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Notation

N Natural numbers {0,1,2,3,...}.

N* Nonzero natural numbers {1,2,3,...}.

7 Integers {...,—3,-2,-1,0,1,2,3,...}.

Zy Negative integers {..., —3,—2,—1,0}.

R Real numbers (—o0, ) .

Ry Positive real numbers (0, c0) .

R* Nonzero real numbers (—oo,0) U (0, 00) .

C Complex numbers, z € C, then z = z + iy, where z,y € R, and i* = —1.

L'(©2)  Space of LEBESGUE complex-valued measurable functions ¢ on 2, for which

ol = fQ |l (§)| d§ < oo.
C(Q) The BANACH space of all continuous functions ¢ on €2, for which

lelle = sup fe ()]

0<n<t
r() EULER gamma function.
B(-,-)  Beta function.
E, (+) Standard MITTAG-LEFFLER function.
FEop(-) MITTAG-LEFELER function in two arguments, a and f.
I&e RIEMANN-LIOUVILLE fractional integral of order a.
RLD& o RIEMANN-LIOUVILLE fractional derivative of order c.
“Ds,¢  CaPUTO fractional derivative of order a.
FDE Fractional Differential Equation.

FPDE Fractional-order’s Partial Differential Equation.
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Introduction

istorically, on the topic of fractional integrals and derivatives, we cite a particular

date as that of the first appearance of the so called “Fractional Calculus”. In a letter

dated September 30", 1695, L’'HOSPITAL wrote to LEIBNIZ asking him about a particular

notation he had used in his writings for the n'"-derivative of the linear function u () = ¢,

4L L'HOsPITAL wondered what the result would be if n = 1/2. LEIBNIZ response was: ”An

apparent paradox, from which one day useful consequences will be drawn.” In these words
fractional calculus was born.

In recent years, considerable interest in fractional calculus has been aroused by Frac-
tional partial differential equations (FPDEs) Which is a valuable tool for modeling numer-
ous tangible incidents that science attempts to explain and has approached more frequently.
For further reading on their use, readers can refer to the following books (Diethelm 2010
[20], Kilbas et al. 2006 [28], Podlubny 1999 [36], Samko et al. 1993 [39]).

Exact solutions (or closed-forms) of fractional-order’s PDEs are crucial for rendering
many qualitative features of natural science processes and phenomena fathomable, where
become obtainable using various methods including the residual power series, symmetry,
spectral, Fourier transform, similarity, etc. (see [9,[10, 15, 25} 32, 33| 35, 37, 43]).

The existence and uniqueness of solutions for fractional differential equations or
fractional-order’s PDEs have been investigated in recent years. (see [7,9,[10, 15, 28| 32,33
35,43]) for further details. For this purpose, the technique used is to reduce the study of
our problem to the research of a fixed point of an integral operator. The obtained results
are based on some standard fixed point theorems such as Banach and Schauder [23].

Our directions in this thesis are based particularly on several works that study various
FPDEs by converting them into fractional differential equations using several methods.

The lie group analysis has been discussed by Luchko et al. (see [15,32]), who studied

the space-time fractional diffusion/wave equation.
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Introduction

In 2020, B. Basti and N. Benhamidouche [9] studied the space-fractional heat equation
by self-similar forms (see also [5]).

From 2014 to 2017, the authors (see [18, 24]) studied the nonlinear time-fractional
Boussinesq equation by traveling wave transformation.

The main objective of this thesis is the study of the existence and uniqueness of solutions
of CAPUTO-type partial differential equations of fractional order, by transforming it into
differential equations of fractional order.

The originality of our work was by suggesting, studying and discussing new forms
and methods transform FPDEs to FDEs, which were represented in: Firstly, traveling
profile forms (see [11]), this method plays an important role in modeling all scientific
fields: computer science, physics, biology, medicine..., because it contributes to the study of
complex problems by transforming them into simple problems. Secondly, traveling wave
forms (see [41]), which is a special case of traveling profile forms, and radially symmetric
forms (for more details see [1}, 2,16, 19} 30, 42, 45]).

This thesis is divided into five chapters as follows

In the first chapter, we recall the basic notions related to the theory of fractional calculus
that we will need in the rest of this work such as Gamma, Beta and Mittag-Leffler functions
that play an important role in the theory of fractional differential equations, as well as the
fixed point theorems such as Banach and Schauder. Two approaches (RIEMANN-LIOUVILLE
and CAPUTO) to the generalization of notions of derivation will then be considered.

In the second chapter, we study the existence and uniqueness of solutions under the

traveling wave forms
w(z,t) = exp (—Kt) ¢ (x — Kt), with k € R*,

for a free boundary problem of higher-order space-fractional wave equations as follows

02w = k2w, (z,t) € Q C R?,
w (kt,t) = coexp (—K%*t), ¢y € R,
Okw (kt,t) =0, ke{l,2,...,m—1}.

It does so by applying the properties of Schauder’s and Banach’s fixed point theorems.
In the third chapter, we study the existence and uniqueness of solutions under the
traveling wave forms

2
w(z,t) = exp (—%t) ¢ (x — kt), withk,0 € RY,

Rabah Djemiat 2 Mohamed Boudiaf University of M’sila



Introduction

for a free boundary Cauchy problem of space-fractional Jordan-Moore-Gibson-Thompson

equations of nonlinear acoustics as follows

Twi + poy — K20%w — 000wy = F (2, t, w, wy, Wy, Wag, (W) ,,) s (2,6) € Q C R?,
w(2,0) =wp (z), wi (2,0) = wi (), wu (7,0) = w2 (z), wo, w1, w2 € C,
w (Kt,t) = coexp (—%ft) , Wy (Kt t) = (wy), (Kt t) =0, k>0, ¢ €C.

It does so by applying the properties of Schauder’s and Banach’s fixed point theorems,
while CAPUTO’s fractional derivative is used as the differential operator. For application
purposes, some examples of explicit solutions are provided to demonstrate the usefulness
of our main results.

In the fourth chapter, we treat and discuss some analytical studies on the existence and
uniqueness of global or blow-up solutions under the traveling profile forms
x—0b(t)

a(t)

for a free boundary problem of diffusion equations of moving fractional order as follows

w(x,t):c(t)ga( ),witha,ceR:,beR,

.

Ow = k%w, (x,t) € Q, k € R*, Q C R2,
w(b(t),t) =coc(t), co €R, ce Ry,
w(b(t),t)—clc(?), c1 €R, a,c e RY,
| pw (b(t),1) =0, k€2,3,...,m—1, form >3,

It does so by applying the properties of Schauder’s and Banach’s fixed point theorems. For
application purposes, some examples of explicit solutions are provided to demonstrate the
usefulness of our main results.

The fifth chapter, we treat and discuss some analytical studies on the existence of

radially symmetric solutions
w(o,t) = ol ¢ (J2[1), (t,2) € 2 C Ry xR™, 1,7 € C,
for a multidimensional nonlinear time and space-fractional reaction-diffusion/wave equa-
tion as follows
0fw — KkK*Aw=F <t z,w, 00w, (—A)sw) , (t,x) €Q, k € RY,
w (0,2) = |z|° co, % (0,x) =0, Jd,¢co € C.
It does so by applying the properties of Schauder’s and Banach'’s fixed point theorems. For

application purposes, some examples of explicit solutions are provided to demonstrate the

usefulness of our main results.
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CHAPTER 1

PRELIMINARIES AND BACKGROUND

MATERIALS

%his chapter will be devoted to the primary definitions and basic concepts related to
fractional calculus such as the EULER Gamma, Beta and MITTAG-LEFFLER functions.
In addition to that, it will also present other elements of functional analysis, such as the
fractional derivation, fractional integration, relative definitions of operators of fractional

order, among others, which will all be at the core of this work.

1.1 Special Functions of the Fractional Calculus

In this section, we present the functions EULER gamma, Beta and MITTAG-LEFFLER. These

functions play an important role in the theory of fractional calculus and its applications.

Euler Gamma Function

One of the basic functions of fractional calculus is EULER Gamma function I' (o) which
naturally extends the factorial to positive real numbers (and even to complex numbers

with positive real parts).

Definition 1.1 ([28]). For o > 0 (or actually Re («) > 0), the EULER gamma function I' («)
defined by

Pl)= [ et (1.1)
0
this integral is convergent for all complex Re (o) > 0, with ' (1) = 1, ' (07) = 400, '(a) isa

monotonous and strictly decreasing function for 0 < a < 1.
An important property of the EULER gamma function I' («v) is the following recurrence relation

I'(a+1)=al'(a), Re(a) >0, (1.2)

Rabah Djemiat 4  Mohamed Boudiaf University of M’sila



1.1. Special Functions of the Fractional Calculus

Beta Function

It is one of the basic functions of fractional calculus. This function plays an important

role when combined with the Gamma function.

Definition 1.2 ([28]). The Beta function is a type of EULER integral defined by

1
Bro= [ €1 (1-9""d pae O\, (1.9
0
The Beta function is related to the Gamma function by the following relation
RN
B(p,q) = ——+. 14
(p.a) =+ T (1.4)

Mittag-Leffler Function

The MITTAG-LEFFLER function is an important function that is widely used in the field of
fractional calculus. Just as the exponential naturally arises out of the solution to integer
order differential equations, the MITTAG-LEFFLER function plays an analogous role in the
solution of non-integer order differential equations. The generalization of the single-
parameter exponential function has been introduced by G. M. MITTAG-LEFFLER and is

designated by the following definition:

Definition 1.3 ([28]). The standard definition of the MITTAG-LEFELER function is given by

o0 k
_ n
Eq (n) = ];:0 Tkt 1) @ > 0. (1.5)

It is also common to represent the MITTAG-LEFFLER function in two arquments, o and [3. Such that

+00 k
_ 7
EO[WB (77) - kZ:O F (Oék' + 5)7 Oé,ﬂ > O (16)

The last relation is the more generalized form of the function. For 3 = 1, we find (1.5).

Example 1.1. From the relation (1.6), we find that

+o0 77k +00nk
E =) =2 =¢
+oo k +oo k +oo k+1
U U 1 U 1
E =y L =N L N L (1),
12 (1) ;F(lﬂ—l—Q) ;(k‘—i—l)! 77;0(/{—1-1)! 77(6 )
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1.2. Elements From Fractional Calculus Theory

1.2 Elements From Fractional Calculus Theory

The purpose of this part is to introduce the two most important approaches to fractional
calculus: in the sense of RIEMANN-LIOUVILLE and in the sense of CAPUTO, including some of
their properties as well as the relationship between these two approaches. The majority of
the definitions in this section are taken from [28] and [36], which we refer to for a thorough

analysis of the subject.

Riemann-Liouville Fractional Integrals

Definition 1.4 (Left-sided Riemann-Liouville fractional integral [28]). The left-sided RIEMANN-

LIOUVILLE fractional integral of order o« > 0 of a continuous function ¢ : [0,¢] — R is given

by
T2 () —ﬁ / (n— € p(€)de, e [0,4]. (1.7)

I () is the Euler gamma function (1.1).

Example 1.2. If « > 0 and 5 > —1, then

1 n
e’ = —— A :
o = | -9 e (1.9
By making the change of variable £ = nz, then becomes
1 1
I8’ = —— —n2)* " (n2)" nd
0+ 1) (o) /0 (n—=nz)"" (nz)" nd=
77a+6 /1 a—1 _3
= 11—z 2 dz
I o 77

et —77 /1 (1 - Z)Oé_l ZB+1_1dZ
I'(a) Jo

Using the Beta function definition then the relationship (I.4), we arrive at

o 77a+ﬁ N
% F(a)B( ,B+1)
n* L (a) T (B+1)
T'(a) T(a+B+1)
rp+1)

T T(a+B+ 1)77a+5' (19)

In particular, the relationship shows that the fractional integral in the sense of RIEMANN-

LIOUVILLE of ordre « of a constant is given by

o c o
0+C = mn s C = const.

Rabah Djemiat 6  Mohamed Boudiaf University of M’sila



1.2. Elements From Fractional Calculus Theory

Property 1.1 ([28]). Let a, 3 € C (Re («) > 0and Re (8) > 0), for any function ¢ € L' (]0,(])
and { > 0 we have

o (T ) =T () = T3, (Tgo ()

for almost everything n € [0, £]. If more ¢ € C ([0, ¢]), then this identity is true ¥n € [0, {].

Riemann-Liouville Fractional Derivatives

Definition 1.5 (Left-sided Riemann-Liouville fractional derivative [28]). The left-sided
RIEMANN-LIOUVILLE fractional derivative of order o > 0 of a continuous function ¢ : [0,¢] — Ris
given by

dm

N i ,fora—mEN
RLDow(n):{ -

m m—a m —gmma! *
d‘%mIm go(n):i—m On%cp(f)df,form—l<a<m€N,

Example 1.3 (Constant Function). Let m — 1 < o < m € N, then

Cn=@

RL
D —
O = I'(l—a)

# 0, C' = const.

Example 1.4 (Power Fonction). Let m — 1 <a <m,m —1 < 3 € R, then

L(B+1)n°

RL
Dg+ F(ﬁ—a—i—l)

Caputo Fractional Derivatives

Definition 1.6 (Left-sided Caputo fractional derivative [28]). The left-sided CAPUTO fractional
derivative of order o > 0 of a function ¢ : [0,¢] — R is given by

dm—m,fora—mEN

—ad™o(n) _ 1 (=" T e
Ty e — [P A, form — 1< a <m e N,

(1.10)

CD3+¢ (n) = {

Property 1.2 ([28]). Let « € C suchas m — 1 < Re («) < m, and be m € N* both functions ¢

and 1 such as DS, o and DS,y exist. CAPUTO fractional derivation is a linear operator

Dy A+ ) (n) = XDy (n) + “Diip (), AeR.

Proof. We have according to (1.10)

“Di. (g +4) () = I"D" (A +9) (1)
= AL"UD™ (e + ) (n).

