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1. INTRODUCTION

In this paper, we start with the classic definition of the usual class of the operators which are
the non linear mappings—positively homogeneous. Some results of this type of operators that
was shown but under the need to the development wanted in this paper. We study the structure
of the above classical class and prove that such a class is Banach space.

In the same circle ideas of Nikishin il[7]. B Maurey in his thesis [5], led to the idea of
factorization and he guarantees with some necessary and sufficient conditions that every linear

operator : X — L,(9, u) factors throughl., (€, i) like this X — L, (€2, 11) Mo L,(, ).
Whereu is a bounded linear operatay/,, is the bounded linear operator of multiplication by

a functiong, in L,(2, 1) andp, ¢, r real numbers such that< p < ¢ < cowith > = | + -

In [2] A. Defant presented these results generalizing the type of Maurey theorems to a positive
homogeneous operators.

As second part in this work we also make use of this occasion to prove of a famous theo-
rems of B. Maurey, by a showing the generalization of last theorems of factorization in [2] to
s—positively homogeneous operators space. Remark that in this part our generalization is only
if we take the departs spackg( 2, 1) or the arrived spaces, (€2, i) in the Maurey theorem [2].

We can considered the generalization to sublinear operators giveh in [8] as particular case of
this in [2]. In [8]. The authors study the generalization of the last theorem factorization where
are establish necessary and sufficient conditions to give the result: If thatfor < ¢ < +oo,

andT be a sublinear operator from a Banach spaceto L,(€2, 1) thenT factors through
L,(€, 1). But let cited that the proof in [8] is an other method of this in Defant see [2].]In [1].
The authors had proved the extension of the work in [10], died the dual problem factorization
of sublinear operators froth,(.S, \) into a Banach spaceg by L, (S,v), for1 < ¢ < s < o0).

Also in the present paper, we will study the dual problem of our factorization [5]. Anther words.
Let s; p, ¢ andr real numbers such that,= 1,0 < p < ¢ < +o0, with = - + ;. We shall

proof that with some necessary and sufficient conditions ovet tositively homogeneous
operator]’ from S, closed subspace d@f, (£, 1) into an.X a complete Banach lattice, that the
operatorI” factors througtt), closed subspace @i, (£, 11). ((€2, x) any measure space).

In Sectior] 2, we give some basic definitions, some preliminaries on the Banach lattices, sub-
linear operators, positively homogeneous operators. We also give results of relations between
linear and sublinear operators. We shall use this preliminaries in the sequel of the present paper.

In Sectior] B, We define the classical operators class-gositively homogeneous operators
and prove that the above class is a Banach space. At second main results. We show with a
necessary and sufficient conditions and some conditions over real numbesshich 7" is a
s—positively homogeneous operator frokha Banach space intb, that the operatdf” factors
throughL,. After this, we give the extend result of dual problem factorization to same operators
space above or we can say théf'ifrom S, C L, into X a Banach space thénfactors through
Sp C L.

2. FUNDAMENTAL PROPERTIES AND PRELIMINARIES

We collect below some properties and definitions which shall use in the sequel of this work.
For more information about positively homogeneous operator, sublinear operators, Banach
spaces and lattice spaces. We refer the reader to [2],[[9].,/[4],[3] and [6].

Definition 2.1. Let X A real vector space is partially ordered by a partial order and denoted by
< is called an order vector space if

r < yimpliesz + z <y + z for everyz € X;
x > 0 impliesaz > 0 for everya > 0 in R*.
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Remark 2.1. A subsetA of X is called simply bounded if there exists an elemgimt X such

thatx < y for all x € A andy is then called an upper bound far or the supremum ofl.

If A is bounded then is called the least upper bound dfif z is an upper bounded fot

andz < y for every upper bound afl. An order vector space in which each pair of elements

has least upper bound is called a vector lattice. In this case denoted py, sypr = V y.

For which every non-empty order bounded subset has a least upper bound, we mean an order
space or complete vector lattice. Let recall that an Banach lattice sjaisecalled a Banach
K-space if each bounded from above subseXolfias upper bound antl|| is monotone or if

] < [yl = llz]l < llyll.

