no;_
opuy 2 =000 (Lpg, Pup P)+ =12, N =1,

-1y n-1. .
where GLét(l_W)(L(Aaﬁq 24 7?) is defined by
n—1
1— (ayn—2) n-1 1 (an—l) n—2 (a,k=1) p_1
GLdlS ’Y)(LAx,q ’ Uu; 2) Atl— ,Y[bOLAmq u; ? - Z(bnflfk - bn,k)Lijq 2 uk 2
k=1

by — B)L Py A, L00]

qu i qu %

In which A, = B, — M B, = 2L [(n+1/2)" — 0], b, =

D(1+7y)Ati=v> T(1+7)

F(11+’Y) [(I+ 1)y =17], If
v — land a — 2, the explicit methods (BIT6) is reduced to the classical forward Euler
method, the implicit methods (BT17) is reduced to the classical backward Euler method,
and the Crank-Nicolson type method (BTT8) is reduced to the classical CN method.

The stability and convergence analyses of the methods (BITH)-(B-IT8) are more compli-
cated than their counterparts of the classical equations.

If ¢(z,t) = d(z,t) = K7 > 0, then the implicit method (B-TT7), the CN type method (BTI8)

are unconditionally stable and are convergent to order (At + Az?), (At*™7 + AzP).
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Conclusion

In this thesis, we will be devoted to a some preliminary concepts will be introduced as

the Euler Gamma function, Beta and Mittag-Leffler functions. we are also interested in
elementary defenitions and basic notions relating to fractional calculus: the fractional integrals
and fractional Derivatives, we also talked about some of their properties and the relationship
between them. We also touched upon Partial Fractional Derivatives.

In addition, we studied the numerical ways of Approximations to Riemann-Liouville Deriva-
tives using serval ways of them the Griinwald-Letnikov approximation, L1 approximation and
similar methods to it.

In the last,we investigate the finite difference methods for the time-fractional equation in
one spatial dimension, the space-fractional equations in one spatial dimension and time-space

fractional equations in one space dimension .
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Abstract: in this thesis, we have studied several methods of

numerical analysis for fractional derivatives; including the
methods of different types of finite difference methods for solving
one-dimensional fractional partial differential equations,

especially time fractional equations, space fractional equations
and time-space fractional equations.

Key-Words: Integrals Fractional, Fractional Derivatives,
Finite Differences, Fractional Partial Differential Equations,
Fractional Sub-diffusion equations.
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