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Analytical method for solving a time-conformable fractional telegraph
equation

Saad Abdelkebir?, Brahim Nouiri?

?Department of Mathematics, University of M'sila, Algeria
YLaboratory of Pure and Applied Mathematics, University of M’sila, Box 166, Ichbilia, 28000, M’sila, Algeria

Abstract. In this paper, we present an analytical method to solve a time-conformable fractional telegraph
equation with three boundary conditions namely, Dirichlet, Neumann and Robin. This method based on

Fourier method and conformable fractional calculus properties. We give three examples to validate this
method.

1. Introduction

Fractional calculus generalized the classical calculus to an arbitrary (non-integer) order. The history of
this theory was begun from a letter written by L’'Hospital to Leibniz in 1695 asking him if n = 1, what does

it mean d;{: . Leibniz then responded saying ”An apparent paradox”, different explanations of the fractional

derivative are presented. There are almost 25 definitions of the fractional derivative. The most famous
of them are Caputo and R-L derivatives. Both these definitions include integral in their definitions. Few

properties of these fractional-order derivatives are similar to the classical order derivatives. However, there
are a few complications, see [20].

1= These definitions are non-local, which makes them unsuitable for investigating properties related to
local scaling or fractional differentiability.

1z Riemann Liouville’s derivative does not fulfil D% (1) = 0.

1= For Caputo’s derivative, we have to assume that the function is differentiable. Otherwise, we cannot
apply this definition.

All fractional derivatives are deficient in some mathematical properties like product rule, chain rule, and
quotient rule. Therefore, the solution of differential equations is not easy to obtain using these definitions.

A new type of fractional derivative was introduced by Khalil et al., [12] and developed by Abdeljawad,
[2] called ”conformable fractional derivative”. This definition is different from other fractional derivatives
and similar to the classical definition of the derivative. It depends on the limit definition of the derivative
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of a function. So this definition seems to be a natural extension of the ordinary derivative. Other fractional
derivatives do not have geometrical interpretation but conformable derivative has [11]. This theory has
attracted many researchers to work within and so many new concepts are introduced in conformable
fractional calculus, see [1, 3, 7, 18, 19, 24]. Recently, the authors in [4] introduced a fuzzy conformable
derivative of order ¥ and extended by Younus et al. in [21-23]. In [16] the authors introduced a new class
of mixed fractional differential equations involving the conformable and Caputo derivatives with integral
boundary conditions. The exact solutions of conformable time-fractional modified non-linear Schridinger
equation is obtained by Direct algebraic method and Sine-Gordon expansion method [5].

Modelling of real-life problems with conformable derivatives was done in [8] and [13] where the authors
modelled the dynamic cobweb and the Gray system, respectively.

We consider the following non-homogeneous time-fractional telegraph equation:

2

Z)iza)u (x, 1) + ZaZ))E“)u (1) + VPu(x, t) = kz% )+ fxt), (x,)eQr,0<a<1 ()
and initial conditions

u(x,0)=¢ @), DPu,0=¢@E), 0<x<L, 2

where Or = {(x,):0<x < ¢, 0<t<T} with {,T > 0 are given, DE“) represents the left-conformable
fractional derivative of order 0 < a < 1 with respect to t and D™ = D (Z)ga)). f (x,1) is the source term
and 4, b, k are constants such thata > b > 0,k > 0and ¢, ¢ € C(0, {).

For @ = 1, equation (1) is the classical telegraph equation introduced by Oliver Heaviside [9]. This
equation is a second-order linear hyperbolic equation and it models several phenomena in many different
fields such as signal analysis [10], wave propagation [17], random walk theory [6].

In this paper, we derive the analytical solution of equation (1) under three types of non-homogeneous
boundary conditions using the Fourier method and the properties of conformable fractional calculus.

We organized this paper as follows: in Section 2, we give some concepts on the conformable fractional
calculus. In Section 3, we derive the analytical solution of equation (1) with Dirichlet boundary conditions.
In Section 4 and Section 5, we discuss the analytical solution equation (1) with Neumann and Robin
boundary conditions, respectively. Some conclusions are drawn in Section 6.