Example 2.1.The space$, ([0.1], x), C (K) is a Banach lattices. The spacks(1 < p < o)
is a complete Banach lattices and if < p < oo) is Banach K-spaces.

Definition 2.2. LetT" be an operator from a Banach spac¢mto Y a Banach lattice.

T is said to be sublinear s¢8] if for all z,y in X and X in R, we have,
1) T(\x) = MT'(x) (i.e. positively homogeneous),
(2 T(x+y) < T(z)+T(y) (i.e. subadditive)

Note that the multiplication by a positive number is also a sublinear operator. The sum of two
sublinear operators is sublinear operator.

Definition 2.3. Let T" be an operator from a Banach spacento Y a Banach spac¥ is said
positively homogeneous operator see [2] if foraalh X andX in R, we have,

T(A\x) = XT'(z) (i.e. positively homogeneous).

Let us denote by

SL(X,Y) = {sublinear operator§ : X — Y },

andL(X,Y) ={linear operators, : X — Y}.

We equip it with the natural order induced bywe take thafl} and7; isin SL(X,Y) then

(21) T <T) — T1<.I') < TQ(%), Vr e X.

Now, we will give the following properties.
LetT € SL(X,Y)orT € L(X,Y) be a bounded operator from a Banach spiceto a
Banach lattice”. ifand only if 3C' > 0:Vz € X, ||T (z)|| < ||T||||=| in this case we put,

(2.2) IT[| = sup{[|T(x)|| : ||zl , =1}
Remark 2.2. [8]. Let X be an arbitrary Banach space. DétZ be Banach lattices. We have,

(1) ConsiderT’ € SL(X,Y) andu inL(Y, Z). Assume that is positive. Thenu o T €
SL(X, Z).
(2) Consideru € L(X,Y)andT in SL(Y, Z). Then, T ou € SL(X, Z).

3. MAIN RESULTS

3.1. The Banach space ot— positively homogeneous operatorsin this part we introduce

the concept of non linear—positively homogeneous operators. Next, we prove that the class of
this operators is a Banach space, and Banach latticdog# Banach lattice space and give some
properties of characterization of this space.
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Definition 3.1. Lets € [1,4+o0[. Let T be an operator from a Banach spaceanto a Banach
spaceY. T is calleds— positively homogeneous operator. If for alle X and(A € R,) we
have,

(3.1) T(Ax) = XNT(x) (i.e. s-positively homogeneous).

If we takes = 1, seel[2] we are in the type of positively homogenous operators.

Remark 3.1. Note that the multiplication by a real number is also-gositively homogeneous
operator. The sum of twe—positively homogeneous operatorssispositively homogeneous
operator. The multiplication of twe—positively homogeneous operatoris—positively ho-
mogeneous operator.

Let us denote by

H,(X,Y) = { s — positively homogeneous operatdrs X — Y },

and we equip it with the natural order inducedWyf Y be Banach lattice, we take tH&t and
Tyisin Hy(X,Y) then,

T1 §T2¢>T1($) STQ(.CE), Vo e X.
Now, we will give the following properties.
Remark 3.2. Let X be an arbitrary Banach space. }étZ be Banach spaces. We have

(1)If T € Hy(X,Y)andu € L(Y, Z). Thenuo T € Hy(X, Z).
(2)If u e L(X,Y)andT € H,(Y,Z). Then,T ou € H,(X, Z).

Proposition 3.1. Let s € [1,+oo[ and X Y be a Banach spaces and [Etbe s—positively
homogeneous operator froi into anY . If T is discontinuous at, then7 is discontinuous
atall z, = |a| zo, Va € R*.

