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Abstract

In this work we study the existence and regularity of the solutions of unilateral problems

u=0, a.e.in Q,
(Au,u-v) < [o flu-v), ey
Yve Hi(Q),v=0, a.e.inQ,

Here Q is a bounded, open subset of R , with N > 2, and Au = —div(a(x, u)Du) with a(x,s) :
Q xR — Ris a Carathéodory function, satisfying the following conditions:

Qa0 = Ao =p. ®)

for some real number 6 such that.

0<0<1 3)

for almost every x € Q, for every s € R, where a and f are positive constants. The objective of
this contribution is to study the existence and regularity of the solutions of unilateral problems (1)
associated to A under assumptions (2)-(3) and with data f belonging to various Lebesgue space
L™(Q) , for some m > 1.

Key words: Unilateral Problems, Degenerate Coercivity, Existence, Regularity.
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Résumé

Dans ce travail, nous étudions I'existence et la régularité des solutions du problémes unilatéraux

u=0, a.e.in Q,
(Au,u—v) < [ fu—v),
Yve Hy(Q),v=0, a.e.in Q,

Avac Q un sous-ensemble borné et ouvert de R, avec N > 2, et Au = —div(a(x, u) Du) avec a(x, s) :

Q xR — R est une fonction de Carathéodory, satisfaisant les conditions suivantes:

w <a(x,s) < ,6

pour un nombre réel 0 tel que.

0<0<l1.

pour presque tout x € Q,pour tout s € R, ot a et  sont des constantes positives. L'objectif de
cette contribution est d’étudier I'existence et la régularité des solutions du probléme unilatéraux
(1) associes & A sous les hypothéses (3)-(3) et avec des données f appartenant & des espaces de

Lebesgue L', pour un certain m > 1.

mots-clés: problemes unilatéraux, coercivité dégénérée, la régularité, I'existence
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List of Symbols

In what follows, we will use the following notations.

RrR” Euclidean, n-dimensional space.

X Vecteur de R”?, x = (x1,X2,...,X,), X; ER, 1 <i < n.
du or dx Lebesgue measure N-dimensional.
Q] Measure of the set Q.

Q Open set in R”.

Q The closure set of in R”.

0Q The border of Q.

B Open ball.

B(x,r) Open ball with center x and radius r > 0.
Bg The closed unit ball of E .

Bg ={x € E in which || x| = 1}.

WkP(Q) ={ueLP(Q): D%ue L”(Q) Ya € N" such that |a| < j}.
Wok’p (Q2) Sobolev space with 0 on 0€2.

W~k (Q) Dual space of W,"” (Q).

Diu = %”i The partial derivative of u with respect to x;.

2(Q) Space of indefinitely differentiable functions on Q.

p' The conjugate exponent of p.
p* :NN—_’; Sobolev conjugate.

C*®(Q) Is the set of functions in C¥(Q) for all k.

C5°(Q) or D(Q) The space of smooth functions with compact support in Q.
D'(QQ)  The dual space of D(Q); space of real distributions on Q.

suppf :{er:f(x);éO} The support of f.

Vu The gradient of u.

Au The Laplacian of u.

C) Is the set of functions continuous in Q.
CQ) Is the set of functions continuous in Q.

Ck(Q) 1Isthe set of functions which have derivatives of order < k that are continuous in Q.

Ck(Q)  Isthe set of functions in C(Q) which have derivatives in Q of order is lass than or equals k.

vii



Introduction

This memory master is devoted to the study of the existence and regularity of the solutions of

unilateral problems like

u=0, a.e.in Q,
(Au,u-v) < o fu—v),
Yve H}(Q),v=0, a.e.in Q,

Here Q is a bounded, open subset of R , with N > 2, and Au = —div(a(x, u)Du) with a(x,s) :
Q xR — R is a Caratheodory function (i.e. is measurable with respect to x for every s € R, and
continuous with respect to s for almost every x € Q), satisfying the following conditions:

mfd(X,S)Sﬁ

for some real number 0 such that.

0<6<1

for almost every x € Q, for every s € R, where a, f§ are positive constants, and f belonging to various
Lebesgue space L"(Q), for some m > 1. The regularity of solutions of the unilateral problems in

terms of the summability of the datum f can be summarized as follows (look at [11])

o If fe L™(Q),m> %, then ue HL(Q) N L®(Q).

o If f € L"™(Q), yrp = = m < §, then ue H}(Q) N L' (Q) with r = 200

m N(2-0) 2N L,q . _ Nm(@1-6)
4 IffEL (Q)’N+2—N9 Sm<—N+2_6(N_2),then ue WO (Q),Wlthq—m.

m N N(2-0) l,q . _ Nm(1-6)
° IffeL (Q)’—N+I—G(N—1) <m< N+2_N9,then ucec WO (Q),Wlthq—m.