Rabah Djemiat 7 Mohamed Boudiaf University of M’sila



1.2. Elements From Fractional Calculus Theory

As the m™ derivative and the integral are linear then

Dy Mo+ 1) (n) = XT"DMp () +I™ D™ (n)
= \Dgo(n) + Dyt ().

The proof is complete. L

Property 1.3 ([36]). Assume that m —1 < Re(a) < m € N*, and let the function y such as
“Ds, ¢ exist, then
“Dgi D¢ (n) = “Dyi™¢ (n) # D™ Do (n) -

Lemma 1.1 (28] B6]). Assume that “Dg,p € C ([0, /], R), for all a > 0, then

a Crpa — (p(k) (O> k *
I+ "D () = ¢ (n) — oo m-l<a<meN.

0

>
Il

Example 1.5 (Constant Function). the following example is one of the advantages of the CAPUTO

derivative over the RIEMANN-LIOUVILLE derivative (see [|36]).
“Dg,C =0, C = const.

In fact, as usual 0 < m — 1 < o« < m € N, which means m > 1. Applying the definition
of the CaruToO derivative (1.10) and since the m'" derivative of a constant C equals 0 it

follows
1 n
Crya (m) m—a—1
D C = C - d¢ = 0.
o* I'(m—«a) /0 (=25 3
Example 1.6 (Power Fonction).
I'(B+1) -
Cpo 8 _ RLpyo B B—o m
D = "D = m—-1<a< —1<peR.
0+ 1 0+ TG—a 1)77 , a , m g

Infact,letm—1<a<m,m-—1<pgeR.

The direct way reads

1

« _ K (m) . m—a—1
CDOﬂIB = m/o (§B) (n—2¢) d§

— 1 TTBHY) i smean
E F<m—a>/or<5—m+1)f (n—&)" g,
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1.2. Elements From Fractional Calculus Theory

and using the substitution { = zn,0 < z <1

fe% _ F(ﬂ"i_l) K —m m—a—1
Do’ = FrrmwteTT /), 0 (= s

_ L(B+1)n nzﬁ—m _ ymal g,
B F(m—a)F(B—m—i—l)/O (1-2) d
L@B+1nne
= F(m—a)F(ﬁ—m%—UBw m+1,m— «)
L(B+1)n= LB—m+1)I'(m-—a)
'm—-—a)'(B—m+1) '—a+1)
FB+1n
Fr—-—a+l)’

Example 1.7 (Exponential Fonction). Let « € R, m — 1 < a« < m € N, § € C. Then the

CAPUTO fractional derivative of the exponential function has the form
C,Z)(()){-&-eﬁ77 = ﬁmnm_aEl,m—a—QJ (ﬁn) .
In fact;

Crya B Cya - (Bn)k
D0+en = D0+Z

k!
k=0
(m)
B 1 " (B _ pym—a—1
N F(m—a)/o (g k! ) (n=¢) de
_ 1 7 Berkfk m—a—1
B F(m—oz)/o ; k! (n=2¢) at

- _az /éném‘“dﬁ

Leté =2n,0<2<1

m > 2k 1
oDy e = —wf_@)z% [ e o= et
1
— _Od Z m+k a/ Sk (n_z)mfafl d»
_ 5mnm « ﬁknk
- r(m—a); B+ 1Lm—a)
B S (B) T (k+1)T (m — a)
- TI'(m—a) k! Fm+k—a+1)
_ m, m—ao C (ﬁn)k
= 7 kzof(m+k—a+1)'
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1.2. Elements From Fractional Calculus Theory

Example 1.8 (Sine function). Let 2z € C,a € R,m — 1 < o < m € N. Then

1 m _m-—«

“Dj; sin 2 = =50 (2" 0" (Brmear (020) = (1) Eynar (=i20)) -

In fact, the following representation of the sine function used
el — e~
2

Now, using the linearity property of the CAPUTO fractional derivative and formula for the

, £ eC.

siné =

exponential function it can be shown that

2N __ ,—1zn
“Ds sinzn = D ‘ ‘
21
1 , .
— Z (CD(01+ezz17 . CD(o]erefzzn)
1 m—o ; ; m, _m—a« :
= 5 (@)™ 0" By (i2n) = (=i20)" 0™ Byneas (—i21))
]- /. m _ m—ao . m .
- Ty (izm)™ n (Evm—a+1 (i20) = (=1)" Eymeaq1 (—iz)) -

Example 1.9 (Cosine function). Let z € C,a € Rym — 1 < a <m € N. Then
1 - m _m-—o . m .
CDS‘+ COS 27) = 2 (42)"n (B m—at1 (i2n) + (=1)" By ot (—i2m)) -

In fact, the following representation of the cosine function used
et + e
2

Now, using the linearity property of the CAPUTO fractional derivative and formula for the

, {eC.

cosé =

exponential function it can be shown that

PR, coszy = CDR e _26—z‘zn
= 5 (ODge + Dy )
— % ((izm)™ 0™ B ot (i20) + (—izn) " 0™ By m_ay1 (—i21))
= % (izn)" ™ (Brm—at1 (120) + (=1)" E1pm—at1 (—izn)) .

Relation Between Riemann-Liouville and Caputo Derivatives

If « ¢ Nand ¢ is a function for which the CAPUTO fractional derivatives “D, ¢ of order
« > 0 exist together with the RIEMANN-LIOUVILLE fractional derivatives #2Dg, ¢, then, in

accordance with (1.7), they are connected with each other through the following relations

m—1

Do () = "D ) = 3 g as D _aﬂ)n'f—a,wherem:[am,
k=0

Rabah Djemiat 10 Mohamed Boudiaf University of M’sila



1.3. Caputo Fractional Order’s PDEs

then
Dy (n) = "Dgp (), if ¢ (0) = ¢ (0) =+ =™ (0) = 0.

1.3 Caputo Fractional Order’s PDEs

Partial differential equations (PDEs) with fractional order have recently become a valu-
able tool for modeling numerous tangible incidents that science attempts to explain and
have approached more frequently in recent years. Their application spans studies of vibra-
tion and control, signal and image processing, and modeling earthquakes, among others
(Diethelm 2010 [20], Kilbas et al. 2006 [28], Podlubny 1999 [36], Samko et al. 1993 [39]).

Exact solutions of fractional-order’s PDEs are crucial for rendering many qualitative
features of natural science processes and phenomena fathomable, where become obtainable
using various methods including the residual power series, symmetry, spectral, Fourier
transform, similarity, etc. (for more details see [1} 2,16} 19, 30| 42, 45]).

What is a CAPUTO fractional-order’s partial differential equation?

To answer this question, we present the following two definitions.

Definition 1.7 (Caputo FDEs). CAPUTO fractional differential equations is a relationship of the
type

“Disp () = f (.9, “Dpte, ‘Dz, “Dizg ), (111)
where the variable n € R, and the fractional derivatives of order o, as, s, . . . of the unknown
function ¢ at the point 1. Here “Dg,  presents a CAPUTO fractional differential operator of order

a> o > oy > ... > 0.

Definition 1.8 (Caputo FPDEs). CAPUTO fractional order’s partial differential equations are space

or time fractional Defined by the following relation

0fw=F (xl,:pg, o tw, (FA)M w, 0w 0“%)...) s> >ag > ... >0, (1.12)

L 5 | -

where (—A)®" defines the fractional Laplacian operator [29] and the symbol 0%w is the CAPUTO
left-sided fractional derivative of order o.. With

amw a o . Tm—« amw

o or Ofw = 0w =1 S

(63 _ (63 — m—o
djw =0 w=1,

where w = w (x,t) is a scalar function of the time t > 0 and space variables x € (a,b)" , and a,b
may be finite constants or infinitie. The symbol IO presents the RIEMANN-LIOUVILLE fractional

integral of order .
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1.4. Different Solution Forms For Caputo FPDEs

1.4 Different Solution Forms For Caputo FPDEs

Sometimes to prove that the FPDEs accept at least one or only one solution, the FPDEs
are converted into an FDEs of form and then the solution of the form is said to be the
solution of the given FPDEs.

What are the methods available to convert FPDEs into a form FDEs?

To answer this question, we present the following ways

Traveling wave Solutions

Traveling wave solution is important in application because it allows modeling the
dynamics of many problems in physics, chemistry, engineering, medicine, economics,

control theory, etc. We propose solutions in “Traveling wave” form for FPDEs as follows
w(z,t) =exp(a(t))p(n), withn =z — kt, and k € R*, (1.13)

the function a (¢) depends on time ¢, and the basic profile ¢ are not known in advance and

are to be identified.

Example 1.10. Let x € R* and a (t) = —r?*t, we consider the space-fractional wave equations of

higher order as follows

0? 0
a—:zﬁ2a—w,form—1<a§m€N*, (1.14)
:LvOé
then the transformation reduces the partial differential equation of space-fractional order

to the ordinary differential equation of fractional order of the form

“Dyip(n) = w20 () + 269" (n) + " (n), (1.15)

For more details about using the method "traveling wave” to convert FPDEs into a form
FDEs , see page[I7in chapter two.

Example 1.11. Let 7,p,k,¢,6 € R%, p,g,m € Rand a(t) = —%215, we consider the space-

fractional equations of nonlinear acoustics as follows
Tyt + pwy — K20%w — 600w, = F (2, t, w, Wy, Wy, Waw, (wi),,) , for 1 < a <2, (1.16)

with F is a nonlinear continuous function that is invariant by the change of scale . It gives us

2

F (l’, t, W, W, Wity Weg (wt)xx) = €xp (_%t) (5/€f (777 2 90/7 90”) - "{37—90/”) )
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1.4. Different Solution Forms For Caputo FPDEs

where f: [0,¢] x C x C x C — C s a continuous function, then the transformation reduces
the partial differential equation of space-fractional order to the ordinary differential equation
of fractional order of the form

“Dgi o (n) = pe () + a¢' (n) +me" (n) + f (0,0 (), ¢ (n) " (), (1.17)

For more details about using the method "traveling wave” to convert FPDEs into a form
FDEs (1.17), see page [28|in chapter three.

Traveling Profile Solutions

Traveling profile solutions (see [11]]), plays an important role in modeling all scientific
tields: computer science, physics, biology, medicine... Because it contributes to the study of
complex problems by transforming them into simple problems. We suggest finding the
solution for FPDEs in the following “traveling profile” form
x —b(t)

a(t)

The functions a (t), b (t) and ¢ (t) depends on time ¢ and the basic profile ¢ are not known

w(x,t)=c(t)p(n), withn = , fora # 0. (1.18)

in advance and are to be identified.

Example 1.12. Let k € R*, we consider a diffusion equation of moving fractional order as follows
Ow 0%w
P K/_,
ot Oz
then the transformation reduces the partial differential equation of space-fractional order
to the ordinary differential equation of fractional order of the form

(1.19)

Do (n) = ap (n) + By’ (n) +v¢' (n). (1.20)

For more details about using the method "traveling profile” to convert FPDEs into a form
FDEs , see page 43| in chapter four.

Radially Symmetric Solutions

Radially symmetric solutions (see [9, 10, [15} 25| 43]), are extremely useful solutions in
different fields of physics and pure mathematics because they model phenomena that are
independent of the scale of measurement. We propose solutions in “radially symmetric”

form for FPDEs as follows

w(x,t) = |z ¢ (n), withn = |z|" ¢, and u,v € C. (1.21)
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1.5. Fixed Point Theorems

Example 1.13. Let k € R* and p,q € R, we consider a multidimensional nonlinear time and

space-fractional reaction-diffusion/wave equation as follows
0w — kK Aw=F (t,x,w,ﬁtﬂw, (—A)Sw> ,for0<s<1l<f<a<2, (1.22)

with F is a nonlinear continuous function that is invariant by the change of scale . It gives us:
s _ 452
F (t, z,w, 07w, (=4) w) = | (f (n, @ ()¢ (), “Dgre (n )) — (n))

where n = \x|_% tand f : [0,¢] x Cx C x C — Cis a continuous function, then the transformation
reduces the partial differential equation of space-fractional order to the ordinary
differential equation of fractional order of the form

Do () = po () + ang (1) + f (.0 ()& (1), “Difeio (m) ) (1.23)
For more details about using the method “radially symmetric” to convert FPDEs into a form

FDEs , see page|57|in chapter five.

1.5 Fixed Point Theorems

In the remainder of this section, we introduce the notations, definitions and theorems

necessary for this study.

Definition 1.9 (Equicontinuous [4]). Let E be a BANACH space. A part P in C (E) is called

equicontinuous if
Ve>0,30 >0, Vii,mp € E,VAE P, |lmn —maf <d= [ A(m) — A(np)|| <e.

Theorem 1.1 (Ascoli-Arzela [23]). Let E be a compact space. If A is an equicontinuous, bounded
subset of C (E) , then A is relatively compact.

Definition 1.10 ([23]). Let E be any space and A a map of E, or of a subset of E, into E.
- The map A is called a contraction mapping if there exists k € (0, 1) such that

Vo,p1 € B, || Ap — Api|| <kl — ol
- A point ¢ € E'is called a fixed point for Aif Ap = .

Theorem 1.2 (Banach’s fixed point [23]). Let P be a non-empty closed subset of a BANACH space
E, then any contraction mapping A of P into itself has a unique fixed point.

Theorem 1.3 (Schauder’s fixed point [23]). Let E be a BANACH space, and P be a closed, convex
and nonempty subset of E. Let A : P — P be a continuous mapping such that A (P) is a relatively
compact subset of . Then A has at least one fixed point in P.
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CHAPTER 2

EXISTENCE OF TRAVELING WAVE
SOLUTIONS FOR A FREE BOUNDARY
PROBLEM OF HIGHER ORDER SPACE

FRACTIONAL WAVE EQUATIONS

This chapter has been publication in: Journal of Applied Mathematics E-Notes 22 (2022), (see [22]).

