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Abstract  This study focuses on a backstepping control 
(BSC) of a three-phase four-leg pulse width modulation 
(PWM) rectifier under balanced and unbalanced load and 
grid conditions. The proposed BSC for the three-phase four-
leg PWM rectifier (3P-4LR) connected to the grid is build 
up using three independent backstepping controllers based 
on Lyabonov theory to control simultaneously DC voltage 
and input currents. As a result, unit power factor, stable DC-
bus voltage, sinusoidal input 3P-4LR currents with a lower 
harmonic content and lower zero-sequence and natural cur-
rents can be accurately achieved. Not only that, robustness 
against voltage grid fluctuations, load and filter inductance 
variations can also be carried out. The effectiveness, supe-
riority, good dynamic, and steady-state performances of the 
proposed BSC based 3P-4LR have been validated by numer-
ical simulations compared to the conventional proportional-
integral control under balanced and unbalanced load and 
grid conditions.

Keywords  Grid-connected four-leg PWM rectifier · 
Backstepping control (BSC) · Lyabonov theory · Power 
quality · Zero-sequence current (ZSC) · Unbalanced 
conditions

1  Introduction

Three-phase three-leg PWM rectifiers have been widely 
studied and used in many power applications, such as grid 
power factor correction (Bu et al. 2017; Lu et al. 2018), 
wind energy system based on doubly fed induction genera-
tor (DFIG) feeding stand-alone loads (Mazouz et al. 2020), 
electric vehicle (EV) as charging system (Song et al. 2020), 
and high-voltage-direct-current (HVDC) systems (Rabie 
et al. 2021). It is deemed as high-efficiency device for high-
power applications due to its superior input current quality 
waveforms as well as lower input current total harmonic dis-
tortion, unit power factor (UPF), controllable DC-bus volt-
age, and bidirectional power flow. However, for many power 
applications, the classical three-leg PWM rectifier (3P-3LR) 
may not be a perfect option due to the unbalanced single 
phase nonlinear loads connected to the main grid or non-
symmetrical grid impedance (Zhang et al. 2000; Kaszewski 
et al. 2014). In addition, if the 3P-3LR is connected to an 
unbalanced grid voltage, an uncontrolled second-order har-
monic appears as an oscillation on the DC-bus voltage. This 
effect the capacitor to be further charged than its desired 
voltage, which leads to further damage to the 3P-3LR power 
switches, and augments the total harmonic distortion (THD) 
of the grid currents (Rabie et al. 2021).

To remedy these problems, the use of 3P-4LRs is highly 
recommended. These converters are suitable to preserve bal-
anced sinusoidal grid voltages and currents under all loading 
and grid conditions, including unbalanced and other dis-
turbances (Carrasco et al. 2014; Miveh et al. 2016; Man-
drioli et al. 2020). The fourth leg, added to the classical 
3P-3LR, provides a zero-sequence current (ZSC) channel 
and regulation, and preserves the ability to handle all unbal-
anced problems (Olives-Camps et al. 2019; Chebabhi et al. 
2015). Four-leg PWM converters are commonly used in 
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grid-connected and stand-alone power generation (Olives-
Camps et al. 2019; Mandrioli et al. 2020), active filter (AF) 
(Chebabhi et al. 2015), and distributed static compensator 
(DSTATCOM) (Dheepanchakkravarthy et al. 2018; Saber 
et al. 2018).

On the other hand, the performance of the 3P-4LR 
depends strongly on the selected outer DC-bus voltage 
controller and three current inner controllers as well. The 
multiple linear and nonlinear control techniques that have 
been developed for four-leg PWM converters have the same 
purpose with various functionalities (Yin and Dieckerhoff 
2015). The linear controllers such as PIC and resonant con-
trollers (RC) have been proposed to achieve excellent steady-
state (Doan et al. 2017; Dheepanchakkravarthy et al. 2018; 
Saber et al. 2018). However, the inherent nonlinearities of 
the 3P-4LR and the undesirable perturbations due to param-
eters variation affect its dynamics will not only impact the 
performance and stability of the 3P-4LR linear control, but 
also lead to poor dynamic responses in transient states (Sun 
et al. 2016; Djerioui et al. 2019).

To further enhance the performance and to overcome the 
linear controller problems and limitations, many nonlinear 
control techniques have been proposed for controlling the 
four-leg PWM converter in recent years. These approaches 
include state-space current control (SSCC) (Kaszewski et al. 
2014), flatness control (FC) (Djerioui et al. 2019), sliding 
mode control (SMC) (Pichan and Rastegar 2017; Pichan 
et al. 2018), fast terminal sliding mode control (FTSMC) 
(Pichan et al. 2020), and nonlinear backstepping control 
(BSC) (Chebabhi et al 2016; Badra et al 2017).