The first chapter deals with Sobolev spaces constitute one of the most relevant functional set-
tings for the treatment of boundary value problems. These spaces also allows us to study an exis-

tence result for the problem in Chapter 2. We refer to [33] and [32] for the theory of these spaces.

In the second chapter of the memory we study an existence and uniqueness theorem for the so-
lution of unilateral problems with L! data associated to differential operators Au = —div a(x, Du)
of monotone satisfies some conditions. Moreover, we give more details about the regularly of the
solutions of problem. The principal and more interesting subject of the second chapter of this

memory concerns the regularity of solutions. We recall that problems have been studied by [10].

In Chapter 3, we study the question of existence and regularity of the solutions of unilateral
problems associated to (2.1) and with data f belonging to various Lebesgue space L"*(Q2), for some

m > 1, we will discuss the cases as mentioned before.

We highlight that all the results in Chapter 3 can be found in [11]. As already mentioned in [11],
the classical method used in order to prove the existence of solutions to unilateral problems can-
not be applied, although the datum f is regular. So we can get the best of this difficulty by consid-
ering a sequence of nondegenerate Dirichlet problems, having nonnegative solutions. However,
there is another difficulty appears when L (Q), for some m > 1. To overcome this difficulty we use
another formulation that introduced in [11]. We highlight that all studies of the results in Chapter

2 and 3, are different if we substitute the operator Au with another one ( see [4] or [28] ).



Chapter 1

Some Results about Sobolev Spaces

In this chapter we recall some facts on Sobolev spaces and we give some of their properties. For
further details on the Lebesgue and Sobolev spaces, we refer to [33],[20],[23],[3] ,and [32]. We re-
mind that Sobolev spaces constitute one of the most relevant functional settings for the treatment

of boundary value problems.

1.1 The spaces W/”(Q) and W7 (Q)

Definition 1.1.1.

let 1 < p < oo, such that
LP(Q) = {f:Q — R; f measurable in addition [, |f|” < oo}
Note

”f”LP(Q) 5 (L|f(x)|de)%.

L>®(Q) = {f:Q — R; f measurable in addition 3C such that |f| < Ca.e}
Note

||f||L°°(Q) =Ssup ess|f|.
Definition 1.1.2.
Suppose 1 < p <oo. Then

oLp

loc

(Q) ={u: ue LP(K) for every compact subset K of Q},

 wislocally integrablein Qifue L} (Q).

loc

e Let u and v be locally integrable functions defined in Q2. We define vas the weak derivative

of u with respect to « if, for every ¢ € Cg°(Q)
f uD%pdx = (-1)!% f vpdx.
Q Q
and we say that D*u = v in the weak sense.

e et u and v be in LfOC(Q). We define v as the strong derivative of u with respect to a if, for
every compact subset K of Q, there exists a sequence {¢;} in C lal(K) such that ¢;j — uin

LP(K) and D% — vin LP(K).



Theorem 1.1.1.

If D*u = v and DPv = w in the weak sense then D%*Py = w

in the weak sense.
Proof. lety € C°(Q) and ¢ = DPy.Then

f uD*Pydx = (-1) f pvdx = (-1)? f vDPydx = (-1) 1P f ywdx.
Q Q Q @

Definition 1.1.3.

Let u € C;°(R") be such that

1. suppuc B1(0) ,(recall that "supp" denotes the support of a function, and B;(c) denotes an

open ball of radius r and center c).
2. [ux)dx=1.

3. u(x)=0.
if € > 0 then we set (provided that the integral exists)

_ A XY
]gu(x)—enfgu( - Ju(y)dy.

Jeu is called a mollifier of u. Note that if u is locally integrable in Q and if K is a compact subset

of Q then J.u € C*°(K) provided that € < dist(K,0Q).Suppose now that u € LfOC(Q).