2.1 Introduction

%his chapter investigates the problem of existence and uniqueness of solutions under

the traveling wave forms
w (z,t) = exp (—K’t) ¢ (z — Kt), with k € R*, (2.1)

for a free boundary problem of higher-order space-fractional wave equations as follows

Ofw=rw, kER" m—1<a<meN-{0,1,2}, (2.2)
with
Olw, a=méeN,
a?w - x m—a—1 gm
I,Z;‘_a@g@wzr(m;_a)fm(x_ﬂ aaT—mw(T,t)dT, m—1<a<meN*,

It does so by applying the properties of Schauder’s and Banach’s fixed point theorems.
Where the basic profile ¢ are not known in advance and are to be identified and

w = w (x,1) is a scalar function of a space and time variables (z,t) € Q2 with

Q={(z,t) e Rx[0,T]; st <z < X}, forT >0and X > |k|T.
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2.2. Main Results

The higher-order space-fractional wave equation becomes the wave equation for
a = 2 and the fourth-order wave equation for a = 4, (see [44]). This was, with a second
member, the first model of surface waves in shallow water that takes into consideration
the balance between the nonlinearity and dispersion, thus, keeping the wave’s shape; it is
properly termed currently the ‘Boussinesq paradigm with a second member. This balance
bears solitary waves that behave like quasi-particles, these waves behave as particles called
Solitons. This concept can be crucial for the interpretation of the dualism wave-particle in
physics.

This method permits us to reduce the fractional-order’s PDE to a fractional differ-
ential equation. This approach is very promising and can also bring novel results for
other applications in fractional-order’s PDEs.

Throughout the rest of this chapter, we have m > 3 is a natural number and

m—1<a<m,T>0and X > |k|T for some r € R*.

(2.3)
and J = [0,/] with ¢ = X + |x|T.

2.2 Main Results

Statement of the Free Boundary Problem

In this part, we first attempt to find the equivalent approximate to the following free

boundary problem of the higher-order space-fractional wave equation

02w = k2w, (z,t) € Q,
w (kt,t) = coexp (—K%*t), cy € R, (2.4)
Okw (kt,t) =0, ke{l,2,...,m—1},

under the traveling wave form

w(z,t) = exp (—K’t) ¢ (n), withn =z — kt . (2.5)

Main Theorems
Now, we give the principal theorems of this work.

Theorem 2.1. Let o, s, T, X € R, be the real constants given by (2.3). If
(X + k| T)* [ 2(X +|K|T) || + = 1) + K> (X + |5 T)Q} <I'(a+1), (2.6)

then the problem has at least one solution in the traveling wave form (2.5).
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2.3. Compute of Traveling Wave Solutions

Theorem 2.2. Let o, s, T, X € R, be the real constants given by (2.3). If
D(a4+1)>a(X + & T) QX + |6 T) |k +a—1)

and
k(X + || T)" _
T(a+1)—a (X +|&T)* QX + |k T) || +a—1)
then the problem admits a unique solution in the traveling wave form (2.5).

1, (2.7)

2.3 Compute of Traveling Wave Solutions

First, we should deduce the equation satisfied by the function ¢ in (2.5) and used for the

definition of traveling wave solutions.

Theorem 2.3. The transformation reduces the partial differential equation problem of space-
fractional order to the ordinary differential equation of fractional order of the form

“Dgeo(n) =gm), neJ, (2.8)

where
g(n) =r* () + 260" () +¢" (n),

with the conditions
©(0) = coand o™ (0) =0, fork € {1,2,...,m —1}. (2.9)

Proof. The fractional equation resulting from the substitution of expression in the
original fractional-order’s PDE (2.4), should be reduced to the standard bilinear functional
equation (see [37]).

First, for n = v — xt, we get n € J and

djw =exp (—k’t) g (n), (2.10)
with
g(n) = w0 (n) + 260" (n) + " (n).

In another way, for £ = 7 — xt, we get

axw—I‘(m—oz)/mf@ 7) 5o dr
_ &Xp (_’%2?5) ! m—a—1 ™
—m/o (n—2¢) dé—mw(f)df
= exp (—Kt) “Diro () - (2.11)
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2.4. Existence and Uniqueness Results

If we replace (2.10) and (2.11) in the first equation of (2.4), we get
“Dip () =g (n).
From the conditions in (2.4), we find for each k € {1,...,m — 1} that

w(kt,t) = exp(—rt) ¢ (Kt — kt) = exp (—£*t) p (0),
Pw(kt,t) = exp(—k’t) o™ (Kt — Kt) = exp (—K%t) o™ (0),

which implies that
©(0) =coand ™ (0) =0, fork € {1,2,...,m —1}.

The proof is complete. 0

2.4 Existence and Uniqueness Results

In what follows, we present some significant lemmas to show the principal theorems.

Lemma 2.1. The problem (2.8)-(2.9) is equivalent to the integral equation

o) = cot 1)/0n(n—£)a_19(§)d§,vn€<f,

[ ()

where g € C (J,R) satisfies the functional equation
g(n) = & (co+ 59 (n) + ¥ (g (n)),
with ¢ : R — Ris a function satisfying
Y (g (n) = 26I5 g () + L g (n) -
Proof. Using Theorem and applying Zg to the equation (2.8), we obtain
I5. “Dgrp (n) = Lgvg ().

From Lemma 1.1, we simply find

a Cryo = (p(k) (O> k *
L. "Dy (n) = ¢ (n) = o m—1<a<méeN.
k=0 '
Substituting (2.9) gives us
v (n) = co+Igvg (). (2.12)
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2.4. Existence and Uniqueness Results

As
¢ (1) = 5 (o + Teg () =59 0
and ,
¢ (n) = pre (co+ 59 (m) =I5 %9 (n)
then

g(m) = K n)+2k¢' (n) +¢" (n)
= & (o + Teg () + 26T g (n) + T5 g (1)
= I{2<CO—|—I§+Q( )) ( ( ))

Otherwise, starting by applying Dy, on both sides of the equation (2.12) and using
the linearity of Caputo’s derivative and the fact that “DS,. ¢y = 0, we find easily (2.8).

Furthermore;
p(0) = (c0+Z5:9) (0) =
e®(0) = Io7%g(0) =0, forany k € {1,2,...,m — 1}.
The proof is complete. L

Theorem 2.4. If we put
P la20)k] +a—1)+£*] <T(a+1), (2.13)
then the problem (2.8)—(2.9) has at least one solution on .J.

Proof. To begin the proof, we will transform the problem (2.8)—(2.9) into a fixed point

problem. Let us define

Au() = ot s / -6 g6 de. (2.14)
where
g(n)=r*u(n)+¢(gm), nel,
with

b (g () = 2wT57 g (n) + L5729 () -
We first notice that if ¢ € C'(J,R), then Au is indeed continuous (see the step 1 in this

proof); therefore, it is an element of C'(J,R) , and is equipped with the standard norm

[ AU, = sup [Au ()] .
nedJ
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2.4. Existence and Uniqueness Results

Clearly, the fixed points of A are solutions of the problem (2.8)-(2.9).
We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem (see
[23]). This could be proved through three steps.

Step 1: A is a continuous operator.

Let (u,), .y be a real sequence such that nlggo u, =uin C (J,R). ThenVn € J,
"(n—&)*
A () — Au ()] < / el (€~ 9 (0 ae. (2.15)
where
{ gn (1) = K2un () + ¢ (gn (0)) |
g(n) = r*u(n) +¢ (g (1)
We have
g9n () —g ()| = | (un (n) —u(n)) + ¢ (g (n)) — ¢ (g (n))]
< K = ullo + 26| T5 ! (90 () — g ()] + |Z552 (g0 (0) — g ()] -
As
-1 1 g a—2
o7 (g () — g ()] < m/ (- ) 190 (&) — 9 (€)] ¢
Eafl
< m\lgn—glho
and
a—2 < 1 K a—3 d
T2 e -s )] < fmmg [ 0=l (©) - g (el
< T gl
- I'(a—1)"" e
< Sl ol
Then we get
l9n — glloe < K? [Jun —ul| + - (%ILFE'J b gn — 9l -

According to 1} we haveI' (o) — (472 (20 |k| + a — 1) > "‘i% > 0, thus

KT ()
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Since u,, = u, we get g, — g when n — oo.

Now, let ;2 > 0 be such that for each ) € J, we get

lgn (M| < 1, g ()] < e

Then, we have

O =gl < g )+l )]
20 ool
= m(n—f) :

For each n € J, the function £ — F—Q(a&) (n — &) " is integrable on [0,7], then the

Lebesgue dominated convergence theorem and (2.15) imply that
| Au, (1) — Au (n)] = 0as n — oo,

and hence

lim ||Au, — Aul| = 0.
n—oo
Consequently, A is continuous.

Step 2: According to (2.13), we put the positive real

K20
> (1
r—( +F(a—l—l)—60‘_2[04(26\ff|—i—oc—l)—i—/i?f?])‘CO|

and define the subset H as follows
H={ueC(JR):|ul| <r}.

It is clear that H is a bounded, closed and convex subset of C' (J,R) .
Let A: H — C (J,R) be the integral operator defined by (2.14), then A (H) C H.
Indeed, we have for eachn € J

lg (n)] = | (n) + ¢ (g(n))]
0072 (20 || + o — 1)
e [

< & u(n) +

According to (2.13), we get I' (o) — ¢*2 (2( || + @ — 1) > 0 and

2
lgll.. < wT{a) "
® T () =220 k| +a—1)
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2.4. Existence and Uniqueness Results

Then
1 i _
A ()] < |Cof+m/0 (n— € |9 ()] de
K“ZT K a—1
S|CO|+F(Oz)—EO‘—2(2€|/@|+04—1)/0 (n=&)"de
£ 2y
S““+r¢n—m4@mm+a—n
K20
< |eo| +

T(at+1) — a2k ta—1)

K20
< ‘CO, <1 + F(a—l—l)—ﬁ"‘*z[a(%\n|+a—1)+f€252]>
K24
1+ T

a+1)—04=2[a(2f|k|+a—1)+Kr2£2]
K20
Tt et 2@n+a-1)"

<.

Then A(H) C H.

Step 3: A (H) is relatively compact.
Letny,m € J,my <19, and u € H. Then

Au ()~ Autm)| = s | [ m =0 Mo ©de = [T -0 g€ ae
S T R TR PG
) "m0 o )
SIXa)—ﬂ*;ZZMM+a—J){Am’m2_£Wy_
(m — &) dé + / (12 — &)~ d&} : (2.16)
We have
(=€ = = 9" == T (om0 = o = €)7).
then

1

/Om (12 — )" = (m — 7| d¢ < ~ 02— m)* =+ (s —np)],

we have also
72 _ 1 o 1 o
[ s = =2 o 17 < )

m
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Then (2.16)) gives us

K27 (2 (2 — )™ 4+ (5 — 1))
(a+1) —ale=2(20 5| +a—1)

| Au () = Au ()] < ¢
As 11 — 1y, the right-hand side of the above inequality tends to zero.

As a consequence of steps 1 to 3, and by means of the Ascoli-Arzela theorem, we deduce
that A : H — H is continuous, compact and satisfies the assumption of Schauder’s fixed
point theorem [23]. Then A has a fixed point which is a solution of the problem (2.8)-(2.9)
on J. The proof is complete. O

Theorem 2.5. Ifwe put I' (o + 1) > al® 2 (20 |x| + a — 1) and

K20~

C(a+1)—ale2(20|k| +a—1)
then the problem (2.8)—(2.9) admits a unique solution on J.

<1, (2.17)

Proof. In the previous Theorem 2.4, we transformed the problem (2.8)-(2.9) into a fixed
point problem (2.14).
Let uy,us € C (J,R), then

Aus (n) = Aus () = —— / "= 7 (g (€) — g0 (6) de.

I' ()

Where

gi (n) = K%ui (n) + ¢ (g: (),

¥ (g: (n)) = 2wT57 i () + L5 2g: (n) , fori =1,2.
Also

1 n o1
Aus () = Aus ()] < s [ 1= o (€)= s (©) . 218)
We have
kT (@)
g1 — g2l < T{a) = (o2 (20 x|+ o = 1) Jur — ual| -

From we find

K20

_ < — .
I = Avellos < Ty ot @ 1 a -1y 1~

This implies that by (2.17), A is a contraction operator.
As a consequence Banach’s contraction principle (see [23]), we deduce that A has a
unique fixed point which is the unique solution of the problem (2.8)—(2.9) on J. The proof

is complete. O
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2.5. Proof of Main Theorems

2.5 Proof of Main Theorems

In this part, we prove the existence and uniqueness of solutions of the following free

boundary problem of the higher-order space-fractional wave equation

02w = K2%w, (z,t) € Q,
w (kt,t) = coexp (—K%*t), cy € R, (2.19)
Okw (Kt t) =0, ke{l,2,...,m—1},

under the traveling wave form
w(z,t) = exp (—K°t) ¢ (n), withn =z — xt. (2.20)

Proof of Theorem 2.1]
The transformation (2.20) reduces the problem of the higher-order space-fractional wave
equation (2.19) to the ordinary differential equation of fractional order of the form

“Dgio(n) =g (), 2.21)

where
g(n) =r>0(n)+26¢" (n) +¢" (n),

with the conditions
©(0) =coand ™ (0) =0, fork € {1,2,...,m —1}. (2.22)
From we get { = X + |«| T, then the condition (2.6)
R2(X + |6 D) +a(X + |6 T)* 2 2(X 4 |&|T) |kl +a—1) <T(a+1),

becomes
KA+l (2 k| +a—1) <T(a+1),

which is the condition (2.13).

We already proved the existence of a solution of the problem (2.21I)—(2.22) in Theorem
provided that holds true. Consequently, if holds, then there exists at least
one solution of the problem of the higher-order space-fractional wave equation under
the traveling wave form (2.20). The proof is complete.

Proof of Theorem

Based on Theorem we use the same steps through which we proved Theorem
to prove the existence and uniqueness of a traveling wave solution to the problem (2.19),
provided that the condition holds true. The proof is complete.

Rabah Djemiat 24 Mohamed Boudiaf University of M’sila



CHAPTER 3

EXISTENCE OF TRAVELING WAVE
SOLUTIONS FOR A CAUCHY PROBLEM OF
JORDAN-MOORE-GIBSON-THOMPSON
EQUATIONS

This chapter has been sent for publication.