Among the aforementioned control techniques, the BSC 
has been recognized to be an effective control technique due 
to its advantages of systematic, recursive design, and bene-
ficial performance under various operating conditions. The 
concept of the BSC technique is to choose appropriate Lya-
punov functions depending on the control objectives of vari-
ous design steps of the overall system (Chebabhi et al 2016; 
Badra et al 2017). These Lyapunov functions based BSC can 
ensure asymptotic stability of the system. For these raisons, 
the BSC has been widely used in renewable energy based dis-
tributed resource systems (Roy et al. 2018; Armghan et al. 
2020; Aourir et al. 2020). Roy et al. (2018) investigated the 
BSC of current and voltage for a doubly fed induction genera-
tor under balanced and unbalanced grid conditions. Armghan 
et al. (2020) proposed a BSC of cascade control for DC-micro-
grid based renewable generation. Aourir et al. (2020) proposed 
BSC of single stage grid-connected PV system; the stability 
and robustness against irradiance and parameter variations 
were verified. As reported in other works, excellent transient 
and steady-state performances are achieved despite large sys-
tem parameter variations and unbalanced grid conditions (Sun 
et al. 2016; Wang et al. 2017). Furthermore, Wai and Yang 
(2019) adopted the BSC approach for the direct power control 

of 3P-3LR with the function of controlling both the instanta-
neous reactive power and DC-bus voltage simultaneously. In 
these, numerical simulations and experimental results show 
that the BSC is effective in terms of stability, robustness, har-
monic mitigation, and power factor correction. A complete 
review of the major advantages of BSC in power system appli-
cations is presented in (Alyoussef and Kaya 2019). However, 
in the aforementioned works, the three-leg voltage-source 
PWM converter is considered as the main device for grid-
connected system. Consequently, the ZSC generated in case of 
unbalanced loads connected to the main grid or under unbal-
anced grid voltages is not taken in consideration; and the sta-
bility and control performance cannot be ensured under these 
unbalanced conditions.

In this paper, a BSC is suggested to regulate the input 
currents and DC-bus output voltage of a 3P-4LR in the syn-
chronous rotating frame (dq0-frame) under balanced and 
unbalanced load and grid conditions. The main contribution 
in this paper consists of combining the advantages of both 
3P-4LR topology and the BSC controller. The 3P-4LR topol-
ogy is adopted for its ability in providing a ZSC regulation 
and thus avoiding voltage fluctuation at the point of com-
mon coupling (PCC). The BSC controller is designed and 
proposed for input currents and output voltage control as a 
decoupling, tracking, and robust controller. The importance 
of the proposed control approach comes out in obtaining the 
desired transient and steady-state control performance and 
power-quality requirements, including the decoupled input 
currents, response time, robustness, oscillations, current har-
monics, and power factor correction. In this work, transient 
and steady state performances of the proposed 3P-4LR based 
on BSC are evaluated and compared with those based on 
PIC in terms of integral performance, trajectory tracking, 
DC-bus voltage stabilization, reactive power compensa-
tion, input current harmonic, ZSC mitigation, neutral cur-
rent reduction, and power factor correction. The proposed 
3P-4LR based on the nonlinear BSC approach illustrates 
satisfactory results for all the previous performance indica-
tors, which demonstrate its superiority and effectiveness.

This paper is organized as follows: In Sect. 2, the mathe-
matical model of the adopted 3P-4LR tobology is presented. 
Then, detailed DC-bus voltage and input current control 
loops based on the proposed BSC technique are developed 
and detailed in Sect. 3. Section 4 presents the simulation 
results and discusses the viability and effectiveness of the 
proposed BSC approach for 3P–4LR. Finally, Sect. 5 sum-
marizes the contributions of this work.

2 � Three‑phase four‑leg PWM rectifier modeling

The 3P-4LR topology connected to the grid at the PCC 
through magnetically independent filter inductors (Lfabcn) with 
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internal resistors (Rfabcn) is illustrated in Fig. 1. The grid is 
modeled as three sinusoidal voltages (eabc) and a grid neutral 
line in series with four inductors (Lgabcn) having internal resist-
ances (Rgabcn) and tied up with the load through DC capacitor 
(C). The 3P-4LR input currents and grid currents are denoted 
as ifabcn and igabcn, respectively. Vdc, Idc, Ic, and IL are the output 
DC voltage, output DC current, capacitor current, and load 
current, respectively.

Due to the fourth leg, the 3P-4LR is capable to deliver six-
teen switching voltage vector, which is twice the number of 
voltage vectors of a classical 3P-3LR. These vectors include 
fourteen active vectors (v1 to v14) and two inactive vectors (v0 
and v15) (Chebabhi and Fellah 2015). Each voltage vector is 
well defined by four logical states, which instantaneously lead 
the four legs of the 3P-4LR (Kumar et al. 2020). The set of 
voltage vectors delivered by the 3P-4LR are represented by 
an hexagonal prism in 3D coordinate frame (αβ0) as shown 
in Fig. 2.

