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Abstract — The aim of this work is the study of linear fractional differential equations with generalized operators,
represented in the initial values problems whose elements belong to the Banach space, as well as linear differential

equations of the type.

n-1
y(na) +
k=0

a, (0)y " = f(x),

where 0 < a <1 and ag, f are continuous functions. This is through the use of ordinary linear differential

equations techniques.
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I. INTRODUCTION

Ordinary differential equations are considered
one of the oldest branches of mathematics, as it has
its roots in the works of Newton and Leibniz, and
the most important works revolving around this
branch, we find the existence and oneness of
elementary value issues, which are classic works
around which many works revolve (see for
example [3, 11]).

There is another branch that appeared old and
was worked on recently, which is the branch of
fractional differential equations, where it appeared
with the famous question that Leibnitz asked,
which is the definition of the derivative of the
order 1/2, to develop the work with Riemann,
Liouville, Caputo, Hadamard ...

Fractional-order differential equations have been
used in the study of models of many phenomena in
various fields of science and engineering, such as
viscoelasticity, fluid mechanics, electrochemistry,
control, porous media, mathematical biology and
electromagnetic bio-engineering. More details are
available, for instance, in the books Samko et al.
1993 [23], Podlubny 1999 [18], Kilbas et al. 2006

[16], Sabatier et al. 2007 [22], Das 2008 [8],
Diethelm 2010 [9], Mathai and Haubold 2018 [17].

In the year 2011 Katugampola introduced a new
definition of the fractional integral [13], which
generalizes the Riemann-Liouville fractional
integral and the Hadamard fractional integral, and
then introduces the fractional derivative
corresponding to this fractional integral and some
properties (see [14]). Also in a recent paper [2],
Almeida et al. define the Caputo version of the
generalized fractional derivative. More details on
this fractional derivatives mentioned above can be
found in [12, 19, 20].

Many authors have conducted studies on the
problems of elementary values of fractional
differential equations with nonlinear data, but few
of them dealt with linear data, and among those
works we find those related to linear problems of
the Riemann-Liouville pattern (see [7, 21]).

In our work, we will deal with the study of the
existence and the uniqueness of solutions of the




fractional differential equations with Caputo-
Katigampula type according to the following
methodology: In section one, we give some
preliminaries according the generalized operators,
and some important spaces. In section two, we
study linear fractional differential equation with
initial value condition, whose solutions belong to a
Benach space, which generalizes the study
presented in [2]. In the section three, we will deal
with high-order fractional differential equation,
attached to elementary values that enable us to
return them to a differential equation of fractional
order with one initial value condition, to be studied
as in the second section. Finally, we present a
practical method for finding solutions of a linear
fractional differential equation with constant
coefficients, with some examples.

II. PRELIMINARIES

In [13], the author introduces a fractional
integral operator. Next, in [14] he gave a fractional
operator derivative. After that, in [2] the authors
introduced a new derivative operator in the Caputo
type. In this section, we give some notions
properties for those operators and special
functional spaces.

Let [a,b] (0 < a < b < +) be an interval of
the real axis R,c € R and p such that 1 <p <
+oo. All functions in this paper considered real-
valued functions. Let , p be positive real numbers,

d
wesetd = x -
Definition 2.1 [16]

i) AC|a, b] is the space of primitive Lebesgue
integrable functions, i.e there exists ¢ € L'(a, b)
such that

b
F() = f(a) + f ().

ii) AC"[a,b], m€N) is the space of
functions f which have continuous derivatives up
to order n on [a, b] such that f™*~V € AC[a, b]. In
particular AC*[a, b] = AC[a, b].

iii) ACs,[a,b], (n €N) is the space of
measurable functions f on (a, b) such that x? f (x)

has § — derivative up to order n — 1 on [a, b] and
6" Y(xPg(x)) € AC[a, b].

In particular ACg’p [a,b] = ACs p[a, b].
iv) XP(a,b) is the space of Lebesgue
measurable functions f on (a,b) which || f || xP<
oo, with

1

b P
IIfIIX5= (f |tcf(t)|p> (1<p< ),

and

Il f lixeo= ess sup x¢|f(x)|.

asx<b
Now, let f € X (a, b).
Definition 2.2 [13] We define a generalized
fractional integral operator by

tP~1

1) = foes | Gy @

where F(a)=f0+°° e tt%1dt, is the Euler

gamma function.