3.1 Introduction and Statement of Results

Un this chapter by applying the properties of Schauder’s and Banach’s fixed point the-
orems we examine the existence and uniqueness of solutions under the traveling wave
forms for a free boundary problem of space-fractional Jordan-Moore-Gibson-Thompson

(JMGT) equation as follows
TWyt + pwy — /128§w — 005w, = F (2,1, w, wy, Wi, Wy, (W) ), fOrl < a <2, (3.1)

this equation results from modeling high-frequency ultra sound waves and which describe

sound propagation in thermo-viscous elastic terms, with

g0 { 2w, a =2,
Z‘w =

I’zt—aagw _ 1 fzt (z — 7)1’°‘ %w (r,t)dr, 1<a<2,

r2—a) Jr

where the unknown scalar function w = w(x, t) of a space and time variables (z,t) € 2 with
Q={(z,t) e Rx[0,T]; st <ax </(}, forT >0and ¢ > kT,

denotes an acoustic velocity.
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3.1. Introduction and Statement of Results

The fractional JMGT model exhibits a variety of dynamical behaviors for solu-
tions, which heavily depend on the positive physical parameters in the equation. To be
specific concerning model (3.1), « stands for the speed of sound, and 7 denotes the thermal
relaxation in the view of the physical context of acoustic waves. Moreover, the parameter
0 concerns the diffusivity of the sound carrying. See the works of Moore, Gibson and
Thompson [31], and Jordan [26], for a detailed insight into their derivation and physical
background, and [27, 34, [13] for a selection of results that account for their mathematical
analysis.

The space-fractional equation appears as a generalization of the Kuznetsov equa-
tion (3.2) (see [17]), for y =1, 7 =0and a = 2,

Wy — /<;28§w — (58%% = F(x,t,w,w, Wy, Wee, (Wi),,) - (3.2)

Both equations and are used as models in what is called nonlinear acoustics,
and that deals with finite-amplitude wave propagation in fluids and solids and related
phenomena. See the books of Beyer [12] or Rudenko and Soluyan [38].

Note that for F' = 0 and o = 2, the PDE represents the Moore-Gibson-Thompson
equation:

292 2
TWyt + MUy — K @Cw — (58xwt = O,

which have recently been approached from various points of view. The study of the
controllability properties of Moore-Gibson-Thompson type equations can be found for
instance in [14, 31].

We define the Cauchy problem for 1 < a < 2 as follows

Twyt + pwyy — k200w — §0%wy = F (1, t, w, Wy, Wi, Wa, (We),,) s (x,t) € 9,
(A)(JJ,O) = Wo (.T), Wi (x,O):wl (CE), Wit (l’,O) = W2 (I), wo, w1, w2 € C, (33)
w (Kt,t) = coexp (—%t) , We (Kt 1) = (wy), (Kt t) =0, k>0, ¢ €C,

where 7, i, 5,6 € R and F': 2 x C x C x C x C x C — Cis a nonlinear function.
The major goal of this work is to determine the existence and uniqueness of the

fractional-order’s partial differential equation (3.1), under the traveling wave form
2

w(z,t) = exp <—%t> ¢ (x — k), withk,0 € R (3.4)

The basic profile ¢ is not known in advance and is to be identified.
This method permits us to reduce the fractional-order’s PDE to a fractional differ-
ential equation; the idea is well illustrated with examples in our chapter. This approach

(3.4) is promising and can also bring new results for other applications in FPDEs.
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3.1. Introduction and Statement of Results

For the forthcoming analysis, we impose the following assumptions
(A1) F is a continuous function that is invariant by the change of scale (3.4). It gives us
2

F (.t w,w, Wi, Wag, (W) ,,) = €XP (—%t) ((S/{f (n, 0,0, ") — 537_%0///) 7 (3.5)

wheren =z — st and f : [0,¢] x C x C x C — C is a continuous function.
(A2) There exist three positive constants 3, v, A > 0 so that the function f given by (3.5)

satisfies
|f(777U,U,w)—f(77>ﬂ,17>w)’ Sﬂ’u_a|+7‘v_m+)\‘w_w‘a VB,’}/,)\>0,

for any u,v,w,w,v,w € C.

(A3) There exist four nonnegative functions a, b, ¢,d € C ([0, /] ,R, ), such that
|f (w0, w)] < a(n) +b(n)ul +c(n) o]+ d(n) Jw|, Vi €[0,],

for any u,v,w € Cand n € [0, /].
We denote by w the positive constant defined by

Clg+~+alm+ Al Llg+c |+ alm+d
W = Ina. )
=T (a + 1) =T (a + 1)

Where ¢ = ’g—j (% — 2,u>, m=5 <3T6H2 — M) , and

* *

a* = sup a(n), b* = sup b(n), ¢ = sup c¢(n), and d* = sup d(n).
n€(0,] n€l0,4] n€l0,4] nel0,4]

Throughout the rest of this chapter, we give J = [0, /] and p = % <T—“2 — u) :

Now, we give the principal theorems of this work.

Theorem 3.1. Assume that the assumptions (A1) — (A3) hold. If we put w € (0, 1) and

€a+1

w (5 )+
I'(a+2)(1—w)

<1, (3.6)
then, there is at least one solution of the Cauchy problem on 2 in the traveling wave form (3.4).

Theorem 3.2. Assume that the assumptions (Al), (A2) hold. If we put w € (0, 1) and

s (ZE—u)+5
r(;+<26)(1—)w) ‘<1’

ga—i—l

(3.7)

then the Cauchy problem admits a unique solution in the traveling wave form on .
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3.2 Compute of Traveling Wave Solutions

Our initial aim is to infer that the function ¢ in (3.4) satisfies an equation that is employed

in the definition of traveling wave solutions.

Theorem 3.3. If the assumption (Al) holds, then the transformation reduces the partial
differential equation problem of space-fractional order to the ordinary differential equation of

fractional order of the form
Dyl =gm), el (3.8)
where
g(n) =pe () +a¢’ (n) +me" () + f (0,0 ()" (n),¢" (),
with the conditions

¢ (0) = co and ¢’ (0) = ¢" (0) = 0. (3.9)

Proof. The fractional equation resulting from the substitution of expression (3.4) in the
original fractional-order’s PDE (3.3), should be reduced to the standard bilinear functional
equation (check [9} 10, 15, 25,132,137, 43]]). First, for n = v — xt, we get n € J and

TWit + pwy = — eXp (—%t> (0 (pe (n) + a¢' (n) +me" () + K*7¢" (n)) . (3.10)

On the other hand, for { = 7 — xt, we get

0w /I (z — 1) 0w (1, t)d
or*  J, T(2—a) Or? !

() [
(5 12

—exp (~55t) “Pev (). 311)

and

0wy /”” (z — 1) " 0w, (7, t)d
or  J, T'(2—a) 072 !

ﬁ%) /t %dd_; (*%m — wt) + wg (7 — mf)) dr

(
. (_%Qt> (n_ /0 (=& P (©) 0 /0 (n— &> dp(e) d€>
(

5 Jy T(2—a) d& Fr3—(a+1) d&

K2 ”20 o Crya+l
—5t) 5 Pore(n) +r"Dg e ) ). (3.12)
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If we replace (3.5), (3.10), (3.11) and (3.12) in the first equation of (3.3), we get

Do (n) = g ().

From the conditions in (3.3), we find

2

w (Kt t) = exp (—%t) o (1t — Kt) = © (0) exp (—%Qt) ,

also
K> 2
n ot = xp (=) 't ) = ' O exp (5.

and

li2 KJQ

(wr), (kt,t) = — (7%0/ (kt — Kkt) + K" (Kt — mf)) exp (_7t>
/{:2 / iz /{:2
= — (780 (0) + ke (0)) exp (_Tt) ,
which implies that
¢ (0) =coand ¢’ (0) = ¢" (0) =0

The proof is complete. O

3.3 Existence and Uniqueness Results

Lemma 3.1. Assume that f : J x C x C x C — C is a continuous function, then the problem
(3.8)—(3.9) is equivalent to the integral equation

! )/On(n—f)“g(ﬁ)dﬁ, e

@(n)zco—i‘m

where g € C (J, C) satisfies the functional equation
g () =p(co+I5 g m) +v (g (),
with ¢ : C — C is a function satisfying
v (g () = aZgvg () +mIgg () + f (n,co + L3 g (n), Zgvg (n) , Zgi "9 (n) -
Proof. Using Theorem and applying Z;" to the equation , we obtain

Iyt O Dy e (n) = T g (n).
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From Lemma we simply find

1
I ODS o (n) = ¢ (n) — co —ny' (0) — 277290” (0).

Substituting gives us

() =co+Ig(n). (3.13)

As
d
¢ (n) = & (co+ I3 g () =I5 g (n)

and

d2 a+1 a—1

" (n) = ot (co+Zsg () =23 g (n),

then

g = pe ) +ae () +me" () + f (0,0 (), ¢ (n),¢" (n))
= plao+I5"g(m) +aZvg (n) + mIg g (n)
+f (777 Co + Igjlg (77) JI&LQ( 71-(?-&- lg )
= pleo+Zg g () +¢ (g ().
Otherwise, starting by applying “Dj' on both sides of the equation (3.13) and using

the linearity of Caputo’s derivative and the fact that “Dg'cy = 0, we find easily (3.8).

Furthermore;

@ (0) = (co+Zyg) (0) =co
o™ (0) = I35 g (0) = 0, foreach k = 1,2.

The proof is complete. O

Theorem 3.4. Assume the assumptions (A2), (A3) hold. If we put w € (0, 1) and

ot p + b

Tlat2)(l-w) ~ (3.14)

then the problem (3.8)—(3.9) has at least one solution on J.

Proof. To begin the proof, we will transform the problem (3.8)—(3.9) into a fixed point

problem. Let us define

Auln) = o+ e [ =€ a e (.15)
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where

with

g(m) =pu(n)+v(gm), ne

V(g () = qZyeg (n) +mI g (n) + f (n,u(n), Z5g (n) . Lo g (n)) -

As the assumptions (A2), (A3) hold, we notice that if ¢ € C'(J,C), then Au is indeed

continuous (see the step 1 in this proof); therefore, it is an element of C'(J,C), and is

equipped with the standard norm

[ Aull o, = sup [Au (n)].
nedJ

Clearly, the fixed points of A are solutions of the problem (3.8)-(3.9).
We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem (see

[23]). This could be proved through three steps.

Step 1: A is a continuous operator.

Let (uy), .y be a real sequence such that lim u, = vin C (J,C). Then Vn € J,

n—oo

Ay () = Au )| < s [ 0= @ =g (@lde (316
where
{ In (1) = pun () + 1 (gn (1)) ,
g(m) =pu(n) +v(g(n).
We have
lgn (M) —g ] = |p(un(m) —un)+ @ (9. () =¥ (g(n))]
< p+ Bl lun — ull o + g+ |Z5+ (90 (n) — g (0))]
+|m+ AZ5 (gn (n) — g ()] -
As
1 ot
T3, (g (1) — g ()] < W/ (1= )" (g0 (€) — 9 ()] de
ga
< TlatD gn — 9l
and o1
Z67 (gn (m) — g ()] < ﬁ 19 — 9l -
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Then we get
Clg+ ]+ alm+ A
low =0l < 1Bl =l + =R e
< [p+ Bl lun = ull o + @ lgn = gllc -

Asw € (0,1), thus

lp+ O]
190 — 9lloe < —= llun —ull, -
()

Since u,, = u, we get g, — g whenn — oo.

Now, let z > 0 be such that for each 7 € J, we get

lgn (M| < 2, |lg(0)] < 2.

Then, we have

(n—&)° (n—9)°
Tarn -9l < go77y lo Ml +lg )]
2z o
NCES)) (n—&)".
For each € J, the function £ — —F(jil) (n—¢&)” is integrable on [0,7], then the

Lebesgue dominated convergence theorem and (3.16) imply that
|Au,, (1) — Au (n)] = 0 as n — oo,

and hence
lim ||Au, — Aul| = 0.
n—oo

Consequently, A is continuous.

Step 2: Using (3.14), we put the positive real

a*(ott ['(a+2)(1—w)
*ZO“*rm+mu—m>FW+mu—m—WHm+M’

and define the subset H as follows

H={ueCC): ul, <r}.

It is clear that H is bounded, closed and convex subset of C (.J, C).
Let A: H — C (J,C) be the integral operator defined by (3.15), then A (H) C H.
Indeed, we have for eachn € J

lg (M| = |pu(n) +v(g(n))
<a +p+b|lun)|+ =gl -
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Then, we get
a*+p+0|r
Il < 52—
w

Thus

A < fal + oy | =97l @1

ot gt p bt r

<
_|CO|+F(a+2) -
*ga—f—l €a+1 b*
< ‘Cof + “ ‘p + |T
1-@Tl(a+2) (1-w@)Tl(a+2)

a*patl I'(a+2)(1—w)
< (|CO| + (1*W)F(a+2)> (1—) (0t 2)— T L [prb¥| potl |p + b*| ,
- (1-=)l(a+2) —

(1—@)[(a+2)—LoF 1 [p+b*| (1—w)'(a+2)
<.

Then A(H) C H.

Step 3: A (H) is relatively compact.
Letny,ne € J,m1 < me,and u € H. Then

Au )~ Aulm)l = gy | [ =00 ©d = [ -7 g @)
S L R TG
e Ol e
< e [ - 0 — o - €071
+ /77 77 (ny — ) dg] . (3.17)
We have
(=€) = (n =€) = = g [m = 97 = (m = 9],
then

m 1
/o 02 = €)% = (m = )% 6 < g [0 =)™ (™ =)

we also have

" [0 1 [e 2 1 a
[ =l 0™ < g )™
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Thus (3.17) gives us

2 (n — )"+ (e — ™) (

[ Au (n2) — Au ()| < [(a+2)(1—m)

a*+[p+b7r).
The right-hand side of the latter inequality tends to zero when 7; — 1.