2. Preliminaries on conformable fractional calculus

In this section, we start by recalling some concepts about conformable fractional calculus.

Definition 2.1 ([2]). Let ¢ : [a, +o0 [ = Risa given function and o € 10,1 ]. Then, the left-conformable fractional
derivative of order a is defined by:

pt+et-a)""") -9

DY (p) () := lim - : ©

If Z)ﬁa) (¢) (t) exists on a, +oo [, then Di“) (p)@) = tlim Z)g“) (@) ). Ifa = 0, the definition (3) is introduced by
—at
Khalil et al. [12]. In this case, we say that ¢ is a-differentiable.

Definition 2.2 ([12]). Leta € ]0,1 Jand ¢ : [0, 400 [ — R be real valued function. The left-conformable fractional
integral of ¢ of order « from zero to t is defined by:

£
Top(t) = fo s‘H(p (s)ds, t>0, 4)

Lemma 2.1 ([12]). Let ¢ : [0, +00 [ — R is a given function and 0 < a < 1. Then, for all t > 0, we have:
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1. If @ is continuous, then Di“) [Zap®)] =@ @®).
2. If ¢ is a-differentiable, then 1, [Z)g“) (p) (t)] =@ () — ¢ (0).

Definition 2.3 ([2]). Let 0 < o < 1and ¢ : [0,400 [ — R be real valued function. Then, the fractional Laplace
transform of order « starting from zero of @ is defined by:

Lig0]©= [ rip0e -
0
Proposition 2.1 ([2]). 1. The conformable fractional Laplace transform is a linear operator:
LoAuf @) +Ag O} ) = pLa{f O} + ALa{g B}, 6)
where u and A are real constants.
2. We have,
L, {f () e‘k%}(s) = .[Z{f ((oct)l/a)} g 57K (7)

3. Let,a € 10,1 ] and f (t), g (t) are functions.
The conformable fractional Laplace transform of the convolution product of f and g is given by,

LAF+9) O} =T 6)Ga9), ®)
where, (f+g) (1) = [y £ (¢ =) g (1) 5.

Theorem 2.1 ([2]). Let 0 < a < 1and ¢ : [0, +c0 [ — R be differentiable real valued function. Then, we have:
Lo [D00 (1] () = sLa [ 1] (5) - 9 0). 9)
We introduce the following theorem, which is used further in this paper.

Theorem 2.2 ([15]). Let g : [0,4c0 [ — R is a continuous function and 1,y € R, such that n < y. For all
0 < a <1, the initial value problem:

Dy () + 20Dy () + 72y () = g (), 10)
y(0) =y, DVy(0) =
admits a unique solution given by

y() = yoe_”t:TY cos( )/2—772;) Yo+ Ya e sm(wh/z )

W= (11)
o
f (= 7)) o1 sin (2 - e T ) 45
/—V —1 alt

3. Conformable fractional telegraph equation with Dirichlet boundary condition

In this section, we determine the analytical solution of the time-fractional telegraph equation (1) with
the initial conditions (2) and the non-homogeneous Dirichlet boundary conditions

u©,t)y = ), u(t,t)y=u2(t), t>0, (12)
where 1, > € C1 (0, T) satisfying
¢ (0) = p1(0) and ¢ (£) = u2(0).
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We Assume
u(x, t)=Wi(x,t)+ Vi(x,1t),
where V; (x,t) is given by:

[p2 (1) — p1 (D] x
4

in which satisfies the Dirichlet boundary conditions:

Vi, t)=ur (), Vi(t,t)=pua(t).

and the function Wi (x, t) is the solution of the following problem:

Vil t) = (t) +

DPIW, (x, 1) + 2aDOW; (x, D) + BPW, (x, ) = RZSED | F e 1y,
Wi (x,0) = ¢1 (x), DIVW1 (x,0) = Y1 (x), (13)
Wl (0/ t) = Wl (51 t) = 0/

where
o) = -DVy (x, 1) = 2DV, (x, 1) = V1 (x, 1) + £ (%, 8),

0)— w1 (0
61 = 69— 0) - 2O Ol
(D42 0) - D1 0] x

P10 = @) = D (0) - 7

We firstly assume the solution of the homogeneous equation in (13) (putting f (x,t) = 0) has the form:
Wi(x, ) =X (@)Y ().