Proof. We haveT is discontinuous at (i.exli_@ T(x)#T (xo)) we have that the operator
Ty = |a|” T is discontinuous at, then also the c())peratdi'z is discontinuous at, such that

Ty (2) = T (|al ) = T (2) = |af T (2),
then we havglirrxlng () # Ty (xg) , but

im Ty (z) = im T (ja|z)  “2°  lim T(y) £ Ts (w0)

T—T0 T—T0 yHLakL‘o
7 al" T (wo) = T (laf zo)
then, lim T (y) # T (|a| xo) -

y—lalzo

Consequently is discontinuous at alt, = |a| o, Va € R*. O

Proposition 3.2. Let s € [1,+oco[ and X Y be a Banach spaces and [Etbe s—positively
homogeneous operator froi into anY'. T is discontinuous ovek, then,T" is discontinuous
ato.

Proof. Assume thaf” discontinuous ovekX. This implies thatlx, € X such thatl” discontin-
uous atr, consequently we have the statement:

(3.2) Vn > 0,3 > 0,.2 # xo, |z — 20l xy <1 = ||T(z) = T(x0)ly > e
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Noted that ifT" is discontinuous at, then also by Propositiof (3.1J is discontinuous at all
r, = axp, Va € R7. We have

Vn > 0,de, > 0,.2 # axy, If

3.3
(33) o — azollx < 5= [T (x) = T(azo)ll, > o
Letzy # 0, assume thdf’ discontinuous at, and continuous di then

T continuous ab <
Ve>0, I >0,.2 #0,|zx <no= |T(z)|y <e.

Firstif [z <o by (34)
(35) HZEQ“X <My = ||T(ZE0)HY < e, Ve > 0,

(3.4)

and in ) if we put) = n; = w, this implies that,

(36) 0eV (l’o) cV (O) = 361 >0= HT(ZIZ’O)”Y > €1,

by (3.3) and|(3.6) contradiction.
_ lzoll.m "o

Secondly if||zo||y > no. We getay = o = o and z;

_ Nzollamo e

|z1]] < B =12 < no. We have

T continuous ab

(3.7) Ve > 0,3 > 0,. |1y <nmo = [|T(z1)|ly <e.
This implies

1]l x <m0
(3.8) j

= [|T(x0)lly < e = B,Ye>00rvB > 0.

5 llwoll”
T a discontinuous at; in this case we choosg/n) thatn = 7, we have. that forr, =
S, 3ea > 0, ||72| ¢ < m2 then by(3.3) we have,

‘ plzoleno, g pl@ollem S
4 2 Y
then
T(r > 1 s6, = A >0
1T (wo)lly > [zoll, o Nzoll, 7o
(3.9) 42
or3A > 0.
By (3.8) and[(3.9) contradiction. Now if;, = 0. Evident. Consequently the result is proved.

O

Theorem 3.3.Lets € [1,+o0[, X andY be a Banach spaces and [t be s—positively
homogeneous operator frof into Y. Then, the following conditions are equivalent.

1- T'is continuous ovek.
2- T is continuous ab.
3- There is a finite positive constaatsuch that,

(3.10) 1T (2)lly < Cllwllx -
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Proof. (1)=—(2).Evident.
(2=(3). Let T be a continuous—positively homogeneous operator then, it i¥ an this
case we have

(3.11) I >0:Ve(#0) € X, [lzfly <n= ||T( )My < 1.

1
Takey = L|77 Then || T(y)|ly < 1. Hence ||T(x)|, < —||x||X PutC = —

&l n® n
(3=(1) Assume thaf" discontinuous oveK. by the Proposition (3]2) we study only that

T discontinuous ab consequently we have the statement:

(3.12) Vn,1>1n> 0,36 >0,.2 #0, 2] x <n=[T(2)lly > €.