Jeu(x) =f pulx—-ey)dy,
B1(0)

soforp>1wehave(if%+é:1)

|Jeu(20)] SfB . {,u(y)}% {,Lt(y)}% lu(x—ey)ldy

1

s(f ({u(y)}%)"dxﬁ(f O} lux—ephPdy)s.
B1(0) B1(0)

Hence |Ju(x)|P < [, B, 0 L(Iu(x—ey)|Pdy, and this trivially holds if p = 1 too. Integrating this, we

see that

fl]gu(X)l’”def u(y)f lu(x—ey)|Pdxdy
K B1(0) K

Sf () | lux)Pdxdy
B1(0) Ko

= | lux)|Pdx,
Ko
where Kj is a compact subset of O, K c Interior(Kp) and € < dist(K,0Kp) i.e. we have

I Jeullprxy < lluell pp (k) - (1.1)

4



Lemmal.l.1.

Ifue LfOC(Q) and K is a compct subset of Q then || Jou— ullp(x) — 0ase—0

Proof. Let Ky be a compact subset of Q where K c Interior(Kp) and let € < dist(K,0Kp). Letd >0
and let w € C*°(Kp) be such that |u — wll;»g,, < 6. Then applying (1.1) to u — w, we get

||]gu_fgw||LP(K)<5- (1.2)

However J, w(x) — w(x) = |, B0 () {w(x—¢ey) — w(x)} dy, and this goes to zero uniformly on K as

€ — 0. Hence, if € is sufficiently small, we have

Jew —wllpp, <6. (1.3)

Hence, by (1.2) and (1.3)
et = ull pgy < hw = ull p gy + et = Jewll p gy + e w = wll 1o g < 36 (1.4)
Since 6 is arbitrary, || Jou— ull;px) — 0 as € — 0. O

Theorem 1.1.2.

Suppose that © and v are in LfOC(Q). Then D*u = v in the weak sense if and only if Du = v in the

strong L” (Q) sense.

Proof. Suppose that D“u = v. Let ¢ € C°(Q2) and let K = supp¢. Let € > 0 and take v € C'*(K) so
that ||y - u||L,,(K) <eand | D%y - v||L,,(K) < €. Then

=

U uD“(pdx—(—l)'“'f vpdx ft//D“(pdx—(—l)'“'f GD%ydx
K K K K

+ +

f (u—y)D%pdx f(v—D“w)cpdx
K K
= ”u_w”LP(I() ”Da¢||m(1() +|| U_Daw”LP(K) ”‘P”Lq(K)

<e(| D Pl oy + [0l Lax):

where g is the conjugate exponent of p (if p = 1 then g = oo and if p > 1 then % + % =1). Buteis

arbitrary, so the LHS must be zero. So D*u = v in the weak sense.

Conversely, suppose that D“u = v in the weak sense and let K be a compact subset of Q. Then

Jeu e C*®(K) ife < dist(K,0Q) and we have for all x in K

XYy
€

D“]gu(x):e‘”fQDj’fu( Yu(y)dy

:g—n(_l)lalf D;‘fu(u)u(y)dy
QO &

_ X —
=€ ”f p( y)l)(y)dy
Q €
= Jev(x).
But by Lemma 1.1.1, || Jeu — ull p gy — 0 and |D*J.u— Vligpy = lJev = vllpp(gy — 0as e —0.

Thus D*u = v in the strong sense. O



Definition 1.1.4.

1/p
1. ||u||Hj,p(Q):( Z |Dau(X)|pdx) .

lal=j

2. CIP(Q) ={ueClQ):ulyipgq) < oo}.
3. H/'P(Q) =completion of C/7(Q) with respect to the norm | | .p(q-

HJ'P(Q) is called a Sobolev space. We will encounter other such spaces as well. Recall that for
1 < p <oo, LP(Q) is the completion of C;°(Q2) with respect to the usual "p norm". This knowledge
allows us to see what members of H/"?(Q).  Suppose that u,, is a Cauchy sequence in C/'P(Q)
.Then for |a| < j, D%u,, is a Cauchy sequence in L”(Q). Hence, there are members u® of LP(Q)
such that D%u,,, — u® in LP(Q)) . Hence, according to our definition of strong derivatives, u° is in
LP(Q) and u® is the a strong derivative of u°. Hence we see that,

H)P(Q) ={ue LP(Q): uhas strong L”(Q) derivatives of order is less than or equals j in LP(Q)

and there exists a sequence u, in C/P(Q) such that D*u,, — D*uin LP(Q) } .
Definition 1.1.5.

W/P(Q) ={ue LP(Q): D*ue LP(Q) Ya € N" such that |a| < j}
Note

lutllyiniy = lullry + Y. [|D%ul| 1 (1.5)
lal<j

Lemma 1.1.2.