Substituting in (13) we obtain the Sturm-Liouville problem:

{X” (x) + AX (x) = 0, ”

X(0)=X(6)=0,
This problem has eigenvalues

n2n2

AHZT, HGN*

and corresponding eigenfunctions
X (x) = sin(n—Zx), neN".
Now we seek a solution of the non-homogeneous problem (13) of the form

nnx) (15)

Wi (x, f) = i B, (¢) sin(7
n=1

In order to determine B,, (t), we expand f (x,t) as a Fourier series by the eigenfunctions X, (x):

i, t)—z fn(t)sm( )where £(h) = f fxt)sm ) (16)
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Substituting (15), (16) into (13) yields
DB, (t) + 20DV B, (t) + (b + A,k%) By (1) = fu (8).

Since W (x, t) satisfies the initial conditions in (13), we must have

ZB(O)sm( ) ¢1(x), 0<x<C,

ZZ)(“)B (0) sm( ) Y1 (x), 0<x<¢,
which yields

B, %fo ¢1(x)sm<””x)dx n € N,
D(“’B 0) =2 [ 1 () sin (222) dx, n e N,

We assume that

0< =7~

where A; = 7i?/? is the smallest eigenvalue of the Strum-Liouville problem (14).
Using condition (19), Theorem 2.2, (17), (18) and (15) we obtain the solution of problem (13) as

+00

W=y [Bn (0) e cos ( VR =2+ )\,,kzt—)
n=1 a
B 0)a+ DB, (0 a
0)a ( ) £ sm( /bz_az +Ank2t—)
B2 — a2 + )\ K2 a

+—ff,, (t* - "‘)1/0‘) xsm(m ) dTa]sin( 7

b2 —a% + A,k?
Example 3.1. ([14, Chapter 2]) In this example, we consider the following data:
a=b=k=C0=1,a=3}and f(x,t) =0,
P(x) =1, ¥(x) =0,
p1 () = pa (1) = 0.
The problem (1), (2) and (12) becomes:

Z)(l/z (Z)(l/z u(x, t)) +2D 1/Z)u(x ) +u(x, t) = i ”fcf 2}
u(x,0)=1, DM u(x,00=0, 0<x<1,
u(0,t) =u(l,t) =0

The eigenvalues and the eigenfunctions are given by

Ap = 0%, and X, (x) = sin(mnx), n € N*.
From (18), we get

B0 = 2= C1)

According to (20), the analytical solution of problem (21) is given by
+00 4 _2\/2

and  D?B,(0) = 0.

u(x, t) = nzza %(cos(4n+2)n\ﬁ+ ﬁsin(4n+2)n\ﬁ sin (2n + 1) 7tx.

2777

(17)

(18)

(19)

(20)

(21)
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4. Conformable fractional telegraph equation with Neumann boundary condition

In this section, we determine analytical solution of the time-fractional telegraph equation (1) with initial
conditions (2) and non-homogeneous Neumann boundary conditions

Uy (0, )= (), us ) =p2(t), t>0, (22)
where 1, 1o € C (0, T) satisfying

p1(0) = @' (0) and pz (0) = ¢’ (0).
Let

u(x,t) = Wo(x, t) + Vo (x,t),
where W, (x, t) is given by

12 () = (D] %
2¢ ’
in which satisfies the Neumann boundary conditions

V> (0,t oV, (Lt
We0D _ i, 22ED -

Vo, ) = () + pn (D) x +

and the function W, (x, t) is the solution of the following problem:

DPIW, (x, 1) + 20D W, (x, 1) + BPW, (x, 1) = RE0ED o Fiy gy,

W, (x,0) = ¢ (x), DVW, (x,0) = ¢ (v), (23)
8W2(0,t) _ (9W2([,t) _ 0
ox - ox -
in which

o, t) = =DV, (x, 1) = 2DV, (x, 1) = bV, (5, 1) + f (x, 1),

P2 (x) = @ (x) — w1 (0)x — [12(0) — 1 (0] x*

2¢ !
¢z<x>=¢(x>-@§“>y1<0)x-[ r 120 -  ( >]X_

We assume the solution of the homogeneous equation in (23), by taking f (x, ) = 0, has the form:
Wa (v, £) = X (%) Y (1)

and substitute in (23), we obtain the Sturm-Liouville problem:

{X” () + AX (x) = 0, ”

X" (0)=X"(¢) =0.
A simple calculation shows that the eigenvalues of the Sturm-Liouville problem (24) are

2n?

/\;127, neN

and corresponding eigenfunctions

mnx

X (x) = cos( 7

), n €N.
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Consider the solution of the problem (23) is the form
+00
nmx
Wy (x, £) = Z:; B, () cos (7) (25)

In order to determine B, (t), we expand f (x, t) as a Fourier series by the eigenfunctions {cos (”—’g")}

F, b= Z fn(t)cos( )where fith="= f f, t)cos( )dx 26)

Substituting (25), (26) into (23) yields
DB, (t) + 20DV B, (t) + (b + Ak%) By (1) = fu (8). (27)

Since W (x, t) satisfies the initial conditions in (23), we must have

ZB (0)cos( ) ¢ (x
2@% 0) cos( ) 02 (),
which yields
{ #f@wm()% 28)

Z)(“)B 0)=72 fo U5 (x) cos ( ) dx.
From the condition (19), Theorem 2.2, (27), (28) and (25) we obtain the solution of problem (23) as

+00

Wa (x,t) = Z [Bn 0) e cos ( Vb2 —a? + AnkZ%)

n=1

() a
WD B D) ot i (V- 1) 29)

b2 — a2 + A, k2
1 b o\ g

+—ff"((ta_"fa)1/a) o sm( b2_g2+)\nk2T_) 17 COS(WIX).

b2 — % + Auk? Jo a ) gl 4

Example 4.1. ([14, Chapter 2]) In this example, we consider the following data:

a=b=k=C0=1,a=3}and f(x,t) =0,
P(x) =x, P(x) =0,
p1 () = pa (1) = 0.

The problem (1), (2) and (22) becomes:

DM (DMPu(x, ) + 200 P uix, ) + ulx, £) = 452,
u(x,0) =x, Z)El/ Dy (x,0) =0, (30)
uy (0,8) =uy (1,6) =0

The eigenvalues and the eigenfunctions are given by

Ap = 02, and X, (x) = cos (nnx), n € N.
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From (28), we get
2
Bi(0) = =5 (<) =) and  D{?B,(0) = 0.

From (29), the analytical solution of problem (30) is given by

+00

—4e 2Vt [ sin7 (4n +2) Vt
u(x, t) = —  lcosmn+2) Vi+ ————=" Y lcosm 2n+1)x.
(1) ;n2(2n+1)2 ( ) n(2n+1) (

5. Conformable fractional telegraph equation with Robin boundary condition

In this section, we find the analytical solution for the conformable fractional telegraph equation (1) with
initial conditions (2) and the non-homogeneous Robin boundary conditions

w(0,t) +puc (0,8) =1 (t), u(,t) +ouc (€, ) =pa(t), t>0, (31)

where p < 0,0 > 0and p4, y2 € C(0, T) satisfying

¢ (0) + p¢’ (0) = 1 (0),
¢ (€) + po’ (6) = p2(0).