We defineV (0) = {z € X/ ||z|y <n}. Takez € V (0) we definex; = 012—771 m =
s A —

n
C ZHX +1
thatx, € V1 (0) = 21 € V (0). We deduce by[ (3.12) that

Forn,1>n>0,3¢ > 0,.2 #0, ||z1)||x <n=|T(z1)|y > €o-
We have(V; (0) € V (0)) then

ndV; (0) = {z € X/ |z||x < m} we have thai; (0) C V (0). We can see

(313) FOK?h > O, 361 > 0, . Hl'lu <mnm = HT(.CI?l)HY > €1 > €0-
By 3.13)
U
[T (z1)lly = €0 = || T —)|| = <o
Co lzlly &

1 s . 1
S ITE 2 5Ol 2 Ol /(5 21).

we deduce that, there ise X such that|T" (z)||,- > C ||| - Finally, immediatel” is contin-
uous overX and(3) = (1) is shown. Consequently the result is proved. O

Proposition 3.4. Let T' be a continuous— positively homogeneous operator from a Banach
spaceX into a Banach spac&. T is bounded if and only iC' > 0 : Vx € X, ||T (z)| <
C'|l=||” in this case we put

(3.14) C =T =sup{|IT ()| : lzll5, =1}
||T|| is a norm overH (X, Y).

Proof. Let the sef I H <H >”/v # 0}, we have,

17 ()]
[Edl

ot e 20k = |7 ()] /= £ 0}
(T @I/ llall 5 = 1}
T @I/ ez, <13

NN

Put

6 = (T s 1),
o = sl D)/ ], = 1}

Cs = sup{[|T (2)[| / [|=]l 5, <1}
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The above set inclusions show that; < Cy, < Cs.

T (x s
@l < 6 5 7 @) < ¢ el

If Vo #£0

]

If flzllp, =1 =T @)l < Cr < Calz] 5, -

It flallpy < 1= T (@) < C) < Co < Chlallp, < Co.

Then,01 < OQ < 03 — Cl = OQ = 03 =C.
For ||T'|| = sup{||T(z)| : [[x||5, = 1}. [|T]| is @ norm overd B,(X,Y’) evident. O

Notation . We denoted by
HB,(X,Y) = boundeds— positively homogeneous operatai.. X — Y/,
HB;(X,Y) = bounded! — positively homogeneous operat@r. X — Y,
SB(X,Y) = bounded sublinear operatdfs: X — Y/,
and by
B(X,Y) = bounded linear operatots: X — Y.

We have,B(X,Y) C SB(X,Y) C HB,(X,Y) C HB(X,Y).

Example 3.1.Let f : R — R such thatf (z) = 2™, /n € N*, is it continuous, in our case if
to answer we want to give that: we have ttfdtr) is n— positively homogeneous function, and
we have alsdz”| < 1|z|" then3C = 1 by Theorem|(3]3) is continuous.

Example 3.2. Same of Examplé (3.1) . Lgt: R>— R? such thatX = (z,y) — f(z,y) =
(™, y"), /n € N*, We have thaf (X) is n—positively homogeneous function, and we have
also

n—1
1f (z. 9l = Va* + > < J (22 4+ y2)" = a2y Y Ok (a2)" (y?)" "

i=1

n—1

such that) Cf ()" (4*)" " > 0 then || f (z, )| < v/(e® +42)" = [[(z. )"
i=1
then3C' = 1 by Theorem[(3]3)f is continuous.

Remark 3.3. Unfortunately in this time we can not give discontinuous linear or discontinuous
s— positively homogeneous for an application of Theorgm|(3.3).

Corollary 3.5. LetU;,: X—Y, U,,: Y—Z be a bounded—positively homogeneous opera-
tors, thenl/, o U; is boundeds—positively homogeneous operatif/, o U (z)| < C ||z||** .

Proposition 3.6. Lets € [1, +oo[ and X beY a Banach spaces. TheéhB,(X,Y') is complete
space.

Proof. Let (7,),.y be a Cauchy sequence H(X,Y). Take K > 1 then there isVx such
that||T,, — T,,|ly < &, for all n;m > Ni. Take the sequendel, (z)}, . such that € By
is Cauchy sequence ini this implies that| 7}, (z) — 70, (z)|y < % for all n;m > Ng. We
deduce that is functiofi’ (z) such thafl’, (z) — T (z) . Therefore|T — T,,||,, < %, Vn > Nk.
As consequencgl’ — T, |y, — 0. Proved now thai is in HBs(X,Y). Indeed, let\ € R,
then,T" (A\z) = limT, (Az) = AsliinTn (z) = \5T (z) , henceTl (\z) = AT (z) . Remark that
lim im7 (z) = lim lim 7}, (x) = liranTn (xo) =T (z9) = T is continuous at any, € X. [

r—xo N n r—xo
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If we according RemarK (3.2), Theorein (3.3), Propositfon](3.4) and Propoditign (3.6), we
give the below Corollary.