Definition 2.3 [14] We define a generalized
fractional derivative by

n

d %4
DELF) = (x' =) @)

a—-n+1 d tp—l t
= —p (xl_p —) P Z(a2n+1 dt,
'h—a) dx) J, (xP —tP)

n .x

where n = [a] + 1.

Definition 2.4 [2] We define a generalized
fractional derivative with Caputo-type by

“DIPf(x)
= D[ (x)

-1 (1-p 4" _opk
‘Z (x d;!) f(@ (xp ap> |

p

k=0
Incase 0 < o < 1, we have
“DILf(x) =D [f(x) - f(@)]:
Theorem 2.1 [12,19] Let a,p > 0 andn =
[a] + 1. If f € AC§ y[a, b] then

d n
DI F) =0 9 (2 ) G0



a-n+1  ,xtP~ 1(t1 P—) f(@®
F(n—a)f at

xp — tp)a -n+1

Theorem 2.2 [12,19] Let a,3,p > 0 and n =
[a] + 1,m = [B] + 1. If f € AC5 ™ [a, ] then

CEDYDELFY() = (CDEPP 1) ().

Definition 2.5 [2] The Mittag-Leffler function
with dependence with two parameters ¢ > 0, >
0 is defined by the series

xk
E = Z ——, x€C(,
ap(*) Tak+p)
k=0
in particular

Eq1(x) = Eq(x), E;(x) =e”.
Proposition 2.3 [2] For A, x € C we have

(‘DY Eo)(A(xP — aP)®)
= Ap%E (A(xP — aP)?).

III. CAUCHY PROBLEM FOR A LINEAR VECTORIAL

FRACTIONAL DIFFERENTIAL EQUATION

In this section, we give a study of existence and
uniqueness of solution of a differential equation of
fractional order with initial condition. This study
informs us in the following paragraph that is
concerned with the existence and unity of the
solution of a linear differential equation of higher
order with initial conditions on the solution and its
successive derivatives.

Let E be a reflexive Banach space with a norm ||
g, and C([a,b],E) the space of continuous
functions from [a, b] to E, with the norm

I F lleqapysn= sup Il Fx) llg.

asxs<b

We use the notations XZ - (a, b),
ACgla, b], ACga, b], AC§ , g[a, b] for the spaces of
the vector functions from [a, b] in E. We can then

generalize the notions of fractional derivatives and
integrals to the preceding sense.

The following results are immediate
generalizations of the results obtained in [2], [19].

Theorem 3.1 The ﬂz;p is linear and bounded
from C([a,b],E) to C([a,b],E), i.e

I I5PF Neqann< Kap I F lcape)-

p~4(bP—a’)

where K, , = @D

Theorem 3.2 Leta,f,p >0andn =[a]+1, m=
[B] + 1. Assume that there exists k such thatk — 1 <
a+ B <k IfF € AC§ , z[a,b] then

CEDE CDELF)(x) = (CDIPPF) ().

Let A€ L(C([a,b],E)) and B € C([a, b],E), we set
I AN=IA llgcqapey and | B I=11 B lc(a,p).E)-

Consider the vectorial fractional differential equation
with initial condition

{(CD LY)(x) = A(x).Y (x) + B

Ve = 3.1)

where 0 < a < 1.

As in [2], the problem (3.1) equivalent to the
following Volterra equation

Y(x) =Y, + 3% (A.Y + B)(x). (3.2)

It should be noted that the initial condition
Y(a) =Y, can be replaced by any other initial
condition Y (x,) = Y, where x, € [a, b][.

The following theorem assure the existence and
uniqueness of solution at the equation (3.2),
consequently the problem (3.1).

Theorem 3.3 The problem (3.2) have a unique
solution in the space

€.([a,b],E) = {F € C([a,b], E); DXF

€ C([a,b],E)}.