The mathematical model of 3P-4LR describes the relations 
beetwin the input voltages (vfabc), currents (ifabcn), and DC-bus 
voltage (Vdc) in abc reference frame is given by the following 
dynamic equation:

where Sa , Sb , Sc , and Sn are the switching states of the 
3P-4LR power switches.

The relation between the three-phase input currents ifabc and 
the neutral phase input current ifn in abc-frame is given by:

By using (2), the ZSC if0 is expressed using the three-
phase input currents (ifabc) and neutral input current (ifn) as:

(1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

vfa = vga − Rfaifa − Lfa

difa

dt
+ Rfnifn + Lfn

difn

dt

vfb = vgb − Rfbifb − Lfb

difb

dt
+ Rfnifn + Lfn

difn

dt

vfc = vgc − Rfcifc − Lfc

difc

dt
+ Rfnifn + Lfn

difn

dt

Cdc

dVdc

dt
=
�
Saifa + Sbifb + Scifc + Snifn

�
− IL

(2)ifa + ifb + ifc = −ifn

This equation demonstrates that the mitigation of ZSC 
is related directly to the reduction of the neutral input cur-
rent oscillation magnitude.

The system equations of the 3P-4LR input voltages 
given by (1) in the dq0-frame becomes:

where vfd, vfq, and vf0 are the dq0-axes 3P-4LR input volt-
ages, respectively, ifd, ifq, and if0 are the dq0-axes 3P-4LR 
input currents, respectively, � is the PCC angular frequency, 
and Sd, Sq, and S0 are the switching states in the dq0-frame.

By considering the power balance between the two 
sides of the 3P-4LR when PAC = PDC based on the grid 
voltage orientation (vgd = Vgmax and vgq = 0), the dynamic 
dq0-axes input currents and DC-bus voltage are expressed 
as follows:

(3)if0 =
1√
3

�
ifa + ifb + ifc

�
= −

1√
3
ifn

(4)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

vfd = vgd − Lf

difd

dt
− Rf ifd + Lf�ifq

vfq = vgq − Lf

difq

dt
− Rf ifq − Lf�ifd

vf0 = vg0 − (Lf + 3Ln)
dif0

dt
− (Rf + 3Ln)if0

Cdc

dVdc

dt
=
�
Sdifd + Sqifq + S0if0

�
− IL

Fig. 1   Structure of four-leg 
PWM rectifier connected to the 
grid

Fig. 2   Prisms and voltage 
vectors of the four-leg PWM 
rectifier in the 3D coordinate 
frame (αβ0)
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where PAC = vgdifd and PDC = VdcIdc.
By observing (2), there are coupling effect between ifd 

and ifq. In order to realize the decoupling control, the fol-
lowing control variables ud, uq, u0, and udc are introduced as:

Using (6), the dynamic model of the 3P-4LR given by 
system Eqs. (5) becomes:

From (7), it is clear that the currents ifd and ifq can be 
regulated by the decoupling control variables ud and uq 
separately.

3 � Proposed control technique

The proposed control scheme in dq0-frame for the 3P-4LR 
connected to a four-wire grid including the proposed BSC 
is shown in Fig. 3. As it is shown, the control strategy is 
founded on voltage/frequency control where the input volt-
age references are determined by the inner loop controllers 
and the frequency is provided by a phase-locked loop syn-
chronization method. The q-axis and 0-axis currents of the 
inner loop are set to zero to achieve UPF control and miti-
gate the ZSC. The outer DC-bus voltage controller is used 
to maintain a constant DC-bus voltage and compensate both 
filter inductances and power switches losses by providing an 

(5)

⎧
⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

difd

dt
= −

Rf

Lf
ifd + �ifq +

vgd

Lf
−

vfd

Lf
(a)

difq

dt
= −

Rf

Lf
ifq − �ifd −

vfq

Lf
(b)

dif0

dt
= −

(Rf + 3Rn)

(Lf + 3Ln)
if0 −

vf0

(Lf + 3Ln)
(c)

dVdc

dt
=

1

Cdc

(Idc − IL) =
vgd

CdcVdc

ifd −
Vdc

CdcRL

(d)

(6)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

ud = Lf
difd

dt
+ Rf ifd (a)

uq = Lf
difq

dt
+ Rf ifq (b)

u0 = (Lf + 3Ln)
dif0

dt
+ (Rf + 3Rn)if0 (c)

udc = ifd =
CdcVdc

vgd

�
dVdc

dt
+

Vdc

CdcRL

�
(d)

(7)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

vfd = −ud + Lf�ifq + vgd (a)

vfq = −uq − Lf�ifd (b)

vf0 = −u0 (c)

ifd =
CdcVdc

vgd

�
dVdc

dt
+

Vdc

CdcRL

�
(d)

adequate d-axis input current reference ( i∗
fd

 ). Three-dimen-
sional space vector modulation (3DSVPWM) technique that 
was described in (Chebabhi and Fellah 2015; Kumar et al. 
2020) is considered in this paper due to its features including 
constant switching frequency, low input current harmonics, 
and low DC-bus voltage ripple. The input voltage references 
v∗
f��0

 required by the 3DSVPWM technique are obtained by 
Park transformation of the dq0-axes input voltage references 
v∗
fdq0

 provided from the proposed BSC to the stationery frame 
(αβ0), as illustrated in Fig. 3.