Let E cR" and let G be a collection of open sets U such that E c {{JU : U € G}. Then there exists a

family F of non-negative functions f € Cj°(R") such that 0 < f(x) <1and
(i) foreach f € F, there exists U € G such that suppf cU
(ii) if K c E is compact then suppf N K is non-empty for only finitely many f € F,

(iii) ) f(x)=1foreachx€E,
feF

aV) if G = {Q;,Qo,...} where each Q; is bounded and Q; c E then the family F of such functions
can be constructed so that F = {1, f»,...} and suppfj cQ; .

The family of functions F is called a partition of unity subordinate to the cover G.



Theorem 1.1.3. (Meyers and Serrin, 1964) H)'P(Q) = WP (Q).

Proof. We already know that H/'P(Q) ¢ W/P(Q).The opposite inclusion follows if we can show that
foreveryu e WP and for every e >0we canfind w € C7P such that for |a| < JHID*w —D%ullpq) <
E.

Form=1let

1
Qm:{xEQ:lell<m ,dist(x,aQ)>—}
m

andletQp=Q_; = @. let {wm} be the partition of unity of part (iv), Theorem (1.1.3) ,subordinate to
the cover {Qm+2 - ﬁm} .Each uvy,, is j times weakly differentiable and has support in Q42 -Qn
.As in the "conversely" part of the proof of Theorem (1.1.2), we can pick en>0s0 small that wy, =

Jem(uw ;) has support in Q43 — Q-1 and || W — L“Vm”wm(g) . Let w= Z Wy, .This is a
m=1

C® function because on each set Q12 — Q,, we have w = wy,—s + W1+ Wiy + W1 + Wso.

Further.

D100l 50, = | 3 D=

LP(Q))

<

1”Dw(wm_ L“Vm)”LP(Q)

£
m
12

= =E.

ﬁMgﬁ[\/Jg

Remarks 1.1.1.

(i) The proof shows that in fact C*°(Q) n C/'P(Q) is dense in W/'P(Q) .

(ii) Clearly members of C*®(Q)n C/P(Q) are not necessarily continuous on 4Q or even bounded
near Q2 . It would be very useful to have the knowledge that C*°(Q2) U C/'P (Q)
or C/ () uC/P(Q) is also dense in W/'P(Q) .

Theorem 1.1.4.

If Q has the segment property then the set of restrictions to Q of functions in C(‘)’O(IR”) is dense in

WP Q).
Theorem 1.1.5. Change of Variables and the Chain Rule.

Let V, Q be domains in R” and let T : V — Q be invertible. Suppose that T and T~! have contin-
uous, bounded derivatives of order is j . Then if u € WP Q)we have v =uo T € W/P(V) and the

derivatives of v are given by the chain rule.



Proof. Let y denote coordinates in Q and let x denote coordinates in V (y = T'(x)). If f € LP(Q)
then fo T € LP(V) because

fIfOTlpdx:f|f|”]dy§const.f IfIPdy (1.6)
1% Q Q

(Here J is the Jacobian of T71).

If ue WHP(Q), let {u,,} be a sequence in CIP(Q) converging to u in WP (Q) and set vy, = upo T .
By the chain rule, if |a| < j
D%y =Y (Dbup)o TRy
B=a
Where the R, g are bounded terms involving T and its derivatives. But for | Bl<j Dfu €
LP(Q) = (Dhw) o T € LP(V) = (DY u) o TRy, p € LP (V) since the Ry, g are bounded.
Further,

= Y. (Dbup-Dhwo TR, p
B=a

>

B=a

D%vy— Y (DYu)o TRy
P=a

LP(V) LP(V)

(DYt —DBuyo TRy

LP(V)

<const. ) (Dgum —Dfu) oT

P=a

LP(V)

<const. )

B=a

|0}~ DYy

LP(V)

by (1.6). So (& =0 case), Uy, — v =uo T in LP(V) and D%v,,, — )_ (Dfu) o TRy p in LP(V). This

B=a

shows that ve W/P(V) and D%v =) (Df u)o TRy g. O

P=a

Definition 1.1.6.
Woj P(Q) = { completion of C3°(Q) with respect to the norm | |y p )}
Proposition 1.1.1.

Let Q c RN be an open set. Then, the following statemente hold :
(i) Foreach 1< p<oo, W' P(Q) is a Banach space.
(ii) Foreach 1< p <oo, W'P(Q) is refelexive.

(iii) Foreachl < p <oo, wlP(Q)isa separable.