As a consequence of steps 1 to 3, and through Ascoli-Arzela theorem, we infer the
continuity of 4 : H — H, its compact nature and its satisfaction of the assumption of

Schauder’s fixed point theorem [23]. Therefore, A has a fixed point which solves the

problem (3.8)—(3.9) on J. O

Example 3.1. If we choose 7 = 1, p = 3, o = %,5 =2, kr=1and { = 1, we get Q) =
{(z,t) e R x [0,1]; t < x < 1}. Consequently, the considered problem will be stated as follows

3 3
Wit + 3wy — OFw — 208wy = F (2, t, w, wy, Wity Waa, (Wt)m) , (z,t) € Q,

w(z,0) =wo (x), w (x,0) =wi (x), wy (z,0) =wy (2), wo, w1, wy € C, (3.18)
w(t,t) = coexp (—3t), wy (t,1) = (wy), (t,1) =0, ¢ € C,

where

F (2, t,w, wy, wi, We, (W), ) = In(zt+e—t—1) [Qexp(—%t) +%|W|+|Wt|+|wxx”
) Uy Wy Wy Wity Wy tzx) — 26Xp (x_%t) [eXp (—%t)+%|w|—}—‘wt|—}—|wzx|:|

+ 2wtt + 2 (wt)m .

The transformation

w(z,t) = exp (—%t) v (n), withn =z —t,

reduces the partial differential equation problem of space-fractional order to the ordinary
differential equation of fractional order of the form

5 9 3

g(n) =—15° 0 = gso’ (n) — Zw” () +f (e ¢,¢"), nel01],

with the conditions
¢ (0) = coand ¢’ (0) = ¢" (0) = 0,

where
N andm——§
p= 16761— 3’ B
and
, oo Im(n+e—1)[24 + |¢’ + |¢" 1 , r,
F o o) = (n )24+ le ()] + ¢ (n)| + v (n)‘]+—w(n)+s@(n)+—s@ ().

dexp (n) [1+ e ()| + ¢ ()] + " (0)]] 4 2
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Because In (n + e — 1), exp (n) are continuous positive functions Vn € [0, 1], the function f is

jointly continuous. Then

| —1)12 1 1
n(nte—1)[24 Jul + o] + Ju] +-u+v+-w, ne€l0,1], u,v,w e C.
dexp (n) [1+ |u| + |v| + |w]] 4 2

f<n7u7v7w> =

Clearly, the function f is jointly continuous. For any u,v, w,u,v,w € Cand n € [0, 1], we have

o 1 .9 3 _
|f<n>UaU7UO _'f(n7u7v7u0|f£ 5|u'_'u|+_Z’U'_-U|+_Z|U)__Uﬂ‘
Therefore, the assumption (A2) is satisfied with
1 5 3
ﬂ-—»ﬁ, Y= Z'andlk—— Z.
Also, we have
1 -1 1 1
| (1w, 0,w)] < “ZHT(”)) (2+ [l + ol + ]} + 3 [ul + o] + 5 o]

Thus, the assumption (A3) is satisfied with

a(n) = B L,
b() = M 44,
() = e 1,
\ d(n) - 1rlll(g)jloe(;)l) + %
We also have X . 5
TepVepesp =y

with

14 4 * d*
w:sup{ g+l +alm+ A Llg+c|+alm+ \} VT

_ VT g,
=T (at1) ' ol (afl) 6r

And the condition

€a+1

If3 Th:z *
ﬁ(?“ﬂo+b _ 3T
Fa+2)(1-w)  30m—5y7

1.

It follows from theorem that the Cauchy problem has at least one solution.

Theorem 3.5. Assume the assumption (A2) holds. If we put w € (0, 1) and

p+ B
1-o)l(a+2)

<1, (3.19)

then the problem (3.8)-(3.9) admits a unique solution on .J.
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Proof. Theorem 3.4 states that (3.8)—(8.9) can be rendered a problem of a fixed point (3.15).
Let uy,us € C (J,C), then we get

Au 1) = Aus () = oy [ 0= (09— 2 €0
where
9: (n) = pui (n) + ¢ (gi (), fori=1,2,
¥ (g: () = 4Zgg: () +mIgT g () + f (i (), Zgvg: (), Zg g (n)) -
Also
. n
A () = A ()] < s [ 0= 711 (€ = e (©) . (3:20)
We have
o1~ gl < P50y —
From we find
*p+ B

| Aur — Aus|| <

(1—@)F(Oz+2) Hul _u2Hoo'
Thus, according to (3.19), A is considered a contraction operator.

Banach'’s contraction principle (see [23]) helps us infer that .4 has only one fixed point
which is the unique solution of the problem (3.8)-(3.9) on .J. O

Example 3.2. If we put 7 = 2, p = 8, a = %,5:3,m: Land { = %, we get Q =

{(z,t) e Rx [0,1]; t <z < T} . Thus, the studied problem will be written as follows
7 7
2wyt + 8wy — Ofw — 307wy = F (xatuwuwtawttaww:m (wt)m) ) (517775) €,
w(z,0) =wp (), w (z,0) =wi (x), wy (x,0) = ws (), wo, w1, ws € C, (3.21)
w(t,t) =coexp (—3t), wy (1) = (wy), (t,1) =0, co € C,

where Q = {(z,t) e R x [0,1]; t <z < 5} and

3exp (—2t) cos (z — 1)

F(m7t,w,w,w 7w ,(CU) ):
ty Wity Wazy \Wt) gy exp(—%t)+§|w|+|wt|+|wm|

+ 3wtt ‘I— 3 (wt)

xx )’

The transformation
1 .
w(z,t) = exp <—§t) v (n), withn =z —t,

reduces the partial differential equation problem of space-fractional order to the ordinary
differential equation of fractional order of the form

23 )

g(n) = =220 () = 3¢/ () = 20" (n) + (9.0, "), m e 0,5
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with the conditions
¢ (0) = coand ¢’ (0) = " (0) = 0,

where
23 5
= —— = —— g _2
P 51 ¢ 3 and m ,
and
cos (1) 1 2, 2,
fm e ¢ ¢") = + o)+ ¢ (n)+ 59" ().
L+]om|+ ¢ m|+le" ()] 9 3 3

Because cos (n) is continuous positive function Vn € [0, %] , the function f is jointly continuous.
Then

cos (1) 1 2 2
LU, VW) = +-—u+-v+-w, ne|01], uv,weC.
v, w) = o ) Tt Tt g e 0
Clearly, the function f is jointly continuous. For any u,v, w,u,v,w € Cand n € [O, g} , we have

10 5) 5)

Therefore, the assumption (A2) is satisfied with

Also, we have

:€|q+7|+a|m+)\| _ %(%)

< 1.
(=T (o + 1) T ()
What remains is to show that the condition
ol (7 5)
~0.345 < 1,

I'ao+2)(1—-w)
is satisfied. It follows from theorem|3.2|that the Cauchy problem has a unique solution.

3.4 Main Theorems’ Proof

This section demonstrates the proof of the existence and uniqueness of solutions of the
given Cauchy problem for a space-fractional JMGT equation of nonlinear acoustics, which
is

Twi + pwy — K20%w — 0%y = F (@, t, w, W, Wity Waa, (wr),,) s (2,1) € Q,
w(z,0) =wo(x), w(2,0) =wq (), wy (2,0) = wy (x), wo, w1, we € C,  (3.22)

2

w (kt,t) = cpexp <—%t) , Wy (Kt t) = (wy), (Kt t) =0, k>0, ¢ €C,
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under the traveling wave form

2
w(z,t) = exp <—%t) ¢ (x — kt), withk,0 € R, (3.23)

Proof of Theorem 3.]
Assume the assumptions (A1) — (A3) hold. Using transformation (3.23)), the Cauchy
problem (3.22)) is reduced to fractional order’s ordinary differential equation of the form

“Dslo(m) =g, neJ, (3.24)

where

g(m) =pp () +qe (n) +me" () +f(n,0m),¢ (1), (1)),

K3 [ TK? k% [ 31K? k ((3TK?
S ) B ) i3 (), om

along with the conditions

with

¢ (0) = cpand ¢’ (0) = " (0) = 0. (3.26)

By using (3.25), the condition (3.6)) is equivalent to (3.14), which is

4+ b
I'(a+2)(1—-w)

Therefore, after proving that problem (3.24)—(3.26) has a solution in Theorem 3.4/ when (3.14)

holds, we can similarly prove the existence of at least a solution of the Cauchy problem for

<1, withw € (0,1).

the space-fractional JMGT equation of nonlinear acoustics under the traveling wave
form (8.23). This can be achieved if holds. The proof is complete.

Proof of Theorem

Similarly to the steps that we followed during the proof of Theorem the existence
and uniqueness of a traveling wave solution to problem is demonstrated using
Theorem provided that the condition holds true. The proof is complete.

3.5 Explicit Solutions

In this section, we present some explicit solutions on the traveling wave form of the
Cauchy problem (3.22)
Solution 1: Let p,g.m € R,y > 1and §,7,A € R}, for 1 < a < 2, we get
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which represents a solution of the problem (3.24)—(3.26), where

F o). ¢ (). ¢" () = % P

Then the solution of problem (3.22) is presented as follows

pe (1) —q¢' (n) —me" (n).

2

w(z,t) = exp (—%t) (x — wt)",

where
27KS 3Tkt 27 kKA
F (2t w, w, Wi, Wy, (Wt)m) =5 w+ 52 W + pwy — Twm + K27 (W) o
k? \ 0kl (y + 1) a1
) T g
*eXp( ; ) Tly—a) "

Solution 2: Let p,g,m € R,y € Cand 3,7, € R, for 1 < a < 2, we get

¢ (n) = sin (yn) —yn,

which represents a solution of the problem (3.24)—(3.26), where

133701

fmom), e (), ()= —59 " (Bra—a (iyn) + Eva—a (=iyn))—py (M) —q¢’ (n)—me" (n) .

Where E 4, (1) is the function of Mittag-Leffler type. Then the solution of problem (3.22)
is presented as follows

w(z,t) = exp (-%) [sin (yo — yxt) — y (z — &t)].

Where
F (2,t,w, wy, W, Weg, (Wt)m) = —§y (x — Kt) exp —?t By o (ty (z — Kt)) + tht
3 — Kt 3—aE Y o — Kkt 2
_Y (z — wt) Laa (Y (@ — Kt)) exp (—li—t> + K27 (W) 10
2 )
3teS K Skir 2K
+ <? _ ?) w 4 (7 — T) Wy — OKMWay

Solution 3: Let p,g € R,y € Cand §,7,A € R% , for 1 < a < 2,we get

¢ (n) = 2cos (yn) + y*n*,

which represents a solution of the problem (3.24)—(3.26), where

fem),¢ n),¢" (n) = —%y?’n“ (Bra—a (iyn) — Era—a (—iyn))—pe (n)—q¢’ (n)—me" (n).
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Where E; 4, (1) is the function of Mittag-Leffler type. Then the solution of problem (3.22)
is presented as follows

K> ) K> 2
w(z,t) =2exp _Ft cos (yxr — ykt) + y~ exp _Ft (r — Kt)".

Where

1 o K2 .
F(z,t,w, wy, Wi, Wag, (W) ) = —§y3 (z — Kt)* ¥ exp (_Ft> Ey 4o (1y (x — Kt))

- 2
— %y?’ (x — /it)?’_a exp <—%t) Ei 4o (—iy (z — Kt))

27KS 3rk! 27k4 )
+ w + Wy + iy — ——Way + KT (W), -

03 62 o
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CHAPTER 4

ANALYTICAL STUDIES ON THE GLOBAL
EXISTENCE AND BLOW-UP OF SOLUTIONS
FOR A FREE BOUNDARY PROBLEM OF
TWO DIMENSIONAL DIFFUSION
EQUATIONS OF MOVING FRACTIONAL
ORDER

This chapter has been sent for publication.

4.1 Introduction

C@his chapter particularly addresses and discusses some analytical studies on the
existence and uniqueness of global or blow-up solutions under the traveling profile
forms for a free boundary problem of diffusion equations of moving fractional order as
follows

Ow=rOgw, kER*, m—1<a<meN-{0,1}, 4.1)

where 0jw = Z/'y*0;"'w, with b is a real function of time ¢. Also w = w(z,?) is a scalar

function of a space and time variables (z,t) € Q2 with
Q={(z,t) eRx[0,T]; b(t) <z <al(t)+b(t)},

a(t) > 0foranyt € [0,7] and 7" may be an infinite or a finite positive constant.

It does so by applying the properties of Schauder’s and Banach'’s fixed point theorems.
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The equation becomes the transport equation for a = 1 and the linear dispersive
equations of Airy type for o = 3.

Therefore, for m = 2, the space-fractional diffusion equation becomes a space-
fractional heat equation, in which the existence problems of its self-similar solutions and
its scale-invariant solutions have been discussed in [15},132, 9].

Our main goal in this work is to determine the existence, uniqueness and main proper-
ties of the global or blow-up solution in time of the fractional-order’s PDE (4.I), under the
traveling profile form (see [11} 46]]), which is

x—b(t
w(z,t)=c(t)p ( a(t)( )

the functions a () , b (t) and ¢ (¢) depend on time ¢ and the basic profile ¢ are not known in

) , witha,ce R, b € R, (4.2)

advance and are to be identified.
This method permits us to reduce the fractional-order’s PDE (4.1) to a fractional differ-
ential equation; the idea is well illustrated with examples in our chapter. This approach

(4.2) is very promising and can also bring new results for other applications in FPDEs.

4.2 Main Results

Throughout the rest of this paper, we have J = [0,1] and m — 1 < a < m, withm > 2
is a natural number, k € R* and \, 3,7, co,c1 € R. Also the functions a (t), b(t) and ¢ ()
depend on time ¢ given by (4.2).