Proof. We shall proof the existence of solution in
C([a, z]). For this, we consider (¥;,) the sequence
defined by

YO(x) = Ya)
vn=>0; Y,1(x)=Y, +I P(A.Y, + B)(x).
We will show by induction that

Y (x) = Yot (%) llp=

— aP)ne,

vn=>1, Vx € q,b];
P MEIAIM T (IANYGIE+IBI) - p
I'(na+1) (x




First, we have

17,0 = Yo@) ;= NI (AY,+B)(0) llg

< (MANLNY I+ B IDIE 1
P *(IANNYa N g+IBID (xP — aP)®

I'(a+1)

Assuma that forn > 1

Y () = Yoa (%) llp=

F(na+1)

Then

" Yn+1(x) - Yn(x) "E

Hence, Y is a solution of (3.2).

Now, let Y1,Y? two solutions of (3.2), hence
T =Y! — Y2 is a solution of the problem

{(CDZ‘;”T) (x) = A(x).T(x)

e = o (3.3)

Using the same arguments as before, we obtain
Vx € [a,b]; T(x) = 7Z;p(A.T)(x).
Hence;
vx € [a,b]; IIT(x) llg<

IEELNAC) Mgl TCx) Nl

ap
Mg+ TA(Y, = Yo)]CO) lg Using the integral form of Gronwall’s

< AN (Y, = Yooy) (Wnkguality, we deduce that T = 0,
7™ 1AM UANYg Ig+IBI) ;a,p
< FarD) I+ (ova2)¥;.

p~ DX A (ANY, Iz +IBI)

r'((n+1)a+1)
Now, we look that

vn=>1, Vx €ab]; | V(x) =11 Y, g+
Yi=1 1Y () = Y1 () g,

Taking into account the convergence of the
numerical series

P AIM (LAY Il g+ 1B
F'(na+1)

(xP — ap)(n+1)a,

thus involves the normal convergence of the
function series

ZnZo (Y1 (x) = Yu (X)),

and as the space E is a Banach space, we deduce
that this series is uniformly convergence on [a, b].
The sequence of functions (Y,,(x)) is therefore
uniformly convergent and since the functions Y,
are continuous their limit Y is continues, as well as
A(x).Y(x). since the continuity of the operator
Igjrp , we get

Y@ = lim Y

= lim [V, + [ (A.Y, + B)(%)]

n—+oo
= Y, +1% [nlirpm(A. Yo+ B) (%))
= Yo+ (AY +B)(x).

(xNew,,y&tdifsider the homogeneous equation

CDIPY)(x) = A(x). Y (x). (3.4)

The following theorem shows that the space of
solutions of the homogeneous equation (3.4) is
isomorphic to space E.

Theorem 3.4 Let S be the space of solutions of
the equation (3.4). Then, for all x, € a, b[ the map
@ from S to E defined by o(Y) = Y(xy) is an
isomorphism.

Proof. 1t is obvious that the map ¢ is linear, it is
bijective because of Theorem 2.3, as well as the
inverse of .

The following corollary is important for studying
a special linear differential equation of fractional
order in the next section.

Corollary 3.5 If space E is of finite dimension
n, then S is of the same dimension.

Definition 3.1 Suppose that E is of finite
dimension n, and let Y;,Y,, -+, Y, be solutions of
the homogeneous equation (3.4). We say that
(Y1, Ys,..., ) is a fundamental system of the
equation (3.4) if and only if (Y1,Y,, -, Yy,) is
linearly independent.

Proposition 3.6 Let (Y, Y5, -+, Y,,) be solutions
of (2.4). (1, Y,, -+, Yy) are linearly independent in



S if and only if their values at a point x € [a, b]
are linearly independent vectors in E.
Consequently, their values at each point x € [a, b]
are linearly independent vectors in E.

Proposition 3.7 Let Y, be a particular solution
of the inhomogeneous equation

(CDIPY)(x) = A(x).Y (x) + B(x), (3.5)

and let (Y1,Y5,+-+,Y,) be a fundamental system
of the associated homogeneous equation. Any
solution Y of the equation (3.5) is written as
follows

n
Y = Yp + Z AkYki
k=0

where A4, 4,,:-, 1, € R.

Remark 3.8 Definition 3.1, propositions 3.6 and
3.7 are generalizations of the concepts and results

obtained in the ordinary case (see for example
[10] Chl).