In Fig. 3, the BSC is proposed for the two-cascade outer 
and inner loops of the 3P-4LR. Indeed, the DC-bus voltage 
regulation in the outer loop provides i∗

fd
 for the inner cur-

rent control loop that ensures the input current regulation 
and ZSC mitigation. The following subsections will be 
reserved to the proposed BSC design for the outer and 
inner loops.

3.1 � BSC for DC‑bus voltage and d‑axis input current

By controlling Vdc and ifd, two main objectives are intended. 
The first is to force Vdc to track a desired reference value V∗

dc
 

in order to accurately provide the appropriate reference i∗
fd

 
used in the d-axis input current inner loop. The second 
objective is to force the d-axis input current to track its refer-
ence with zero transient and steady states errors to obtain the 
d-axis input voltage reference ( v∗

fd
).

The tracking error of Vdc is defined as:

The error time derivative ėv can be expressed as:

In order to enforce Vdc tracking error ev to zero asymptoti-
cally, the Lyapunov function is defined as Vv =

1

2
e2
v
 , and its 

time derivative is expressed as:

By using (9) and the dynamic model of Vdc given in (5d), 
the Eq. (10) becomes:

In order to ensure the stability of Vdc control loop, the 
term 

(
vgd

Cdcxv
ifd −

xv

CdcRL

− ẋ∗
v

)
 must be expressed as:

(8)ev = Vdc − V∗
dc
= xv − x∗

v

(9)ėv = ẋv − ẋ∗
v

(10)V̇v = evėv

(11)V̇v = ev

(
vgd

Cdcxv
ifd −

xv

CdcRL

− ẋ∗
v

)

(12)
vgd

Cdcxv
i∗
fd
−

xv

CdcRL

− ẋ∗
v
= −kvev
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where, kV is a positive constant, which define Vdc control 
loop parameter.

The Lyapunov function given in (11) becomes:

From (13), the control variable udc = ifd of Vdc control loop 
is given by:

In i
fd

 control loop, the term ẋ∗
d
= udc +

xv

RL

 can be used as a 
d-axis input current reference and xd = ifd as state variable. The 
i
fd

 tracking error is defined as ed = xd − x∗
d
 , and its time deriva-

tive can be expressed as:

In order to enforce ifd in tracking the error ed to zero asymp-
totically, the corresponding Lyapunov function is defined as 
Vd =

1

2
e2
d
 , and its time derivative can be expressed as:

(13)V̇v = −kve
2
v

(14)udc = i∗
fd
=

Cdcxv

vgd

(
−kvev +

xv

CdcRL

+ ẋ∗
v

)

(15)ėd = ẋd − ẋ∗
d
= ẋd − u̇dc

Then

By substituting ẋd from (5a) into (17), it results:

To guarantee the stability of ifd control loop, the time 
derivative of the Lyapunov function Eq. (18) must be strictly 
negative. For this, the term 

(
1

Lf
ud −

Rf

Lf
xd − ẋ∗

d

)
 must be 

expressed as:

where kd is a positive constant defining ifd control loop 
parameter.

(16)V̇d = edėd

(17)V̇d = ed(ẋd − ẋ∗
d
)

(18)V̇d = ed

(
1

Lf
ud −

Rf

Lf
xd − ẋ∗

d

)

(19)
ud

Lf
−

Rf

Lf
xd − ẋ∗

d
= −kded

Fig. 3   BSC control scheme of the three-phase four-leg PWM rectifier
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Substituting (18) and (19), the time derivative V̇d given 
by Eq. (16) becomes:

As can be observed from (20), it is clear that the V̇d is 
negative. It means that the error ed will tend close to zero. 
Thus, the stability of ifd control loop can be ensured.

According to (19), the decoupling control variable ud of 
ifd control loop is expressed as:

By substituting (21) into (7a), the v∗
fd

 can be expressed as:

3.2 � BSC for q‑axis input current

The objective of this controller is to force xq = ifq to tend to 
zero with zero steady state error to provide the suitable reac-
tive power compensation. The tracking error of ifq is defined as 
eq = xq − x∗

q
 ; and the time derivative of eq can be expressed as:

In order to enforce ifq tracking error eq to converge to 
zero asymptotically, the Lyapunov function Vq is defined as 
Vq =

1

2
e2
q
 , and its time derivative is expressed as:

By replacing ẋq from (5b) into (25) it results:

Also to guarantee the stability of ifq control loop, the time 
derivative of the Lyapunov function given by Eq. (26) must 
be strictly negative. For this, the term (−Rf

Lf
xq +

1

Lf
uq − ẋ∗

q
) 

must be expressed as:

where, kq is a positive constant define ifq control loop 
parameter.