Proof. !
(i) Let {un},en be a Cauchy sequence in WwbhP(Q), with 1 < p < oo, Then, from (1.5) it follows that
{un}nen and {(un)xi}neN , with 1 <i < N, are Cauchy sequences in L”(Q) . Thus, since LP(Q) isa

Banach space, it follows that u;, — n and (uy)y, — g; in LP(Q) with u, g; € LP(Q) Therefore, since

fun(pxl. :_fg(”n)xi‘p Vg e C3°(Q).

Letting n — +oo
fugoxi = _ngi(p V(pe CSO(Q)
Therefore, we obtain that u € W'P(Q), uy; = gi and thus

N

lttn = ullwrp iy = ltn = wll oy + Y ||Un = &1l 1oy = ©
i=1

as desired.

(ii) Consider the space E = LP(Q) x LP(Q) which is reflexive since it is the product of reflexive
spaces. Set the operator T : WbhP(Q) — E defined by Tu = (4,Vu) Then, T is an isometry, and
since WYP(Q) is a Banach space, M =T (WI"’(Q)) is a closed subspace of E since E is reflexive, Bg
is compact in the weak topology o (E, E*), and M is closed in the topology o (E, E*) Therefore, By
is compact in o (E,E*) , and Therefore T (WP (Q)) is reflexive .As a consequence, W' (Q) is also

reflexive .

(iii) Under the notation of (ii), and taking into account that E is separable, it follows that T’ (Wl"’ (Q))

is separable and therefore W17 (Q) is also separable . O

Remarks 1.1.2.

(i) Saying that f € Woj 'P(Q) is a generalized way of saying that f and its derivatives of order is
less than or equals j — 1 vanish on 0Q. e.g. WO1 P (@) n W?P(Q) is a useful space for studying

solutions of the Dirichlet problem for second order elliptic PDE’s.

(ii) Cg Q) c Woj 'P(Q) because if fe C({ (Q), we know that if € is sufficiently small then
Jef€CP(Q)and Jo f — fin| |yjp ) norm.

1As mentioned in the Preface, whenever a black circle precedes some content, this content is original.



1.2 Extension Theorems

Most of the important Sobolev inequalities and imbedding theorems that we will derive in the next
section are most easily derived for the space Woj P (Q) which can be viewed as being a subspace of

WP (R™).
Lemma 1.2.1.
Let ue€ R" and f € LP(R™). Set f5(x) = f(x+6u) . Then (lsirr(l)f(s = fin LP(R").

Proof. Given ¢ > 0, let ¢ € C5°(R") be such that ||f— (/)||L,,(Rn) < ¢ . Since ¢s — ¢ uniformly on a

sufficiently large ball containing the supports of all ¢ (say, for 4 < 1), we can pick & so small that
”(lb - ()[)5 ”Lp(Rn) <¢e.Then

|f =15 ”LP([R") = ”f_()b”LP([R") * ||‘/’_¢5||LP(W) + ||(tb5_f5”LP(R") <3e.

Lemma 1.2.2.
LetR? = {x e R": x; > 0} .C®[R") n C/'P(R") is dense in W/P (R").

Proof. Suppose f is in W/'P(R") let € > 0 and pick ¢ € C®(R?) n C/'P(R")
sothat | D%¢ - D”‘f||Lp(R:,_) < eforall || < j.We take the vector of Lemma (1.2.1) to be u = (0,0,0,...,1)
and define functions y* € LP (R") as

D%p(x) ,x;>0
0 ,Xi <0

v (x) = {

Observe that for each § > 0 ,¢5 € C®(R"?) N C/'P(R?) . By Lemma (1.2.1), we can pick § > 0 so that,
forall jal< j,|w§—w* ||U,(W) < ¢. But this implies that | D*¢s — D“(/)”L,,(M) <e.
Hence

|D%ps - Daf”LP([Rz) = ||D%ps - Da(»b”LP([Rajf) +[ D% - Daf”LP(M) <2e.

Lemma 1.2.3.

There exists a linear mapping Ej : Wj’p(l]%ﬁ) — WP (R") such that Eof = finRY}
and HEof” wirgny < C ||f||Wj_,,(Rz) , where C depends on only n and p.

Proof. If f € C®(R",), define

fx) yXp 20
Epf(x) =1 /&

ZCkf(xl;xZ;---;xn—l,_kxn) ;xn<0

k=1

10



Where the constants ¢y are chosen so that Ey f (x) € C/ (R™) , i.e.

j+1
Y (k)™ =1, m=0,1,2,...,].
k=1

It is easy to check that there is a constant C depending on only n and p such that

ID“Eo f | 1y ny < C”Daf”LP(Rf)‘ (1.7)

If now f € W/P(R"), take a sequence f,, € C*°(R")n C/'P(R"?) converging to f in W/P(R") (we can
do this by Lemma 1.2.2). Then f;, is a Cauchy sequence and (1.7) implies that Ej f;,, is a Cauchy
sequence in W/”(R"). We denote the limitby Eo f . Since | D*Eq fin| ;p gny < C|| D% fn ”L”(Rﬁ) taking
limits shows that f satisfies (1.7). |

Definition 1.2.1.