Statement of the Free Boundary Problem

In this part, we first attempt to find the equivalent approximate to the following free

boundary problem of the diffusion equation of moving fractional order

Ow = KOSw, (z,t) € Q, Kk € R*,
b(t),t) = coc (), e R,
w(b(t),t) COC()t o 4.3)
00 (b(1) 1) = 123, ¢ €R,
\8§w(b(t),t):0,k:2,3,...,m—1, for m > 3,
under the traveling profile form
, z=b(t) .
w(z,t)=c(t)p(n), withn = and a,c € R, b € R, (4.4)

where
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Main Theorems

Now, we give the principal theorems of this work.

Theorem 4.1. Let a (t), b (t) and c (t) be three real functions of time t, given by the traveling profile
a(t) b(1) ﬂu <T(a+1), (4.5)

form #4). If
. N
%] a(t)] |a(?) c(t)

then the problem has at least one solution in the traveling profile form (4.4), which is global in

time when a (t) > 0, and it blows up in a finite time

a' = (t)

aa(t)

-+

O<t<T=—

when a (t) < 0and é(t) > 0.

Theorem 4.2. Let a (t), b(t) and c (t) be three real functions of time t, given by the traveling profile

form . If we put O“T:‘(t) ( a0 | 4 | ) <I'(a+1)and

a(t) a(t)

é(t)

a%(t) |et)
sl | e(t)

Mo+ 1) - 2450

x|

(4.6)

a(t) b(t)

<1,
a(t) a(t) )

then the problem admits a unique solution in the traveling profile form (4.4), which is global in

time when a (t) > 0, and it blows up in a finite time

al=>(t)

aa(t)

+

O<t<T=-—

when a (t) < 0and ¢ (t) > 0.

4.3 Compute of Traveling Profile Solutions
We should first deduce the equation satisfied by the function ¢ in and used for the
definition of traveling profile solutions.

Theorem 4.3. The transformation reduces the partial differential equation problem of space-
fractional order to the ordinary differential equation of fractional order of the form

“Deo(n)=g(n),neJ, (4.7)
where
g (n) =Ap(n)+ (Bn+7) ¢ (),
with the conditions

{ ©(0) = co, ¢ (0) = ¢y, forany m > 2, 48)

©® (0) =0, k=2,3,...,m— 1, form > 3,
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where

(A B,7) = aa;t) <é(t) —Z(t) —b(t>) , for some X\, 3,y € R. (4.9)

Proof. The fractional equation resulting from the substitution of expression (4.4) in the

original fractional-order’s PDE (&.3), should be reduced to the standard bilinear functional

equation (see [11]). First, for n = (t() ,wegetn e Jand
0w (2.0) = £(6) (1) = (1) i (1) = () 21 1) (4.10)

In another way, we get for a (t) { =7 — b (t) that
kOpw (z,t) = KI)H 0w (,t)
r m 1—a d™m (T—b(t))
T —T) dr
/b(t a7\ (1)
K

ety e
— Sl - @ de

— ke (t)a (1) “DEe i (1) @11)
If we replace (#.10) and (4.11) in the first equation of {.3), we get

o) = 0 (ﬂso(n) - ﬂ?w’ (n) - it;so' <n>>

K c(t) a(t a(t
= Ap(n)+Bn+)¢ (n)
= g(n).

From the conditions in (4.3), we find for each k € {1,...,m — 1} that

W), = ey (W[—tf“)) — o (0)e (),

which implies that
¢ (0) = co, ¢ (0) = ¢; and ™ (0) = 0, forany k € {2,...,m — 1}.

The proof is complete. O

4.4 Existence and Uniqueness Results of the Basic Profile

In what follows, we present some significant lemmas to show the principal theorems.
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Lemma 4.1. The problem (4.7)-(4.8) is equivalent to the integral equation
v (n) = co+cn+Igg (n), Vn e J. (4.12)
where g € C (J,R) satisfies the functional equation:
g(m) = Xeo+ e +Igg(m) + (B +7) (er + Z57 g (0) -
Proof. Using Theorem and applying Z, to the equation (4.7), we obtain
5. “Divep (n) =I5 g (1)

From Lemmal(1.1} we simply find

c =« p®) (0) &
I3+ “Dorp (n) = o (n) — o m-l<as<meN.
k=0 ’
Substituting gives us
@ (n) = (co+an+Iggn)). (4.13)
And
d _
¢ (n) = dn (co+en+Ign) =a+Iy g (),

then

g(m) = Xpm)+Bn+v)¢ (n)
= Meo+an+I&gm)+ Bn+7) (a+Zy g (n) .

Otherwise, starting by applying “Dg; on both sides of the equation (4.13) and using the
linearity of Caputo’s derivative and the fact that “Dg, (o + ¢1n) = 0, we find easily (4.7).

Furthermore;
¢(0) = (co+an+I5g)(0)=co
¢ 0) = (a+I57g) (0) =
o™ (0) = Ig‘;kg(O):(), forany k € {2,...,m — 1}.
The proof is complete. O

Theorem 4.4. If we put
a (Bl + )+ A <T(a+1), (4.14)

then the problem (4.7)—(4.8) has at least one solution on J.
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Proof. To begin the proof, we will transform the problem (4.7)-(4.8) into a fixed point

problem. Let us define

1 " a—1
Aum»—%+qn+fzglgm—§> g (€) dt. (4.15)

where

g () =u(n)+ (Bn+7) (e + I3 g () -
We first notice that if g € C (J,R), then Au is indeed continuous (see the step 1 in this
proof); therefore, it is an element of C' (J,R) , and is equipped with the standard norm

[ Aull o, = sup [Au (n)].
neJ

Clearly, the fixed points of A are solutions of the problem (4.7)-(4.8).

We demonstrate that A satisfies the assumption of Schauder’s fixed point theorem (see

[23]). This could be proved through three steps.

Step 1: A is a continuous operator.

Let (uy), oy be a real sequence such that lim u, = vin C (J,R). ThenVn € J,

Aun ()~ Au()] < [T g, (6 - g 0 de @16
where
{gn(n) Xy () + (B +7) I8 g (1) 4

g(n) =u(n)+ Bn+v) I g ().

We have
9a () —g ()| = |A(wn (7)) —u(m) + (Bn+1) L7 (gn (1) — g (0))

< Mun = ull o + (181 + WD) |Zg " (g (n) — 9 ()] -

As

1 n 02
g UL R CEIGIE

IN

— F( ) n oo !

then

18]+ |
n - <)\ n n - .
o = 9l < N =+ g = ol
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According to (4.14), we have I’ (o) — 8] — |y] > £ |A] > 0, thus

AT
lgn — gl < =@
T — 18—

Since u,, = u, then we get g, — g asn — oo.

Now, let ;2 > 0 be such that for each ) € J, we get

lgn (M| < 1, g ()] < e

Then, we have

A R Tt IR P TR
20 ool
S T

For each n € J, the function £ — F—%{% (n—&)*""is integrable on [0, 7], then the

Lebesgue dominated convergence theorem and (4.16) imply that
| Au,, (n) — Au ()] — 0as n — oo,

and hence
lim [|Au, — Aul|, = 0.
n—oo

Consequently, A is continuous.

Step 2: According to (4.14), we put the positive real

Al
[(a+1) = (a (18l + 1)) + A

2 (14 ) Gl + e,

and define the subset H as follows
H={ueC(J,R):|ul|l  <r}.

It is clear that H is a bounded, closed and convex subset of C' (J, R).
Let A: H — C (J,R) be the integral operator defined by (4.15), then A (H) C H.

In fact, we have

gl < =N

) 417
= T(a)— 15—l ®17)
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Then
]- K a—1
LAuon|S|%|+|q\+j;GﬁlA (- &) g (€)|d
< leo| + o3| + — M) |
= YT T(a+ )T (a) - (8] -
_ (leol +ex]) (1 + r<a+1>—(a‘<%|+w|>+|x|)> A7
- 1+ e D=GIsTRIT Flat D) —a(sl+hl)
< F(Oé+1)—(04(|5|+\7|)+|)\|)r Al 7
Cla+1)—a(lB]+ ) Lla+1)—a(|B]+ 7))
<r.

Then A(H) C H.

Step 3: A (H) is relatively compact.
Letny,ne € J,m1 <19, and u € H. Then

MuWﬂ—AMmH—cmr+FéyAWerf*g@Mé

—qm—ﬁaAm%—GWE@M4

<lei| (n2 —mu) + ﬁ /Om (2 — O = (m — &) g(&)]dé
1 2 o1
+f@14<m—o 19.(6)] de

1

<fel =)+ e | [ o= -

— |8
o=+ [ m—gr df} . (4.18)
m
We have p
1
(=& = (m -6 "= Tade [(n2 = &) = (m = &)°],
then

Ui B 1 o N N
[ Mo =077 = =" s < % (o =)+ (55 =),
we have also

[ s = = e - 91 < )

m

Then (4.18) gives us

|Au (n2) — Au (m)] < |ea] (92 —m) + AT (2 (2 —m)" + (5 —nf))

I'a+1)—a(|Bl+ 7))
As 1y — 15, the right-hand side of the above inequality tends to zero.
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As a consequence of steps 1 to 3, and by means of the Ascoli-Arzela theorem, we deduce
that A : H — H is continuous, compact and satisfies the assumption of Schauder’s fixed
point theorem[1.3] Then A has a fixed point which is a solution of the problem ([&.7)-(4.8)
on J. The proof is complete. O

Theorem 4.5. If we put |5 + |y| < T («) and

Al
[(a+1) —a(lBl+ 1)

then the problem (4.7)—~(4.8) admits a unique solution on J.

<1, (4.19)

Proof. In the previous Theorem [4.4} we transformed the problem ({#.7)—(4.8) into a fixed
point problem (4.15).
Let uy, uy € C (J,R), then

Aus (n) — Aus () = ﬁ / =07 (01 (6) — g2 () de,

where
i (1) = Mu; (n) + (B + ) L5 gi (n) , fori=1,2.
Also
A () = Awa ()] < o [ 0= 9" lon (€) — s (©) (420)
1 77 2 T/ = F(a) 0 n g1 g2 . .
We have
18] + 1

— < I\ — — .
|91 92Hoo_’ | || UzHoo+ T (a) |91 g2Hoo

As |8 + |y] < T («) , we obtain

o —gall . < —— L)
© < Fla)y =18 =] *
From (4.20) we find
s — Aus|. < A s — ul.
=< Flat D) —alf+ 1 x

This implies that by (4.19), A is a contraction operator.

As a consequence of Theorem using Banach’s contraction principle [23], we deduce
that A has a unique fixed point which is the unique solution of the problem (4.7)-(4.8) on
J. The proof is complete. O
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4.5 Proof of Main Theorems

In this part, we prove the existence and uniqueness of solutions of the following free

boundary problem of the diffusion equation of moving fractional order

( Ow = KOSw, (z,t) € Q, Kk € R,
b(t).,t) = t eR
0w (b(t) 1) = 153, ¢ €R,
\8£w(b(t),t):0,k:2,3,...,m—1, form > 3,
under the traveling profile form
L a—b() *
w(z,t)=c(t)p(n),withn = 0 and a,c € R}, b € R, (4.22)
a

withwhere

We denote by (z), the positive part of z, which is z if 2 > 0 and what remains is zero.
Proof of Theorem
The transformation (4.22) reduces the space-fractional diffusion equation in (4.21) to the

ordinary differential equation of fractional order of the form

“Dg.o(n)=gm),ne, (4.23)

where
g(m) =Xp )+ (Bn+v)¢ (1)

and ), 5,7 € R are constant satisfying

(A B,7) = a:(t) (é(t) —Z(t) —b(t>), (4.24)

with the conditions

{ ¢ (0) = co, ¢’ (0) = ¢4, forany m > 2, (4.25)

©®(0)=0, k=2,3,...,m—1, form > 3.

Now, to determine the functions a (t), b (t) and ¢ (), we just solve the system (4.24). If
f =0,wehavea(t) =1and

t>0.

{ b(t) = —knt,

c(t) = exp (kKAL) .
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If 5 # 0, after an integration from 0 to ¢t we get

a(t) = (1—arpb)?, |
b(t) = -1 ((1 — arBt): — 1) ,0<t<T, (4.26)

akfB
_
c(t)=(1—arpt), ",
where 7' > 0 is the maximal existence value of time for the solution w, which may be finite

or infinite. Thereupon, we separate the following cases

1. If k8 <0 (i.e., a (t) > 0), the problem (4.21) admits a global solution in time under the
traveling profile form (4.22); this solution is defined for all t > 0, (i.e., T" = 00).
In addition, for A\g > 0 (i.e., ¢ (t) < 0), we have

lim w(z,t) =0.

t—+o00
2. If kB > 0 (i.e., a(t) < 0), the functions a (¢), b (t) and ¢ (¢) are defined locally and are

well-defined if and only if

l1—a
0<t<T=— - 2"0
akf aa(t)

The moment 7" = a%ﬁ represents the maximal existence value of the functions a (t),
b(t) and ¢ (t). Moreover; if A3 > 0 (i.e., ¢ (t) > 0), the problem admits a solution
under the traveling profile form , which it blows up in a finite time. The solution
is defined for all ¢ € [0,7"), the moment T represents the blow-up time of the solution
such that:

forallz € R, lim w(z,t) = lim c(t)@(x_b(t)> = 400

=T~ =T~ a(t)
We recall that the solution blows up in a finite time if there exists a time 7" < +o0,
which we call the blow-up time, such that the solution is well defined forall 0 < ¢ < T,
while

sup |w (z,t)| = 400, whent - T = —.
z€R akf

By using (4.24)), the condition (4.5) is equivalent to (4.14), which is
a(fl+ ) +IAl<T(a+1).

We already proved the existence of a solution to the problem (4.23)-(4.25) in Theorem
provided that (4.14) holds true. Consequently, if (4.5) holds for any ¢ € [0, 77, then there
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exists at least one solution of the problem of the diffusion equation of moving fractional
order under the traveling profile form (4.22). The proof is complete.

Proof of Theorem

Based on Theorem §.5, we use the same steps through which we proved Theorem {4.1|to
prove the existence and uniqueness of global or blow-up traveling profile solution to the
problem (4.21)), provided that the condition holds true. The proof is complete.