By substituting (27) into (26), the time derivative V̇q given 
by Eq. (25) is expressed as:

(20)V̇d = −kde
2
d

(21)ud = Lf

(
−kded +

Rf

Lf
xd + ẋ∗

d

)

(22)v∗
fd
= −Lf

(
−kded +

Rf

Lf
xd + ẋ∗

d

)
+ Lf𝜔ifq + vgd

(23)ėq = ẋq − ẋ∗
q

(24)V̇q = eqėq

(25)V̇q = eq(ẋq − ẋ∗
q
)

(26)V̇q = eq

(
−
Rf

Lf
xq +

1

Lf
uq − ẋ∗

q

)

(27)−
Rf

Lf
xq +

1

Lf
uq − ẋ∗

q
= −kqeq

The V̇q is a exactly negative and the error eq will tend to 
zero asymptotically, and the stability of ifq control loop will 
be also guaranteed.

From (27), the decoupling control variable uq is 
expressed as:

By substituting (29) and (7b), the q-axis input reference 
voltage v∗

fq
 can be expressed as:

3.3 � BSC for 0‑axis input current

The objective of this controller is to force x0 = if0 to tend 
to zero with zero steady-state error in order to mitigate 
the ZSC. The tracking error of if0 is defined as e0 = x0 − x∗

0
 

( x∗
0
= 0 ), and its time derivative is expressed as:

The Lyapunov function V0 is defined as V0 =
1

2
e2
0
 , and 

its time derivative can be expressed as:

By replacing ẋ0 from (5c) into (32), it results:

To guarantee the stability of if0 control loop, the term (
−

(Rf+3Rn)

(Lf+3Ln)
x0 +

1

(Lf+3Ln)
u0 − ẋ∗

0

)
 must be chosen as:

where, k0 is a positive constant.
Using (33) and (34), the time derivative V̇0 given by 

Eq. (32) is expressed as:

From (34), the decoupling control variable u0 is given 
by:

(28)V̇q = −kqe
2
q

(29)uq = Lf

(
−kqeq +

Rf

Lf
xq + ẋ∗

q

)

(30)v∗
fq
= −Lf

(
−kqeq +

Rf

Lf
xq + ẋ∗

q

)
− Lf𝜔ifd

(31)ė0 = ẋ0 − ẋ∗
0

(32)V̇0 = e0(ẋ0 − ẋ∗
0
)

(33)V̇0 = e0

(
−
(Rf + 3Rn)

(Lf + 3Ln)
x0 +

1

(Lf + 3Ln)
u0 − ẋ∗

0

)

(34)
(
−
(Rf + 3Rn)

(Lf + 3Ln)
x0 +

1

(Lf + 3Ln)
u0 − ẋ∗

0

)
= −k0e0

(35)V̇0 = −k0e
2
0

(36)u0 = (Lf + 3Ln)

(
−k0e0 +

(Rf + 3Rn)

(Lf + 3Ln)
x0

)
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Substituting (36) into (7c), the 0-axis input reference 
voltage v∗

f0
 can be expressed as:

Based on the PCC grid voltage orientation and the 
Eqs. (22), (30), and (37), the dq0-axes input reference voltages 
v∗
f∦q0

 are given as:

4 � Simulation study

In order to confirm the viability and effectiveness of the pro-
posed nonlinear BSC in improving the performance of the 
grid-connected 3P-4LR, several simulation scenarios have 
been implemented in Matlab/Simulink using the system and 
the control circuit shown in Figs. 1, 3, respectively. The objec-
tives of these simulation scenarios are to study two different 
aspects: (a) The effects of the proposed control on response 
time, reactive power compensation, harmonics and ZSC 
mitigation, and DC-bus output voltage regulation; (b) The 
robustness and stability of the proposed control under DC-bus 
voltage and filter inductors variations, load power and reac-
tive power changes, and grid unbalanced voltage. Along the 
first one, the BSC based 3P-4LR performance analysis was 
achieved out at nominal value of filter inductances to get accu-
rate information about the control performance and dynamic 

(37)v∗
f0
= −(Lf + 3Ln)

(
−k0e0 +

(Rf + 3Rn)

(Lf + 3Ln)
if0

)
+ vg0

(38)

⎧
⎪⎪⎪⎨⎪⎪⎪⎩

v∗
fd
= −Lf (−kded +

Rf

Lf
xd +

Cdcxv

vgd
(−kvev +

xv

CdcRL

+ ẋ∗
v
)) + Lf𝜔ifq + vgd

v∗
fq
= −Lf (−kqeq +

Rf

Lf
xq) − Lf𝜔ifd

v∗
f0
= −(Lf + 3Ln)(−k0e0 +

(Rf + 3Rn)

(Lf + 3Ln)
x0)

responses, after that a comparative study is performed between 
the proposed BSC and the PIC.