A domain Q is of class C™ if 0Q can be covered by bounded open sets Q; such that there are

mappings ¥ : Q; — B ,where B is the unit ball centered at the origin and
@) v;Q;nQ)=BnNR!
(i) v;(Q;noQ) =BNAR"
(i) ;e C™(Q))andy;' € C™(B).
(Because of (iii), all derivatives of order is less than or equals m of ¥ ; and its inverse are bounded).
Theorem 1.2.1.

If Q is a bounded domain of class C" then there exists a bounded linear extension operator E :

WmP(Q) — WMP(R").
Definition 1.2.2.

A domain Q is said to satisfy the cone property if there exist positive constants « , k such that for

each x € Q) there exists a right spherical cone V, c Q with height /2 and opening a.

1.3 Sobolev Inequalities and Imbedding Theorems

Theorem 1.3.1.

If O c R” satisfies the cone condition (with height & and opening « ) and if P > 1, mp > n then
W™P(Q) c Cg(Q) and there is a constant C depending on only a , h,n and p such that for all

ue WnP(Q),suplul<C leellwmp (-

11



Proof. Initially, suppose that u isin C™"(Q) .Let g € C*®(R) be such that g(f) = 1if t < % and g(t) =
0if £ =1.Let x € Q and let (r,0) denote polar coordinates centered at x. Here, 6 = (61,02,...,0,,—1)
denotes the angular coordinates and we can describe the cone with vertex x in polar coordinates

as Vy ={(r,0):0<r < h,0 € A} .Clearly, we have

h o r
u(x):—f0 E{g(ﬁ)u(n@)}dr
_ (_l)m h M1 am
= (m—l)!fo r P m{g( Yu(r, 9)}dr,

After m — 1 integrations by parts. Next, we integrate with respect to the angular measure d Sg ,not-

ing that the left-hand-side becomes a constant times u(x).
u(x)—cff g( )u(r 6)}drng

_Cff g( )u(r,e)} "~LirdSy
o

b m—-n

_fvxr P m{g( )u(r@)}dV

Applying Holder’s inequality to this, we obtain

lu)| <c|rm"

S a0}

sc¢ ” rm_n”Lq(Vx) | u”WmvP(Q).

”L‘i(Vx) .
X

But 1™ "isin LY(Vy) if n—1+(m—-n)qg > -1, which is the case because g = ;= £

; and mp > n Thus,
we obtain sup |u| < Cllullwmprq) - To extend this result to arbitrary u € W "’(Q),take a sequence
{uy} of functions in CmP(Q) converging to u in the | |yympq) norm.

Thensup |uj—ui| < C || uj showing that the sequence is a Cauchy sequence in Cg(Q).

= k|l ymp(y
Thus u is in Cp(€) and taking the limit of sup |u;| < C || 1|, m» o,shows that u satisfies the same

inequality. O
Corollary 1.3.1.

If Q c R" satisfies the cone condition (with height & and opening a ) and if p > 1,(m—-k)p > n
then WP (Q) c Cg (Q)and there is a constant C depending on only &, &, n, k and p such that for
all ue Wm’p(Q) sup IDauI <C ” I/L” wWmp(Q) -

lal<k

Theorem 1.3.2.

If Q c R" is any domain and p > n then WO1 PQ) < CO(Q)), where @ = 1 - % and there exists a

constant C depending on only p and n such that for all u € WO1 P ()

[u(x) = u(y)l - L
——=<C D; .
”x_y”a i:zi” il r

12



Theorem 1.3.3.

If Q cR" is any domain and p < n then W’ VP (Q) < L' (Q) where r = p P and there exists a constant

C depending on only p and n such thatforall u € W0 P
n
lllzriy < C Y IDsullpqy) -
i=1

Remark 1.3.1.

Suppose that a,b =0 and 1 < p, g < oo in addition % -+ % = 1, the Young inequality is expressed by

P pd
ab< + 2
2

which is more general than the previous one

(ag)” (%)q
< + =
p

daP + C(6)b1.

foralld = &
Remark 1.3.2.