Let us consider the following system

{(CDZ;PYL.)(x) =Y g Yi(x) d<i<m,
Yl(a) =Y,
(3.6)

where a;; € R,1 <1i,j <n. We can write this
system in the following form

{(CDZ‘;"Y) (x) = A.Y(x)

Y@ =Y, (3.7)

where A = (a;;) is the n X n matrix with real
constant coefficients.

In the following, we give an explicit form of the
solution of Cauchy problem (3.7), for that we will
extend the definition of the exponential of a matrix
to a definition adapted to the fractional case.

We then have the following definition

Definition 3.2 The Mittag-Leffler operator
associated with the operator A with two
parameters a > 0, > 0 is defined by the series

+00 Ak
s ® = 2. Tty

where A=1,, and A¥t = AA¥
in particular
Eq1(A) = Eo(4), Ei(A4) =e”.

Remark 3.9 E, 3 (A) is well defined, indeed let
Ak

m _\vm
us set Ea,B(A) = k=0 m.
We have || E'3(A) IS X il then
@B = &k=0 r(ak+py

Il Eq g (A) = lim, o, | ER5(A) I

m lark
k=0 F(ak+ﬁ) - Ea’,ﬁ(” A ")-

limy, 40 X
as in the usual Mittag-Leffler function, we have
Proposition 3.10 For A € C we have

DI E)(A(xP — aP)eA)
= Ap%A.E,(A(xP — aP)*A).

The following theorem gives an explicit form of
the solution of the problem (3.7)

Theorem 3.11 The unique solution of the
problem (2.7) is given by

®(x) = E, <(xp ; ap)a .A> Y,

Proof. 1t is easy to verify that ®(a) =Y,. We
have also

DI D(x) =C D (Ey(xP — aP)*. p~@. A).Y,

xP — aP\%
P (= A

=A.®P(x)

IV.SEQUENTIAL LINEAR FRACTIONAL DIFFERENTIAL
EQUATION

In this section, we will study a particular case of the
differential equations of fractional order, it is the linear
equation with continuous coefficients, depends only on
variable.

Let n = 2, be an integer number and 0 < a < 1, we
set

v =y,

k@) =€ DIy ((-DD, 1 < <, 4.1)



We consider the differential equation of fractional
order

y@® + YR8 ap (0)y*O = £ (),

where f(x),a,(x) (0 < a <n—1) are continuous
functions defined in [a, b].

4.2)

We associate to this equation the following

homogeneous equation

y® + ¥R55 ax(0)y*® = 0. (4.3)

The following theorem allowed us to study the
existence and the uniqueness of a solution of equation
(4.2), by giving initial conditions on the successive

derivatives y*® at the point a.

Theorem 4.1 The equation (4.1) have a unique
solution in

Ena([a,b],R) = {F € C"([a,b], R);¢ D **F
€ C([a, b], R)},

satisfies the conditions:
y@ =y, y9)=yd y*D(a) = yke
4.4)

Proof. The idea of proof is to transform the equation
(4.2) to a differential equation of fractional order of
type (3.1), for that we set

2a) (ka)

V=Y V2= Ye =Y

4.5)
According to theorem 2.2, we can write

(o) (@) ()

Yi " =Y2 Yo =Yz ot Yk T T YVik+1 Yn-17=
(4.6)
SetY = (y1, Y2, ¥n), and

a, a, a, a,
CDa+pY = (CDa+py1'C Da+py2' o€ Da+pyn)> we get

“Dgs oY = (2,3, ")

n—1

= Gays f0) = ) @@,

k=1
hence
{(CDZ‘;PY)(x) = A(x).Y(x) + B(x)

Y(a) =Y,
4.7)

where A(x) is n X n continuous matrix defined by

(@ _

AG) = O ; ; . ’

—Qp —a; —a —0n-1

and B(x) is a continuous vectorial function defined
by B(x) = (0,0,--, f(x)).