The main indicators considered herein to check the behavior 
of the 3P-4LR are the power factor operation (first phase grid 
voltage vga and its corresponding current iga), grid currents igabcn 
with their THDs likewise their dq0-axes components igdq0, and 
essentially the DC-bus voltage. The control errors of DC-bus 
voltage and dq0-axes input current ifdq0 are also represented and 
analyzed in terms performance integral criteria such as Integral-

Absolute-Error (IAE), Integral-Time-Absolute-Error (ITAE), 
Integral-Square-Error (ISE) and Integral-Time-Square-Error 
ITSE (Wai et al. 2013; Zamzoum et al. 2020). These errors 
performance indexes are defined as in (39):

where t is the simulation time, and x can be the DC-bus 
voltage or dq0-axes input currents. The system and simula-
tion parameters and the adopted parameters of the PICs and 
proposed BSCs are given in Tables 1, 2, respectively.

(39)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

IAE =

t

∫
0

�x∗(t) − x(t)�dt

ITAE =

t

∫
0

t�x∗(t) − x(t)�dt

ISE =

t

∫
0

(x∗(t) − x(t))2dt

ITSE =

t

∫
0

t(x∗(t) − x(t))2dt

Table 1   Values of system and simulation parameters

Parameter Value

AC grid voltage 220 V
Fundamental frequency of grid voltage 50 Hz
DC-bus voltage Vdc 650 V
Capacitor of DC side rectifier Cdc 3 mF
DC load resistance R 50 Ω
Input filter inductances Lf, Lfn 2 mH, 1 mH
Input filter resistances Rf, Rfn 0.15 Ω
Grid inductances Lg, Lgn 0.1 mH, 0.05 mH
Grid resistances Rg, Rgn 0.1 Ω
Switching frequency fs 16 kHz

Table 2   PIC and BSC controllers parameters

Controllers Parameter Value

PI Cut-off angular frequency 
�c−vdc of Vdc

Cut-off angular frequency 
�c−if dq0 of ifdq0

100 rad/s
3500 rad/s

Damping factor � 0.707
Proposed BSC kv 300

Kdq0 108
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Fig. 4   Comparative study 
between BSC and PIC in 
transient and steady states 
under DC-bus voltage reference 
change from 650 to 700 V at 
0.2 s: a DC-bus voltage; b 
d-axis input current; c q-axis 
input current; d 0-axis input 
current; e Neutral current; f of 
Grid-current harmonic analysis 
before and after DC-bus voltage 
variation; g Grid current THD 
versus filter inductor variation
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At first, a comparative study between the PIC and pro-
posed BSC during DC-bus voltage variation from 650 to 
700 V at 0.2 s is performed, as shown in Fig. 4. The oscilla-
tion magnitude values for each dynamic response (Vdc, ifd, 
ifq, if0 and ign) and the integral error performance indexes 
(IAE, ITAE, ISE and ITSE) values for each controller are 
analyzed and illustrated in Tables 3, 4, respectively. Also, 
Fig. 4a, b, c compare the transient and steady-state responses 
of DC-bus voltage, dq0-axes input currents, and neutral grid 
current.

According to Fig. 4a, the DC-bus voltage has voltage 
oscillations before and after the change and an overshoot 
at the change of DC-bus voltage at t = 2 s. In this, the DC-
bus voltage reaches its reference with a fast response at the 
starting of the 3P-4LR and at the change of DC-bus volt-
age (t = 0.03 s) with small oscillations before and after this 
change using proposed BSC as shown in Table 3. From 
this table, it can be seen also that the maximum values 
of overshoot are very small than those of the PIC, and 

Fig. 4   (continued)
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the lowest values of all error’s performance indexes are 
obtained using the proposed BSC.

Figure  4b–e compare the transient and steady-state 
responses of the dq0-axes input currents and the neutral grid 
current before and after the DC-bus voltage change for both 
controllers. The dq0-axes input currents track their refer-
ences with smaller oscillations in case of BSC compared to 
the PIC. The maximum value of d-axis input current drawan 
at the change of DC-bus voltage is 73 A in case of PIC; this 
value is significantly reduced to 28 A using the proposed 
BSC. The maximum neutral grid current oscillation is also 
perfectly reduced from 3.2A using PIC to 0.8 A using BSC 
before DC-bus voltage change and from 3.6 A using PIC to 
0.94 A using BSC before DC-bus voltage change as shown 
in Fig. 4e and Table 4. The q0-axes input currents are kept 
constant at zero before and after this change, which demon-
strates that the grid UPF operation under DC-bus voltage 
change is accurately achieved. Moreover, the integral cur-
rent error performance indexes illustrated in Table 3 and the 
oscillation magnitude values of each current listed in Table 4 
demonstrate that the values of these performance indexes 
have been enhanced by using the proposed BSC.