We assume that

u(x, t) = Wi (x, t) + V3 (x, 1),

where V3 (x, t) is given by

_ - ®  (Erom®)-pra®)

V3(xrt) p—O‘—f p—O‘—f

in which satisfies the Robin boundary conditions

V3(0,8) + P% =i (),
Vi((,t) + 0% = U2 (t)

and the function Wj (x, t) is the solution of the following problem

DPIW; (x, ) + 20D Ws (x, £) + PPW; (x, 1) = 2D 4 £ (v, 1),
W3 (x,0) = ¢3 (x), DYW;3(x,0)=s(x), 0<x<{

W3 (0,0 +pZ2% — o,  t>0,

Wi (6,6 + 023 =g, t>0,

(32)

i which
Fe )= -DEV; (x, 1) = 2DV (x, 1) = V5 (x, 1) + f (%, 8),
$3 (x) = ¢ (x) = V3 (x,0)
Y3 (0) = 9 (x) - DUV, (x,0).
We assume the solution of the homogeneous equation in (32), by taking f (x,£) = 0, has the form:

W3 (x, 1) = X (x) Y (1)
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and substitute in (32), we obtain the Sturm-Liouville problem

X" (x)+AX(x) =0,
X(@0)+pX' (0)=0, (33)
X)) +0cX () =0,

To study the Sturm-Liouville problem (33), we have the following lemma:

Lemma 5.1. Let (A,) be the eigenvalues and (X, (x)) be the corresponding eigenfunctions of the Sturm-Liouville
problem (33). Then, the sequence of functions (X, (x)) is orthogonal on [0, £], i.e.

4 : _
(X, Xo) = f X, <x>xm<x>dx={° yn=m, (34)
0

R, if n#m.

Proof. Let Ajand A;,i # jbe eigenvalues, and X; (x) and X; (x) the corresponding eigenfunctions of problem
(33). we have

X! (x) + AiX; (x) =0, (35)
X7 (x) + A;X; (x) = 0. (36)

By multiplying (35) by X (x), (36) by X; (x) and with the difference, we obtain
(X (@) X! (@) = X () X (0) + (A = A7) X (1) X; () = 0.

By integration on [0, /], we obtain

¢
¢
(A= 4)) f X; () X; (x) dx = [ X () X (%) = X () X! (x)]0 . (37)
0
Xi (x) and X (x) satisfy the Robin boundary conditions in (33), we have

X; (0) + pX! (0) = 0, L [xo+pxi=0
X;(0) + X’ (0) = 0, X; (6) + X/ (0) = 0,

it is necessary that
X (0) X,(0) = X; (0) X! (0) = X; (€) X, (6) = X; (£) X/ (x) = 0.

Thus, equation (37) reduces to
¢
()\i - Aj)f X; () X; (x)dx = 0,
0

but A; # 4,50 f) X; (1) X; (x)dx = 0. I
Lemma 5.2. We have:

1. All eigenvalues of the Sturm-Liouville problem (33) are strictly positive.
2. The eigenvalues of the Sturm-Liouville problem (33) satisfy the following algebraic equation:

tan (t’ \/X) = %. (38)
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3. The Sturm-Liouville problem (33) admits a strictly increasing sequence of eigenvalues (A,) such that

Ay —— +oo.
n—+00

Proof. 1. Let A be an eigenvalue and X (x) # 0 be an eigenfunction associated of problem (33). We have:
X" (x) + AX (x) =0. (39)
By multiplying (39) by X (x) and using integration by parts, we obtain:

¢ ¢
)\fo XZ(x)dx:—](; X" (%) X (x) dx
¢
=X (0)X(0)-X (K)X(€)+j; (X')? (x) dx.

X (x) satisfies the Robin boundary conditions in (33), so we have:

X20) |, X2(0) L s 2
—T+T+](; (X (x)) dx

A= 7 >0
i X2 (x) dx
2. From (39), we obtain:
X (x) = ¢q cos ( \/)_\x) + ¢p sin ( \/Xx) . (40)

Using (40) and (33), we get the following linear system

c1+pVie, =0, 41
(cos(\/ﬂ’)—a Asin(\ﬁf))cl +(sin<\ﬁé’)+o Acos(ﬁf))cz =0. (41)

The eigenfunction X (x) # 0 is equivalent the determinant of the linear system (41) is zero, i.e.
! PV =0 o)
cos(\a{’)—o Asin(ﬁf) sin(\/Xf)+a Acos(ﬁf) o (42)

with simplification of (42), we obtain (38).
3. Consider the function x defined by:

(p—0) VA

K(/\)=tan(€ﬁ)— T+ por

v The function « is differentiable on ] 0, +co [ and its derivative given by:

(et (CVY)) @-p)(1-pon)
2VA 2VA(1 + pod)

where, « is strictly increasing on ]0, +oo .