If we set E =(C[a,b],R)", the existence and
uniqueness of the solution is assured according to
theorem 2.3. Note that Y € £,([a, b], E), which give
that ‘DY € C([a, ], E),
Dy, =¢ D"y € C([a, b], R),

Ena([a, b], R).

hence

then y €

The following proposition immediately becomes
from corollary 3.5

Proposition 4.2 Let uq,u,, -, u, be n solutions of
of the homogeneous equation (4.3). Then,
(uq,uy, ++, uy) is a fundamental system of (4.3) if and
only if

Kuq Uz Up \’

(@) (a) (@)

_ ) cee u

y @) = y . W ,
ug("_l)“) ug(n—l)a) ur(l(n—l)a)/

is linearly independent.

Remark 4.3 The system (uq, Uy, -+, Uy) is a

y, = y((fdedamental system of (4.3) if and only if

Wa (ulr Uz, ", un)(x) * 0,
where @ —Woronskian is given by

ana (ull Uz, un)(x) =
Uy (x) Uz (x)

ui (x) uz

U (x)
un (%) . (4.8)

u:(l(n_l)a') (JC) ug(n_l)a) (JC) ur(l(n_l)a) (X)

Remark 4.4 Consequently proposition 3.6,
Wy (uq, uy, -, uy)(x) # 0 if and only if there exists
Xg € [a, b] such that W (uq,uy, -, uy)(xg) # 0.

V. SEQUENTIAL LINEAR FRACTIONAL DIFFERENTIAL
EQUATION WITH CONSTANT COEFFICIENTS
In this section we present a direct method for
giving an explicit solution to an homogeneous
linear fractional differential equation with constant
coefficients:

y™® + Y28 ay®D =0, (5.1)



where a, are real constants, and y*% is the
fractional derivative which is presented by (4.1).

First, we will give the following definition
which generalized the ordinary case.

Definition 5.1 We call the characteristic
polynomial associated with equation (4.1) the
polynomial defined by

n-—1

P,(1) = A" + Z a2k,

k=0

The following theorem gives a relation between
a root of the polynomial P, and a solution of the
equation (5.1).

Theorem 5.1 Let A € C be a root of B,, then

o = 5 (1(222))

is a solution of the equation (5.1).

Proof. Let k =1...n. According to proposition

2.3, we have
P — gP\%
( DXy ) = CD&%(A(’“ p“))
_ xP—gP\ &
=15 (2(5) )
=Apy (%)

hence, by recurrence we get

("D (x) = 29y (x)

Applying this result to the equation (5.1), we
obtain

n—1 n—1
<p§na) + Z akwﬁk“) = <A" + aM") @, =0.
k=0 k=0
The following proposition immediately becomes
of the definition of the Mittag-Leffler function

Proposition 5.2 Let A;, A, € C be two distinct
roots of By, then @, , p,, are two linearly
independent solutions of the equation (5.1).

Remark 5.3 If 1 = |A|e®® (6 €]0,2r]) is a root

Patoz Pa—Pz
of P, then TA,TA

independent real solutions of the equation (5.1).

are two linearly

Indeed, since the coefficients a; are real
coefficients, 4 is a root of B, then ¢, and ¢ are

two solutions of (5.1). Taking into account the
definition of the Mittag-Leftler function, we obtain
the result.

VI. EXAMPLES
Now, we give some examples in different cases.

Example 6.1 Let 0 < a < 1. Consider the

following equation:
y(@® 4+ 2y@ — 3y = 0. (6.1)

The characteristic polynomial associated with
equation (6.1) is

P(L) = A2 + 21— 3.

P(A) has two distinct roots —3 and 1. Hence the
equation (6.1) has two linearly independent
solutions,

01(x) = Eq (—3 (xp . “p)a>,

and ¢,(x) = E, (<xp ; ap>“>.

»1(x) ®2(x) _
=3p1(x)  @2(x)

Indeed,

We (@1, 92)(x) =
41 (x). p2(x) # 0.

If ¢ is a solution of the equation (6.1), then

xP — aP\“
0() = CiE, (—3( ) )
xP — aP\“*
+C2Ea<< ) ) ),Cl,CZE]R.

Example 6.2 Let 0 < a < 1. Consider the
following equation:

y(@® + 9 =0. (6.2)

The characteristic polynomial associated with
equation (6.2) is



P =A% + 1.