4.6 Explicit Solutions
Example 1: According to the proof of the Theorem 4.1} for 5 = v = 0 and A, k € R*, we get
a(t)=1,b(t)=0and c(t) = exp (kAt).

In this case, for m = 2, (i.e., Space-fractional heat equation), we give new explicit solutions

on the traveling profile form of the problem (4.21) as follows
w (z,t) = exp (KAL) [coEu (Az®) + c12Ea s (A2%)], co,c1 € R,

where E, ,,, (1) is the function of Mittag-Leffler type. The solution defined for all ¢ > 0.
Example 2: We present new explicit solutions on the traveling profile form of the problem
(4.21):

Form > 2, if we put 8, k,cp,c1 € R*, A= (1 —m)fand vy = %, we get that

ci (m —1)! k

is a solution of the problem (4.23)—(4.25). Then the traveling profile solution of the problem
(4.21)) is presented as follows

B = & (m—1)! z—b(t)\"
w(@t) =c(i) Co+kz:;c§_lk;!(m—kz—1)!(m—1)k( a(t) >] (427

where )
a(t)=(1—arpt)s,
b(t) = L ((1—0“@515)%—1), 0<t<T,

akf
c(t) = (1—arBt); .

According to the proof of the Theorem we separate the following cases:
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1. If k8 < 0, the problem (4.21) admits a global solution in time under the form (4.27),

this solution is defined for all ¢ > 0.

2. If KB > 0, the functions a (¢), b (t) and ¢ (¢) are defined if and only if 0 < ¢t < T = -1

akf
and the solution does not blow up in the moment T, because A3 = (1 —m) % < 0.
Moreover;

sup |w (z,t)] — 0, whent - T = —.
z€R akB
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CHAPTER 5

THEORETICAL STUDIES ON THE
EXISTENCE OF SOLUTIONS FOR A
MULTIDIMENSIONAL NONLINEAR TIME
AND SPACE FRACTIONAL
REACTION-DIFFUSION/WAVE EQUATION

This chapter has been accepted for publication in: Memoirs on Diff. Eq. and Math. Physics (2022).

5.1 Introduction and Statement of Results

%his chapter discusses and theoretically studies the existence of radially symmetric

solution

w(t,z) = |z’ ¢ <|x|7§ t) , for |z| =/2x3+ -+ 22, and § € C, (5.1)

for a multidimensional nonlinear time and space-fractional reaction-diffusion/wave equa-

tionas follows
0w — Kk Aw=F (t,x,wﬁtﬁw, (—A)%u) Jfor0<s<l<p<a<?, (5.2)

that enables treating vibration and control, signal and image processing, and modeling
earthquakes, among others other physical phenomena. Additionally, the application of
Schauder’s and Banach'’s fixed point theorems facilitates identifying the existence and
uniqueness of solutions for the selected equation. The applicability of our main results is

demonstrated through examples and explicit solutions.
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Where w = w (t, z) is a scalar function of the time ¢t > 0 and space variables = € R™,
with m € N*. Also F': [0,00) x R™ x C x C x C — C is a nonlinear function, x € R* is a

real constant and

of'w, =n e N*,
afw(t,x):{ He a=n

_ . t (t_T)'rLfafl "
T % 0fw = |, T W (ryz)dr, n—1<a<n.

The symbol (—A)® defines the fractional Laplacian operator [29];

w (t,ﬂf) —w (tv y)
y|m+25

(—A)Y w = C’mﬁP.V./ dy, for 0 < s < 1,

m |x —
where P.V. stands for the Cauchy principal value, and the constant C,, ; is given by
o _ 225 6T (m;2s)

" gm/20 (1 — 5)”

We take the fractional power of (—A) to obtain a positive operator. As a result, our
definition of the fractional Laplacian (—A)’ is the negative generator of the standard
isotropic s-stable Lévy process [29], which is reduced to —A = —9?/0%x; — 0% /0%*xy — - -+ —
0? 0%z, when s = 1.

The Significance of the Equation

Equation is a representation of a large class of linear and nonlinear equations fall
under the name of the fractional reaction-diffusion/wave equation (see table[5.1).

Obviously, the development of accurate mathematical models for the description of
complex anomalous systems depends on swapping the fractional Laplacian with integer-

order Laplacian, e.g.

Fractional equation Formula

Reaction-diffusion/wave [9, 10, [15, 25} 33, 35, 45]] Bu+r* (=AY utc(t,z)u=0
Quasi-geostrophic [16] dv+0. v+ k(=AY v=7f
Cahn-Hilliard [2} 1] dw + (—A)° (—e*Aw + f (w)) =0

Porous medium [2, 1], 19] Oyu+ (—A)* (Ju[™ ' signu) =0
Schrodinger [30] ihdpp = OF (—R2A) ) + ¢ (t,x) ¢
Ultrasound [42] %8,529 = v2) — {T@t (—A)° +1n (—A)SJF%} 0

Table 5.1: Significant equations involving fractional Laplacian
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Problem Statement and Main Results

Let) < s < 1,1 < B8<a<2¢el>0 andT. = lca be such that Q = [0,T.] x
[e/\/m, +0)™ . We consider

0w — K2Aw = F (t,z,w, 00w, (=AY’ w), (t,z) €Q, Kk € R*,
t

) (5.3)
w (0,1’) = |Zl§'| Co, atw (Oa$) = 07 5a Co € (C7

where F': (2 x C x C x C — C is a nonlinear function.
This chapter contribution regards determining the existence, uniqueness, and main
properties of the general solution of stability problems obtained through replacing classical

rules with fractional quadrature rules of the radially symmetric

w(ta) =z’ (|x|—%t) , for |z| = /22 + - +22, and § € C,

the basic profile ¢ is not known in advance and is to be identified.

Taking into consideration the regularization processes, our major aim is employing of
the solutions’ intermediate properties for the fractional order’s PDE’s problem (5.3). We
consider the intermediacy of the multidimensional nonlinear reaction-diffusion equation
and the wave equation.

We illustrate that using analytical techniques to obtain the existence and uniqueness
of weak solutions via the use of form is promising and can also bring new results for
other applications in fractional-order’s PDEs. It permits us to reduce the fractional-order’s
PDE to a fractional differential equation; the idea is well illustrated in this paper
through selected examples and explicit solutions.

For the forthcoming analysis, we impose the following hypotheses

(hyp.1) F: Q x C x C x C — Cis a continuous function that is invariant by the change
of scale (5.1). It gives us

P (1o, (-0 w) = 1o (1 (no 06/ 0, Do) = Lot () 540

where n = |x]_% tand f: J x C x C x C — Cis a continuous function.

(hyp.2) There exist three positive constants v;,72,v3 > 0 so that the continuous function

[ given by (5.4) satisfies
|f (n,u,v,w) — f(n,a,0,0)] <y lu—1a|+ 72 v—0]+ 73 |w— 1w,

for any u,v,w,u,v,w € C.
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(hyp.3) There exist four positive functions a, b, ¢,d € C (J, R, ) such that the continuous
function f given by (5.4) satisfies

|f (n,u,0,w)| < a(n) +00)[ul +c(n) v +dn)|w|,

for any u,v,w € Cand n € J.
A denotes the positive constant defined by

o J OO gt A ol g+ ] +
B 0T (a—B+1)" AT (a—pB+1) |’

where ¢ = 4% (ad + o+ 1+ ™) and

a* =supa(n), b* =supb(n), ¢ =supc(n) and d* =supd(n) .
neJ neJ neJ neJ
Throughout the rest of this chapter, we give p = §x? (§ + m — 2) .

Now, we give the principal theorems of this work.

Theorem 5.1. Assume the hypotheses (hyp.1) — (hyp.3) hold. If we put A € (0,1) and
06K (6 + m — 2) + b
<1,
I—MT(atl)
then, there is at least one solution to the problem on Q in the radially symmetric form (5.1).

(5.5)

Theorem 5.2. Assume the hypotheses (hyp.1), (hyp.2) hold. If we put X € (0,1) and
00K (6 +m —2) + 7]

(1-XMNT(a+1)
then the problem admits a unique solution in the radially symmetric form on (2.

<1 (5.6)

5.2 Compute of Radially Symmetric Solutions

Our initial aim is to infer that the function ¢ in (5.1)) satisfies an equation that is employed

in the definition of radially symmetric solutions.

Theorem 5.3. If the hypothesis (hyp.1) holds, the problem of time and space-fractional order
is reduced by the transformation to the fractional order’s ordinary differential equation of the

form
“Dip(n) =g(n), neJ. (.7)
where
g () = v () + g’ () + f (me (n), & (), “Difrp ()

with the conditions
¢ (0) = coand ¢’ (0) = 0. (5.8)
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Proof. The fractional equation resulting from the substitution of expression (5.1) in the
original fractional-order’s PDE (5.3), should be reduced to the standard bilinear functional
equation (check [9, 10} 15, 25,132,137, 143]]). First, for n = |x|7% t,wegetn e Jand

. 5—2 _ . 4 mao / 4 2
Aw (t,x) = |z <5(5+m 2)p a2<a5+a+1+ 2>ng0+a2n<p . (5.9)

On the other hand, for £ = |x|7% 7, we get

0w 1 t 1—a 0w (1, 7)
8ta—F(2—o¢)/0(t_T> or? ar

o t o d? _2
~ e ), € g () ar
_ |‘(E|572 K l—«a d2
—m/o (n—¢&) d—éﬁs@(f)df
= 2|’ “Df.p () - (5.10)

If we replace (5.4), (5.9) and (5.10) in the first equation of (5.3), we obtain

“Dyo(n)=g(n).

From the conditions in (5.3), we find

w (0,2) = [«[" ¢ (0)

and
0o (0,2) = |~ ¢/ (0),
which implies that
¢ (0) = ¢pand ¢’ (0) = 0.
The proof is complete. O

5.3 Basic-Profile’s Existence and Uniqueness Results

Lemma 5.1. Assume that f : J x C x C x C — C is a continuous function, then the problem

(©.7—(5.8) is equivalent to the integral equation

90(?7)200+ﬁ/0n(n—§)“_19(§)d£, e

where g € C (J, C) satisfies the functional equation

gm) =plco+Zgrg(n) +v(g(n),
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with ¢ : C — C is a function satisfying
v (g(m) = quZs g () + f (n, co+Zieg (). Zg g (n) I3 g (n))
Proof. Using Theorem 5.3} and applying Z; to the equation (5.3), we obtain
I5. “Divip () =T5eg (1)
From Lemma we simply find
5. “Dvip () = ¢ (n) — co — 0’ (0).

Substituting (5.8) gives us

@ (n) =co+Zrg(n). (5.11)
As
¢ () = 5ot Teg ()] = 235 ()
and
“Dyoo(n) = “Dyy [co+ I g ()] = Dy I g () = Lo g (),
then

gm) = pe)+ag (n)+f (77, o (n),¢ (), ‘D (77))
= pleo+I5.9 () +anZsi g (n)
+f (meo+ T () T g (n) T g (n)
= pleo+Igg ) +¢(g().
Otherwise, starting by applying “Dg, on both sides of the equation and using
the linearity of Caputo’s derivative and the fact that “Dg\. ¢, = 0, we find easily .

Furthermore;

2 (0) = (co+I89)(0) = co
F0) = Tig(0) =0,

The proof is complete. L

Theorem 5.4. Assume the hypotheses (hyp.2), (hyp.3) hold. If we put X € (0,1) and

(" |p+ "]
1
I NL(atD)

then the problem (5.7)—(5.8) has at least one solution on J.

(5.12)
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Proof. To begin the proof, we will transform the problem (5.7)-(5.8) into a fixed point

problem. Let us define

Auln) = ot s / -6 g6 de. (5.13)
where
gm) =pu(n) +v(gn), neJ
with

V(g (m) =anZytg () + f (n, co+Isg (). I8 g (n) Ig g (n)) :

As the hypotheses (hyp.2), (hyp.3) hold, we notice that if g € C (J,C), then Au is indeed
continuous (see the step 1 in this proof); therefore, it is an element of C' (J,C), and is

equipped with the standard norm
lAull = sup [Au (n)] .
nedJ

Clearly, the fixed points of A are solutions of the problem (5.7)-(5.8).
We demonstrate that A4 satisfies the assumption of Schauder’s fixed point theorem (see

[23]). This could be proved through three steps.

Step 1: A is a continuous operator.

Let (uy), oy be a real sequence such that lim u, = vin C (J,C). Then Vn € J,

1 -
A, (1) = A ()| < s / (1= )" g (€) — 9 (6)] de,
where
{ dn (77) = Pun (77) + (gn (77)) )

g(n) =pu(n) +v¢(g(n).

We have
lgn () =g (M) = |p(un(n) —u®n) + (@ (ga(n) =¥ (g(n))]
< p+mllun (n) —u(m)| + g+ 7l |Z55" (90 (n) — g (0))]
+13| 5 (90 () = 9 ().

As

75 0 ) = 9 00)] < s I =l
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Wehavel (a+1) >T'(a—p+1)forany 1 < < a <2, then

Z6 (gn () — g ()] < o ) lgn = 9l -

Fa—pF+1

In another way, we have

a—p
73 (o ) = 9 )] < s =y o — -

Then we get

alP—1 ‘€q+’)/2| + Y3 ||
o pFal(a—pB+1) Un

”OO

lgn — 9lloe < 1P+ 7] [t — u|
<Ip+mllun —ull o+ Agn — 9l -

As A € (0,1), thus
lp+ 7
1—A

Since u,, = u, we get g, — g when n — oo.

lgn = 9l < [n = ull

o’

Now, let ;2 > 0 be such that for each ) € J, we get

lgn (M| < 1y g ()] < e

Then, we have

O -9l < 2 g+ o)
20 1
= m(ﬁ—ﬁ) :

The function £ — =& (n — €)' is integrable on [0, 7], Vn € J; thus, what the domi-
(@) &

nated convergence theorem of Lebesgue implies is
|Au,, (1) — Au ()] — 0asn — oo,

and hence

lim ||Au, — Aul| = 0.
n— o0

This indicates the continuity of A.