Corollary 3.7. HB,(X,Y) is a Banach space.

Remark 3.4. We cansee thd (X, YY), HB, (X, Y) are a subspaces &fB,(X,Y) butSB(X,Y)
is only a positive cone it B;(X,Y).

3.2. Generalized factorization theorems to elements of{,(X,Y'). In this subsection we
start by giving extend of the same result of Theorem 4.2]in [8]

Theorem 3.8.Lets € [1,+o0[,p,q,rin]0,4+o0c] such that) < p < ¢ < +o0 and: 1 _1 + 3
Let X be a Banach space and |étbe as—positively homogeneous operator froXhmto an
L,(Q2, ). LetC afinite constant. The following assertions are equivalent.

(i) There is a finite positive consta@tsuch that for all finite sequende; )<<, € X, we
have,

-

(Jo {fi IT(xi)Iquu); < C[é((ll%ll?))qr.

(i) Thereis a functio € B ) such that for allz € X, we have

L (9,
(|
Q g

(i) Thereisafunctiom € B{T(Q ) and a continuous— positively homogeneous operator

S from X into L,Q, i), andT = T,0S such thatT, : L,(Q,pn) — L,(Q,p) is the linear
operator of multiplication by,

dp)s < Clz|.

T

X - LP(Q7/“L)
s\ /',
LQ(Qau)
Proof. (i)=-(ii). With Similar idea of Theorem 4.2 in[[8]. It suffices to takelin [5, Theorem 2]
the real valuesy; = ||z;||5 wherel <i<nand f; =T (ﬁ . We have
ZT; X
T q d 1 . ||xl||XT ! d 1
ZI z)'| dp(w))r = ( Z (:) pl(w))r
- il
Q
s Z; I ! 1
S s ()| | auten?
: ]
Q
<> ((Hxi\li))q] :
=1
By [5, Theorem 2Hg in B} (. Such that,
" ()|
: il x 1
(3.15) Viel ( J dp(w))s < C.

Q
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Consequently for alt; in X, Vi € 1 ))5 < C|zi||% - Then for allz in X

Q

(3.16) (/‘ ; 2

(if)=(iii) . Used |3.1p) we show that— (z;) € L,(2, p) for all z; in X. Then we defineS

g
T . . .
ﬁ. T by Theorem) is continuous-positively

du (w))s < C |zl -

~

such thatS : X — L (2, u) by S(x) =

homogeneous operator satisfied the statement|théat)| < ¢ ||z||°. Finally, clearly we have
T = T,0S by Remark|(3.R) the diagram is commutative.
(iii) =(i). By Holder inequality implies fot = 1 + 1

/ (0 [T idy = / ((2 |g|qws<xi>|q>i)gdu<w>

=1

< ([ S 18 @) @) [ (o7 duw)?
< ( [ )qdu(w))> ([ 1ol dnt:
Using Theoreni@B]3) < (3" ([la:]l%)))%.

Il
—

)

O

Remark 3.5. In our Theorem[(3]8) it = 1 same result in]2]. I = 1 andT subadditive same
resultin [8]. If s = 1 andT additive same result in[5].

In this part of our work we study the transposed problem of the last factorization/see [5]. We
give an analogous factorization te-positively homogeneous operators.