¢ [Pi j — 1,1, 1 i _
Suppose that u; € L1(Q),i = (1,2,3,...,m) and pl+p2+p3+...+pm_l.

The Holder’s inequality is expressed by

f luupus... upldx < |luillper ) luzllzrz ) - - - Nl Lom ) (1.8)
Q

Proof. of Theorem1.3.3 It suffices to prove the result for u € Cé (R™). First we prove the result for
the case p = 1. For each i we have
Xi o0
Iu(x)lsf IDiuIdxiSf |D;uldx;.
—0o0 —00

Multiplying these n inequalities together and taking the n — 1 the root gives

1
1

lu(x)| T ]‘[ (foo |Dl~u|dx,-)n_ (1.9)

o0

Observe that f |D;x|dx; does not depend on x; , but it does depend on all n —1 of the remain-
—00

ing variables. We integrate each side of (1.9) with respect to x; and use the generalized Holder

inequality with p; = m = n—1 to obtain

1

1
o0 n oo 71 foo nh oo L
f lu("Tdx; < (f |D1u|dx1) 1 f [ (f |DiU|dXi) “dx
T oo —00 =2
S N -
= (f |D1M|dx1) Il (f ID,-uldxidxl) )

—00 i=2

|_

N
,_.
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The RHS is still a product of n — 1 functions of x, , so we integrate each side with respect to x»,

again applying (1.8) with p; = m = n — 1.Continuing in this manner, we finally obtain

1
n n-1
f lu(x)|»1dx < (H ID,-uIdx)
R R

i.e.

n %
Ln TR — l:ll |D;uldx

<

1 n

— Z |Di uldx

n :

Here we have used the fact that an arithmetic mean is no less than a geometric mean of the same

numbers. This proves the result for the case p = 1.

For p>1,lety= ('Z__l;p 1+ 22 1) ,Since y > 1 and u € C} (R") , it follows that |u|" € C}(R").

n-—1 n(p=1)
Dilul" = ﬂlul nr (£Dju).
We apply the p =1 case to |u|” and obtain

n-=1

B 1
U |u|npdx) =)y — BP0y 55 | Dyul dx

lln R nN—Pp

p-1
(n 1) (p=1) _p_ i
n(n 5) Z( (|u| n—P M ldx) I D;ull rpwm)
-1
_(n-1) p pT
 TE p) Iul” P dx | Diull pwm
Hence e
a2 e (n—1)
( RnlUl"Pd}C) < ( _’Z Z IIDlulle(Rn)
which is the desired result. As usual, to obtain the same result for a function u € WO1 PQ),we just
take a sequence of functions in Cé (R™) converging to u. O
Remark 1.3.3.

WO1 P (Q) < L7 (Q),where r is given above. But obviously WO1 P (Q) < LP(Q),s0 by the following inter-
polation lemma, WO1 P (Q) c L9(Q) for all g satisfying p < g < r. If Q is bounded then clearly this
holds for all g satisfyingl<g<r.

Lemmal.3.1. Ifs<g<rand¢pe L (QnNL(Q), thenpe L1(Q) and

[ P e ey et

s(r—q)
q(r—s)°

where 1 =

14



Corollary 1.3.2.
For every domain Q in R” there exists a constant C depending on only n and p such that

(i) if kp < nthen Wok’p(Q) c Lnf_l];p (Q) and for each u € Wok'p(Q)

lull < Cllullykp
Ln—kp(Q) w @

(ii) if kp > n then Wok’p (Q) € C™%(Q) , where m is the integer satisfying 0 < k— m — % <1and

a=k-m- % . Further, if u € Wok’p (Q) then
[ u”cm,a(g) =ClI u”wkyp(g) .

Remarks 1.3.1.

(@) Ifkp=nand p>1then Wok’p(Q) c L9(Q) for all g satisfying p < g < o0
k-1,
(i) fkp>n,p>1and % is an integer then Wok’p @Qcw, ” q(Q) for all g satisfying p < g < co.
(iii) fkp>nand p=1(so % is obviously an integer) then Wok'p Q) c CE‘”(Q).

Corollary 1.3.3.

IfQisabounded C' domain in R” (or any other domain such that there exists a bounded extension
operator E: WYP(Q) — WP (R™) then the statements concerning the spaces Wok’p (Q) in Corollary
(1.3.2) and in the remark following the corollary also apply to the spaces W*P(Q)). However, the

constant C may also depend on Q.