Step 2: Using (5.12), we put the positive real

s (\coH as (o )(1_)\(1—/\)F(a+1)

(1-MNT(ax+1) )T (a+1) — 0> |p+ b
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and define the subset H as follows
H={ueC(J,C):|ul|,<r}.

It is clear that H is bounded, closed and convex subset of C' (J, C).
Let A: H — C (J,C) be the integral operator defined by (5.13), then A (H) C H.

Indeed, we have for eachn € J

lg (M| = [pu(n) +v(g())
<a’+[p+b0|u(n)]+ gl -

Then, we get
a*+|p+0|r
< —
ol < =7

Thus

A ()] < Jeo] + ﬁ/ (- " g (€)| de

> a*+ |p+br
Tlat+t1) 1-A
a* (> 0 |p+b*|r

<eo| +

<
Slolt T Tar ) T TN T+ D
a*ee (1-MT'(a+1)
- <|CO| + (1—/\)F(a+1)> (A—N(at1)—6° |pro7] 0 |p+b*|r
= (=N (at1) (1-ANT(a+1)

(I=MT(a+1)—£|p+b*|

<r.

Then A(H) C H.

Step 3: A (H) is relatively compact.
Letny,ne € J,m1 <19, and u € H. Then

A () — Au ()] = ——

[ e t@de- [T or o e

=

< ﬁ / U (= €™ — (o — ) 9 (6)] de
1 n2 o1
+m/m (1 — )" g (€)] de
a* + |p + b*’ r m ol a1
< T [ o = 97 = - 977
+/ (72 —6)‘”64 : (5.14)

Rabah Djemiat 62  Mohamed Boudiaf University of M’sila



5.3. Basic-Profile’s Existence and Uniqueness Results

We have

then

2 1
[ s = = e - 91 < )
m
Thus gives us
|AU(772) —AU(U1)| S 2(”2 _771> +(773 _77(11) ((I*+ |p+b*|7“)

['(a)(1=X)

The right-hand side of the latter inequality tends to zero when 7; — 1.

As a consequence of steps 1 to 3, and through Ascoli-Arzela theorem, we infer the
continuity of 4 : H — H, its compact nature and its satisfaction of the assumption of

Schauder’s fixed point theorem [23]. Therefore, A has a fixed point which solves the
problem (5.7)-(5.8) on J. O

Example 5.1. Ifwechoose s =1, =32 a=1 =1 m=2,e=1,r= /& and ( =1, we

27

2
obtain Q = [0, 1] x [\/%, —|—oo> . Consequently, the considered problem will be stated as follows

8t4w — = Aw = <t T,w, Ggw Aw) (x,y) € Q, (5.15)
w(0,z,9) \/m Ow (0, z,y) =0, .
where
TR Gl ]| | 7
Pt ) = o T ) L

= a1 [1 (.. “Dhio ) - 2o ).

with n € [0,1] and

—_m 2 1
exp (=) [2 + |u| + |w]] _1u+§nv,forn€[0,1]-

f(nyu,0,w) = (m+2In(n+e))[1+ul+ w|] 96

Clearly, the function f is jointly continuous. For any u,v, w,u,v,w € Cand n € [0, 1], we get

|f (s 0,w) = f (00,0, @) < Gelu—ul + 5 ]v—v\+ ]w—w|.
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Therefore, hypothesis (hyp.2) is satisfied with

55 1 a1 e — 1
71—96772—2 73—2-
Also, we have
exp (—n) 7 1
< 2 — — .

Thus, the hypothesis (hyp.3) is satisfied with

2exp (—n) exp (—7) 7 1 exp (=)
)= e "W T T emm e e <3 ) = o+ o
Then
a=1,0 —96,0 —2,d =5
and
Y — su alP=1lg + c*| +d* Pt lg + o + 3

- P U T (a—-B+1) T (a—B+1)

~ (.55163

< 1
Condition gives

02 10k? (6 +m — 2) + b*|
(1-XNT'(a+1)
It follows from theorem that the problem has at least one solution on ).

~ (.89557 < 1.

Theorem 5.5. Assume the hypothesis (hyp.2) holds. If we put A € (0,1) and

£ p+ml
1
Tlat) (1N

(5.16)

then the problem (5.7)—(5.8) admits a unique solution on J.

Proof. Theorem 5.4]states that (5.7)—(5.8) can be rendered a problem of a fixed point (5.13).
Let uy,us € C (J,C), then we get

Amon—Awo»zféngm—fw*@ma—gﬂowm

Where g; € C (J,C) be such that

g9i(n) = plco+Igvgi () +¢(gi(n), fori=1,2.
Uloi ) = o (n)+ F (o + Toegs (), Togi (n) T s () )
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Also
1 o
|Amon—Awmns———/‘m—§>1mma—gxem¢ (5.17)
F(“) 0
We have
+
o~ 02l < 22 oy —
From (5.17) we find
0 |p+
A — Augl, < 2L )

©=T(a+1)(1-N

Thus, according to (5.16)), A is considered a contraction operator.
Banach'’s contraction principle (see [23]) helps us infer that .4 has only one fixed point
which is the unique solution of the problem (5.7)—(5.8) on J. O

Example 5.2. Ifweputs=1,8=2 a=30=2m=4,e= {/L n=—/;5and (=%,
=10 Vo=V
we get Q = [0, 1] x [l i/g : oo> . Thus, the studied problem will be written as follows

' 4 2

272

3 5
8§w—iAw:F<t,x,w,6Zw,Aw>, t,xq,...,x4) €
t ! (t.21 ) (5.18)
w(0,21,...,20) =22+ +23), 2(0,21,...,24) =0,

where

7|z cos (\x]_% t) 9
5
(8+tan (|x|—%t)) [W’ + |w| + a;wH 272

5 1
=f (n, 0, ¢, Dy (77)) — 1—777290” (n),

5
F (t, x,w, 0w, Aw) =

withn € [0,%] and

7 cos (1) 9

1 ™
F v w) = e o L+ a + o] 34" T2 e [07 Z] '

As tan (), cos (n) are positive continuous functions for n € [0,Z], the function u is jointly
continuous. For any u,v,w,a,v,® € Cand n € [0,%], we have 2 < cos(n) < 1, and

0 <tan(n) <1,also

9
)~ Fonaoo)l < (545 ) lo-al+ Flo—ol+ 5ol

Hence, hypothesis (hyp.2) is satisfied with

9 T T T

71:3—4+§, 72:§, 73:§a
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and
alP=Vlg + vo| + 3
A ~ (0.40786
=T (a— p+1)
< 1.
What remains is to show that condition (5.6)
o 2 -9
Clor”(0+m=2)+nl _ 99005 < 1.

(1-XNT(a+1)
is satisfied. It follows from theorem 5.2]that the problem (5.18) has a unique solution on €.

5.4 Main Theorems’ Proof

This section demonstrates the proof of the existence and uniqueness of solutions of
the given problem for a multidimensional nonlinear time and space-fractional reaction-

diffusion/wave equation, which is

0w — kK2 Aw = F (t,2,w,0 0w, (=AY w), (t,z)€Q, ke R,
t = F (Lo, (A7), (62) 6519
w(0,2) = |z|° co, 22 (0,2) =0, Jd,co € C,
under the radially symmetric form
w(ta) = [of o (), withy =[] # 1. (5.20)

Proof of Theorem b.1]
Assume that hypotheses (hyp.1) — (hyp.3) hold. Using transformation (5.20)), problem
(5.19) is reduced to fractional order’s ordinary differential equation of the form

Do (n)=g(n), neJ, (5.21)
where
g(n) =pe )+ () + f (n, e (m),¢ (n), Dy (n))
with
4 mao
5.2 _ _ = ey 2
p=0k"(0+m—2) and ¢ a2<a5—|—a+1+ 2)5, (5.22)
along with the conditions
¢ (0) = ¢pand ¢’ (0) = 0. (5.23)
By using (5.22), the condition is equivalent to (5.12), which is
(|p+ b

1, with A € (0,1).
Tar -y b Withre(0.1)
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Therefore, after proving that problem (5.21)-(5.23) has a solution in Theorem [5.4| when
holds, we can similarly prove the existence of at least a solution of the problem for the
multidimensional nonlinear time and space-fractional reaction-diffusion/wave equation
under the radially symmetric form (5.20). This can be achieved if holds. The
proof is complete.

Proof of Theorem

Similarly to the steps that we followed during the proof of Theorem 5.1} the existence
and uniqueness of a radically symmetric solution to problem is demonstrated using
Theorem provided that the condition holds true. The proof is complete.

5.5 Explicit Solutions

Now, we present some explicit solutions on the radially symmetric form of the problem
(5.19).
Solution 1: Let p,q,p € C, for 1 < 8 < a < 2, we get that

¢ (n) =n", withRe (p) > 1,

is a solution of (5.21)—(5.23), where

T T(p-F+1) ¢
F(p—a+1)

f (naw(n),w’ (n), CDéisD(n)) = Do () —pe(n) —ane’ ().

Then the radially symmetric solution of the problem (5.19) is presented as follows
w(t,2) = |of 7 1,

where

_D(p-B+Dw(ta)

20 _g
T(p—a+1)te—ftr o= 7 8w (t, 2) — K Aw (t, 7).

F (t, z,w, 0w, (=A)° w)
Solution 2: Letp,q,p € C, for 1 < f < a < 2, we have

@ (n) = exp (pn) — pn,

which is a solution of (5.21)—(5.23), where

B—a
(e )0 ). Do (0)) = T B Dl () — o () — i o)
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Here, E, s (n) is the Mittag-Leffler function. Then the solution of the problem (5.19) is
presented as follows
_2 2
w(t,x) = |x]‘S (e’”'xl t—plx| e t) ,
where

|x|_6tﬁ_aE1 3—a p|$|_%t CL)(t,l‘)
B ' B
F (t,x,w, O w, (—A)° w) = - : — 0w (t,r) — K*Aw (t, 7).
<€p|x|_at —plzl e 75) B3 (P e t)

Solution 3: Let p,q,p € C, for 1 < 8 < a < 2, we get that
¢ (1) = sin (pn) + cos (pn) — pn,

is a solution of the problem (5.21)—(5.23)), where

oy OB _ 0P 1) Ergoa (ipn) — (141) Evg-a (—ipn)]
Pl ¢ @ Do) = p ) i s i)

—pe(n) —aqny' (n) -

CDngSO (77>

Then the solution of the problem (5.19) is presented as follows
w(t, z) = |z|° (sin (p ]x\fé t) + cos <p \x!f% t) —p |a:|7% t) )
where
2| tPow (¢, 2) OPw (¢, z)
p |x|_% t) + cos (,0 ]x|_% t) —p |x|_% t
_2 : 1
[(2 —1)E15-4 (ip |x| " t> —(14+14) FEi3-a (—@p x| t)]
_2 , B
[(z —1)Ey15-5 (Z,O|SC| a t) —(14+14)Ei13-5 <—zp\:c| o tﬂ

F (t,x,w,@fu}, (—A)Sw> = —k*Aw (t,z) + o ( X
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Conclusion

n this thesis, we have studied the existence and uniqueness of solutions to four problems
for fractional FPDEs with CApuUTO derivative operator:
Firstly, we have discussed the existence and uniqueness of solutions by traveling wave

transformation for higher-order space-fractional wave equations
Olw =K*0%w, kER* m—1<a<meN-{0,1,2}.

Secondly, we have studied by traveling wave forms the space-fractional Jordan-Moore-

Gibson-Thompson equations of nonlinear acoustics
Twig + pwy — K20%wW — 00%w, = F (2, t,w, Wy, Wy, Wz, (wi),,), forl <a <2.

Thirdly, we have discussed the existence of solutions by traveling profile forms for

diffusion equations of moving fractional order
Ow = kOyw, Kk € R™.

Fourthly, we have studied by radially symmetric solution the multidimensional nonlin-

ear time and space-fractional reaction-diffusion/wave equation
0w — K*Aw=F (t,x,w,@fu),(—A)sw> ,for0<s<1<pg<a<?2.

In chosen Banach spaces. For this purpose, we have proposed new methods for trans-
forming FPDEs to fractional order differential equations. We have used several fixed
point theorems such as Banach and Schauder to prove the results. We have also provided
an illustrative example of each of our considered problems to show the validity of the
conditions and justify the efficiency of our established results.

The future prospects are:

1. Research of numerical and analytical methods to solve fractional order partial differ-

ential equations in time and space, more precise than those proposed in this thesis

Rabah Djemiat 69  Mohamed Boudiaf University of M’sila



Conclusion

2. The application of one of these proposed methods to solve the partial differential equa-
tion of fractional order, but with another fractional derivative operator (in the sense

of RIEMANN-LIOUVILLE, of GRUNWALD LETNIKOV, and in the sense of HADAMARD).

3. Study the existence and uniqueness of solutions for some systems of PDEs of frac-

tional order.
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Résumé :

Dans cette these, nous allons discuter plusieurs résultats d'existence et d'unicité de
solutions pour certaines équations aux dérivées partielles non linéaires d'ordre
fractionnaire de type Caputo, avec des valeurs aux limites, valeurs initiales, dans un
espace de Banach, en utilisant le principe de contraction de Banach et le théoreme de
point fixe de Schauder.

Mots clés: Equations aux dérivés partielles fractionnaires, équation différentielle fractionnaire,

derivée fractionnaire de Caputo, point fixe, espace de Banach, probleme aux limites, probleme

de valeurs initiales, existence, unicite.

Abstract:
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In this thesis, we discuss several existence and uniqueness results of solutions for some

%Y

o)
N—=xy/ N—x

nonlinear partial differential equations of fractional order of Caputo type, with boundary
value, initial values in Banach space, we use the Banach contraction principle and
Schauder fixed point theorem.

Key words: Fractional partial differential equation, fractional differential equations, fractional
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derivative of Caputo, fixed point, Banach space, boundary value problem, initial values problem,

existence, uniqueness.
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