K (A) =

v" We show the following proposition:

@n+1>*nm? (2n+3)*n?

neN, A, e 13 7

[ such that x (A,) = 0.

We have:

x (A) —— > - and x(A) ———— +oo.
> (2n+1) 2 < (2n+3) 2
A—) H'Z{Z T /‘_) VI'Z[2 T

According to the intermediate value theorem and the increasing of the function x there exists
unique A,,.
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The sequence (A,) is positive and strictly increasing, then A, —— +c0. [J
n—+0o

Now, we seek a solution Wj (x, ) of the non-homogeneous problem (32) in the following form:
+00
Wi, 8) = ) By () Xy (). (43)
n=0
To determine B, (t), we expand f (x, t) as a Fourier series by the eigenfunctions X,, (x),

+oo L
fen=Y f(Xy () with f, () = Ri f F (e, ) X, (x) dx. (44)
n=0 nJo

By substituting (43) and (44) in (32), we obtain:
DB, (t) + 24DV B, (t) + (b + Ak%) By (t) = f, (8). (45)

Since Wi (x, t) satisfies the initial conditions of problem (32), we have:

¢3 (x) = Li2 B (0) X, (x),
V3 (0) = L% DB, (0) X, (v),

where

Y
B.(0) = & [, qbs () X, (x) dx, )
DB, (0) = 1+ [ 3 () X, (x)d
On the other hand, we assume that
az _ b2
0< 2 < Ay, 47)

where Ay is the smallest eigenvalue of problem (33).
From the condition (47), Theorem 2.2, (45), (46) and (43), we obtain the analytical solution of problem
(32) id given by:

+00 . a
Wit =Y [Bn (0) e cos ( N Ankz%)
n=0
B 0)a+ DB, (0 a
© ( ) o sm(\/b2 —a?+ Ank2t—) (48)
B2 — a2 + )\ K2 a

@ dt
— (@ - "‘)1/“ s sm( b2-a2+ A, ke ) ]X (x).
e [ Al ) n

Example 5.1. ([14, Chapter 2]) We consider the following data:

a=b=k=¢=1,a=3, and f(x,t)=0
Ppx) =1, P(x) =
p=-1,0=1and m{t)=u ) =

The problem (1), (2), (31) becomes:

1/2 1/2 1/2 *u(x,
DV (DM Pu(x, 1) + 200 u(x, 1) + u(x, 1) = 552,

ux,0)=1, DM u(x,00=0, 0<x<1, (49)
u(,t) —u, (0,6) =0, u(1,t)+u,(1,t =0.
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Using (38), we obtain the eigenvalues satisfying the following algebraic equation:
2V
tan( \/X) = —m.

Figure 1 represents the graphs of the functions x tan( \/&) and x — —217‘/5 with the points of the intersection being
the eigenvalues A,.

g ]
y=tan(sqrt(x)) |
z=-2sqrt(x)/(1-x)|

Axis of tan(sqrt(x)) and —2sqrt(x)/(1-x)

100 200 300 400
Axis of x

Figure 1: Graphs of two functions x — tan ( \/E) etx — —%ﬁ.

From (40) and (41), the eigenfunctions are given by:

X (x) = sin(\/A—,,x) - \//\_ncos(\//\_nx).

From (34) and (46), we have:

Ay A, 1 sin(Z\M,,) cos(Z\/An)

e e
-1 cos(\//\n) _ 1

B"“’):R—n[—m #sin(Vh) - 7= .

D2 (B, (0)) = 0.
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Thanks to (48), the analytical solution of problem (49) is given by:

u(x,t) = iBn (O)e‘z\ff cos(Z\//\_n\/Z) + M X ().
n=0 n

6. Conclusion

We have derived the analytical solution of a time-fractional telegraph equation with three boundary
conditions using the Fourier method. The time-fractional derivative are considered in the conformable
sense. Three examples are presented.
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