Table 3   Comparison between PIC and BSC in terms of magnitude 
oscillations under DC-bus voltage change from 650 to 700 V

Controlled variable Magnitude oscillation values

PIC Proposed BSC

Before DC-bus voltage change
Vdc 0.08 V 0.04 V
ifd 1.8 A 0.8 A
Ifq 2.4 A 0.6 A
if0 1.84 A 0.46 A
In 3.2 A 0.8 A
After DC-bus voltage change
Vdc 0.1 V 0.05 V
ifd 2.1 A 1.2 A
Ifq 2.4 A 0.7 A
if0 2 A 0.55 A
In 3.6 A 0.94 A

Table 4   Comparison between PIC and BSC in terms of the four performance indexes under DC-bus voltage change from 650 to 700 V

Before DC-bus voltage variation After DC-bus voltage variation

IAE ITAE ISE ITSE IAE ITAE ISE ITSE

PIC ev 1.107.10–2 4.202.10–4 2.766.10–3 2.765.10–5 40.47.10–2 8.769.10–2 7.71 1.579
ed 9.857.10–2 9.283.10–3 0.2238 5.773.10–3 0.1154 3.306.10–2 0.537 0.1141
eq 5.878.10–2 5.667.10–3 3.995.10–2 3.195.10–3 5.571.10–2 1.665.10–2 3.091.10–2 9.203.10–3

e0 4.783.10–2 4.792.10–3 2.096.10–2 2.099.10–3 4.65.10–2 1.394.10–2 2.012.10–2 6.022.10–3

Proposed BSC ev 1.46.10–3 6.016.10–5 2.632.10–4 5.048.10–7 15.72.10–2 1.032.10–2 4.538 0.4109
ed 2.314.10–2 2.078.10–3 4.536.10–2 0.324.10–3 2.909.10–2 3.948.10–3 0.1592 0.8443.10–2

eq 1.636.10–2 1.606.10–3 3.899.10–3 1.998.10–4 1.686.10–2 2.529.10–3 2.238.10–3 3.346.10–4

e0 1.488.10–2 1.459.10–3 1.693.10–3 1.458.10–4 1.633.10–2 2.461.10–3 1.837.10–3 2.779.10–4

Fig. 5   Dynamic responses of 3P-4LR controlled by BSC under DC-bus voltage change: a Three-phase grid currents; b First-phase grid voltage 
and its corresponding current
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Fig. 6   Dynamic response of 
3P-4LR controlled by BSC 
under load power changes: a 
Load power profile; b DC-bus 
voltage; c d-axis input current; 
d q-axis input current; e 0-axis 
input current; f Neutral current; 
g Three-phase grid currents; h 
First-phase grid current and its 
corresponding voltage; i Grid-
current THD versus load power 
change
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Fig. 6   (continued)
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The input current harmonics analysis before and after the 
change of DC-bus voltage are illustrated in Fig. 4f. Using 
PIC, the THD values are 1.82% before the DC-bus voltage 
change and 1.87% after this change. These THD values are 
significantly reduced to 0.95% before and after this change 
using the proposed BSC, which fits the IEEE 519 standard 
for current distortion limits.

Figure  4g compares the input currents THDs versus 
the filter inductance using both controllers, when the filter 
inductance is varied from 1 to 3 mH (from 50 to 200% of 
the rated filter inductance Lf = 2 mH). From this compara-
tive study, it can be observed that the input currents THDs 
are decreased from 1.76% to 0.42% using the BSC and from 
2.68% to 1.07% using the PIC, which demonstrates again the 
superiority of the proposed BSC.

The three-phase grid currents (igabc) and the first-phase 
source voltage and its corresponding current are illustrated 
in Fig. 5a, b, respectively. It can be observed from these 
figures that the grid currents are sinusoidal and in phase 
with their corresponding source voltages before and after 
the change of DC-bus voltage, which confirms that the grid 
UPF operation under the DC-bus voltage changing is accu-
rately fulfilled.

Figure 6 shows another comparative study between 
the conventional PIC and proposed BSC in transient 
and steady-states during load variations. As shown in 
Fig. 6a, the load power is reduced from 8450 to 4225 W 
at t = 0.1 s, recovered again to 8450 W at t = 0.2 s, and 
increased at t = 0.3 s to 16,900 W. As shown in Fig. 6b, 
the load power changes cause overshoots and under-
shoots in the DC-bus voltage response whatever the 
BSC or PIC is used. However, the BSC provides smaller 
overshoots and undershoots with a very fast response 
than the PIC.

As illustrated in Fig.  6c, d, e, the dq0-axes input 
currents track their references even under load power 
changes, but with very small oscillations when the BSC 
is considered. The d-axis input current follows the load 
power change, while the q0-axes input currents are kept 
oscillating around zero. Note that also, the oscillation 
magnitude of the neutral grid current is enhanced by 
using the proposed BSC compared to PIC, as depicted 
in Fig. 6f.