Lemma 3.9.[5] Letp, ¢ andr three real numbers such that< p < ¢ < +00 and 1—1) = %—F %
Let (©2, n) @ measure spacd, a set of indices and f;},.;, C L,(€2, ). Then, the following
assertions are equivalent.

a)- There is a measurable functigne By, (,,) such that

(3.17) Viel / 9 hil? (w)du(w) > 1

b)- Forall {a;},,inRU there is a finite constard’ such that

(3.18) (ot < €[ (X lasfitw)l) ),

el i€l

Theorem 3.10.Lets = 1, Letp,q andr € R, such thap < gand , > = . + ;. Let(Q,u)
a measure space, closed subspace df, (€2, 1), T' be al—positively homogeneous operator
from S, into X a complete Banach lattice and a positive finite cons@nihen, the following
assertions are equivalent.

a) There existsS, closed subspace df, (€2, ;) such thatl” admits the following factoriza-
tion

AJMAA Vol. 16, No. 2, Art. 10, pp. 1-12, 2019 AJMAA
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S, 5 X
Tg\SP/‘U

v is a continuous — homogenous operator such that (7, f)|| < C || T,f|" .
g afunctioninB;, (o ..

T, is the induced operator ofi, by the multiplication operato¥ .

b) For all finite sequences$f;},,,, in S,;, we have

(319) Z T < O (D14 dutw)s.

Proof. a)=-b). By Hdlder inequality,we have

Z Tl = <Z A
< oz o (AIE,
< CZ lg(w) ()
< cé( [ 1@l dutw)

<0 [ Jotwr (Z |fi<w>|p> duw),
¢ (gl (/ (Zm p)qdﬂ >)é,
(/(Zfz p>qdu ));-

b)=a). Let {a;},., € R .Writing

_eal

NGOIE

1
= lles| T(f)l T

| fi )
IT(f)llx "l

| = I T°(f:)

r

Then we

AJMAA Vol. 16, No. 2, Art. 10, pp. 1-12, 2019 AJMAA
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(Sl = ||l
by @GTY) < <f§3WHm&MQ>d“)ﬁ

takeF; = ﬁ in L, (€2, i) therefore according to Lemm.9). We have
)X
(3.20) 3g € By, o, Suchthat| |gF;|” du(w) > 1.
Q
By (3.20) implies that
AL P
du(w) > 1,
e )
hence
VEES, U < [ lohl dutw)
then
vres. (70, / 971 du(w)?,
and
VEES, ITUI < [ lohl dutw)¥
Then,

VP €S, 1T, < (] lafl dutw))?.
By Holder inequality we have
(3.21) vfe Sy Ty, < lgle, £z, -
We can get
Tg: LQ(QMM) - LP(QMM)
f— fg
Defining v on T,(S,) by v(fg) = T(f), T continuous then also, by inequality[(3.21) and

Theorem) implies thaw (z)|| < C ||z||" . By extendingy to S, = Tg(Sq)Lp. We have the
result. O

Remark 3.6. With similar supposition of above Theorefn (3.10), only in this @hke a sub-
linear operator and with similar provedf= 1 and subadditive we have the same factorization.

Proposition 3.11.Letl < p < ¢ < coand® = 117 — é Let X Banach K-space and, T

be sublinear operators frorf, closed subspace df, (€2, 1) into X such thatly; < T5. If T3
factors throughS, (€2, i), thenT; factors throughS, (€2, 11).

Proof. If T, factors througtt, (€, 1). According Remarl{ (3]6) there is a finite positive constant
C (T3 ) such that for all finite sequencég ), <;<, in S,, we have

(3.22) ZHTQ PR < C () /ZW’ ().

AJMAA Vol. 16, No. 2, Art. 10, pp. 1-12, 2019 AJMAA


http://ajmaa.org

12 ABDELMOUMEN TIAIBA

By (2.1) all f; in S, (1 is sublinear ), we have,

Ty (f)l < [T(f)l + [Ta(=f)l, V€S,
We have thatX Banach K-space. Hence

I (fi)llx < NTa(fllx + [1T2(=fi)llx)-
Therefore by the Minkowski inequality ,

TG, o < T, + HIT= -
By similar of (3.19) in RemarK (3]6), for all finite sequend¢s<;<, in S,, we have

(S ITUREI)* < € (T) ([ S IAF) idutuw)*,

whereC" = 2C (T )7by Remark|(3.6) we deduce that ;actors bysS, (€2, 1) and this concludes
the proof

O
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