P(A) has two distinct roots —i and i. Hence the
equation (5.2) has two solutions

0.0 =51 (F22))
andp,(x) = E, <i <xp'.+ap>“>.

_ P1(0)t92(¥) _ ytoo cos(k8).(xP—aP)ka
lp (x) 2 k=0 pk“(ka+1) )

Set

oo Sin(k@).(xP-aP)kx

lp (x) — <P2(x) (pl(x)

2i k=0 pka(ka+1)
We have

Wo (@1, ¥2)(x) =
P1(x) P (x) _
P @)
P1+P; P1=P2
GO0
- =2 0.
t(<p12—<pz) (x) @1+ (x) 4 () #

If ¢ is a solution of the equation (6.2), then

P(x) = C1P1(x) + Coh (%),

Example 6.3 Let 0 < a <1, r € R". Consider
the following equation:

C,,C, € R.

y(Za) _ Zry(“) + sz = 0. (6.3)

The characteristic polynomial associated with
equation (6.3) is

P(A) = A% = 2rA + 712

P(A) has a doubled root . Hence the function

0.0 =5 (r(Z22)),

is a solution to the equation (6.3). We can proof
that the function

0s0 = (F25) b (r(E22)),

is also a solution of (6.3), linearly independent
to ¢4 . Indeed

2
T

@59 (x) — T (x)

@ +oo rk ap (xp_ap)(k+1)a
P2 o k=0 r(ak+a) a* p

_ r®T(ak+a+1) [(xP-aP k
= Zio r(ak+a)r(ak+1)( p )
_ +oo (kK+1)r (xP—aP ke
k=0 r(ak+1)( p )

k+1)rk-1 xP—aP\ K
= atariid r(of(k i)+a+1)( p )
(k+2)rk  (xP-aP (k+Da
(ak+a+1) ( p )
(k+2)rk xP—qr\(k+Da
+1)I(ak+a) ( p )

= a+aryiX 0T

)

= a+ryi% 0

and

_ 2 (k+2)r ap (xp_ap)(k+1)a'
= TZk=0 GiDr(akta) Cat p

(k+2)r*T(ak+a+1) (xp ap)k
k+1)I'(ak+a).I'(ak+1) p
_ too (k+2)rk (xP—qaP ke
k=0 T(ak+1) (T)

(k+2)rk-1 (xp—ap)ka
a(k—1)+a+1) p
(k+3)r xP—gqp\ (KT Da
(ak+a+1)( p )
(k+3)r xP—gp\ (kT Da
+1)F(ak+1)( p ) '

= TZk 07

= 2ar+a.r*}i2 i

= 2ar+ar?yi 0T

= 2ar+1r?Yi% 0

Hence

(20)

@) 2r(p( )

+r2<p
Z [k+3
-7 k+1

* 1] F(al:+a) <xp p ap)

2(k +2)
k+1

(k+D)a

= 0.
We have

p1(x) ‘Pz(x)
r<p1(x) <p ()
= 01 () [ (%) = T2 (x)],

We (@1, @2) (%) =

and

k42 1 rkt1 p_go\ (KD
(k+1 ) 'F(ak+a) ( p )

rk+1 xP—qry (K+Da
@+ Xkl - (k+1)F(ak+a)( p )

a+Yr%

* 0.




Hence, if ¢ is a solution of the equation (6.3),
then

@(x) = C1p1(x) + Co9,(x),C1,C; ER.

Example 6.4 Let 0 < a < 1. Consider the

following equation

The characteristic polynomial associated with
equation (6.4) is

PO =13—212—1+2.

P(A) has three distinct roots —1, 1, 2. Hence the
equation (6.4) has three linearly independent
solutions

P1(x) =

B (- (59) ) 00 = B ((57))

9200 = B, (2(F22)),

¢1(x) @2(x) @3(x)
Wa(p1, 02, 02)() = [0 i) 0§ (2)
AR €9 B G 69
¢1(x) @,(x) @3(x)
= |-0P® o) 2057
o) ol 49PP ()

= =12¢1(x). p2(x). p3(x) # 0.
If ¢ is a solution of the equation (6.4), then

P(x) = C1p1(x) + Co02(x) + C33(x),
C,,Cyp, Cs € R,
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