The three-phase grid currents (igabc) and the-first phase 
source voltage and its corresponding currents are illus-
trated in Fig. 6g, h, respectively. It can be observed from 

these figures that the grid currents behavior is sinusoidal 
and can be kept in phase with their corresponding volt-
ages guaranteeing UPF operation of the 3P-4LR. The THD 
values of the three phase grid currents under load power 
change are illustrated in Fig. 6i, which demonstrates that 
the THDs is reduced to smaller values when the load power 
is reduced and inversely.

The responses of the 3P-4LR controlled by both PIC 
and the proposed BSC when the q-axis input current ref-
erence is changed to – 10 A at 0.1 s and recovered again 
to zero at t = 0.2 s are illustrated in Fig. 7. Figure 7a, b, c, 
d show that the DC-bus voltage and dq0-axes input cur-
rents track their references with small oscillations using 
the proposed BSC, and the d0-axes input currents are not 
influenced by the change in the q-axis input current ref-
erence. The behavior of neutral grid current is almost the 
same before and after change in reference of q-axis input 
current with very small oscillations using the proposed 
BSC as shown in Fig. 7e.

Also, as can be observed from Fig. 7f, the first phase 
source voltage and its corresponding current are in phase 
before 0.1 s, and the grid current lags the corresponding 
source voltage after 0.1 s, which are recovered in phase 
after the q-axis input current reference is returned to 
zero at t = 0.2 s. Using BSC, the grid currents THDs 
have small values and are almost unaffected by the 
change in reference q-axis input current as shown in 
Fig. 7g.

The dynamic behavior of the 3P-4LR controlled by both 
control methods under unbalanced source voltages with a 
10% voltage sag in the first phase occurred at t = 0.1 s and 
recovered again to 220 V at t = 0.2 s is illustrated in Fig. 8. 
As shown in Fig. 8b, c, the unbalanced source voltages cause 
overshoots, undershoots, and second-order harmonic ripples 
in the DC-bus voltage and d-axis input current responses 
whatever the BSC or PIC is used. However, the proposed 
BSC provides better performance than the PIC in terms of 
overshoots, undershoots, oscillations, ripples and response 
time. As illustrated in Fig. 8d, e, the q0-axes input currents 
track their references under unbalanced source voltages with 
very smaller oscillations using the proposed BSC compared 
to PIC.

It can also clearly be observed from these figures that the 
neutral grid current and the power factor are unaffected by 
the unbalanced source voltages. When compared this case 
to the balanced source voltages case, the THD values with 
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Fig. 7   Dynamic responses of 
3P-4LR controlled by BSC 
under q-axis input current 
change: a DC-bus voltage; b 
d-axis input current; c q-axis 
input current; d 0-axis input 
current; e Neutral current; f 
First phase grid current and its 
corresponding voltage; g Har-
monic spectrum of grid-current
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Fig. 7   (continued)
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the PIC increase from 1.82% to 3.43%, while with the pro-
posed BSC they increase from 0.95% to 2.32%; in this, the 
proposed BSC outclasses the PIC.

Table 5 presents a qualitative comparison between 
the PIC and proposed BSC applied on a three-phase 
grid-connected 3P-4LR. The reference tracking, over-
shoot, response time, and stability of input currents and 
DC-bus voltage demonstrate the straight dominance of 
the proposed BSC. In addition to that, BSC surpasses 
its counterpart PIC in terms of THDs and oscillations 
values.

5 � Conclusion

In this paper, a backstepping control (BSC) of a three-
phase grid-connected four-leg PWM rectifier (3P-4LR) 
is successfully performed. Comprehensive simulations 
confirm that the objectives of DC-bus voltage stabiliza-
tion, power factor correction, sinusoidal input currents, 

and zero-sequence current mitigation are accurately 
achieved by using the proposed BSC under both DC-bus 
voltage and filter inductance variations. The effective-
ness, robustness and superiority of the proposed BSC are 
also verified through a comparative study with PIC based 
on several performance indices. From this study, the BSC 
offers excellent steady-state and dynamic control perfor-
mance compared to the PIC. Indeed, the BSC provides 
faster DC-bus voltage response time, less oscillations in 
DC-bus voltage and neutral current, and less input THDs 
currents as well. Furthermore, the proposed BSC has a 
high robustness against parameter variations and has the 
ability to enhance the integral DC-bus voltage and dq0-
axes input current error performance indexes compared 
to the PIC. Other tests involving load power and reactive 
power changes, and grid voltage unbalanced demonstrate 
once more the effectiveness of the proposed BSC in terms 
of response time, power factor, input current THD, and 
oscillations.

Fig. 8   Dynamic responses of 3P-4LR controlled by BSC under 
unbalanced grid voltage with 10% a-phase voltage sag: a Three-phase 
source voltages; b DC-bus voltage; c d-axis input current; d q-axis 

input current; e 0-axis input current; f Neutral current; g Three-phase 
grid currents; h First-phase grid current and its corresponding volt-
age; i Harmonic spectrum of grid-current
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