Proof. The cases for k =1 dealt with in Theorems (1.3.2) and (1.3.3) are easily seen to have their
counterparts here because of the extension operator. Inspection of the proof of Corollary (1.3.2)
shows how the results for k > 1 may be derived from the results for k = 1 without any additional

assumptions on the domain. O
Definition 1.3.1.

Let A and B be Banach spaces. If A c B, we say that A is continuously imbedded in B ((in symbols,

this is written A — B) if there is a constant C such that | x|z < C| x|l 4.

The theorems in this section provide examples of imbeddings and are called Sobolev Imbedding

ﬂ
Theorems.e.g. Wol’p(Q) — L7 (Q) for p > n.

It is easy to see that A — B is equivalent to the identity mapping from A into B being continuous.

15



1.4 Compactness Theorems

Lemma 1.4.1.

Suppose that Q is a bounded domain. If
1. 0< A <1 then C™*(Q)) is compactly imbedded in C"*(Q).
2. 0<v < A<1then C"™*(Q) is compactly imbedded in C™"(Q) .

Proof. Tt suffices to prove the results for m = 0 because, once this is done, we can apply this case

to the derivatives of the functions and deduce the result for general m. Let {fj} be a sequence in
0,4 (¢ ,

C%*(Q) such that || f; oL@y

sequence is a bounded, equicontinuous set of functions. By the Arzela-Ascoli Theorem, there ex-

< M. But this implies | fj(x) = fj(y)| = M ||x - y||/1 , showing that the
ists a subsequence {fjx} that converges in C(Q). Thus C®*(Q2) is compactly imbedded in C(<).

We show below that the same subsequence also converges in C*¥(Q). Suppose that 1 € C*(Q).

Then

ly(x) =y (I
[wlo, =sup
’ IS
(xX) =y (y) iy
|- y||

= ([y],,) " (maxy])'*

We apply this to fjx — fjr , noting that [fjx — fjrloa < [fjxloa + [fjrloa = 2M, and obtain

[fik = firly,, <2M7A(max| fje - firD' 7,

showing that the subsequence is a Cauchy sequence in C*¥(Q)) (because it converges in C(Q)).

Thus the subsequence converges in C%" (Q). O
Corollary 1.4.1.

If Q is bounded, kp >nand0< k—m — % < 1 then Wok’p (Q) is compactly imbedded in C™#(Q)) if

n
p<k-m-2.

Proof. Leta = k—m~—% Then Wok’p (Q) — C"™%(Q) — C™P(Q),and the second, imbedding is com-

pact. O
Corollary 1.4.2.

IfQ isabounded C! domain (or any other domain for which there is a bounded extension operator
E:W'P(Q) — W'P(R"),Kp>nand0< k—m— £ <1then WkP (Q)is compactly imbedded in

C’"ﬁ( )zf,B<k m-1.
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Proof. Let ¢ € C3°(R") be such that supp ¢ is contained in some ball B containing Q

and ¢ = 1 on Q.Then we can define E: WP (Q) — W, " (B) by E (f) = ¢E (f).

By Corollary (1.4.1),W0l P (B) is compactly imbedded in C®#(B).Hence W” (Q)is compactly imbed-
ded in C®#(Q).The result for general k can be deduced from the k = 1 case by considering deriva-
tives of the functions (as in the proof of Corollary (1.3.2) (b), deduce that if u € W*P (Q) and |B| < m
then DPu e W Ta (Q),which is contained in C%%(Q)). O

Definition 1.4.1.

A subset E of a metric space is said to be totally bounded if Ve > 0, E can be covered by finitely

many balls of radius € .
Theorem 1.4.1.

Let E be a subset of a complete metric space X. Then the following statements are equivalent.
(i) Eis compact.
(ii) Everysequence in E has a convergent subsequence.

(iii) E is totally bounded.

Theorem 1.4.2.

if Q is bounded and p < n, then WO1 P Q) is compactly imbedded in L9(Q) for all g = %.

Proof. Consider first the case g = 1. Let A be a bounded set in WO1 P (). We may consider the
members of A as members of WP (R")with supports contained in Q. let Ay ={Jpu: uc Al.Note

that we have

Jhu(x)l<h” f )Iu(Z)Idz<h "(maxp) [l ull 1 q)

and

Dol <7 [ i (*25) [lu@ldz < 17 maxiDiph el

Since Q is bounded, || ull1(q) < const. ||ullzpq) . The inequalities above show that A, is a bounded
equicontinuous set of functions in C(Q). By the Arzela-Ascoli Theorem, every sequence in Ay, has
a subsequence that converges in C Q). Obviously, such subsequences also converge in L'(Q), so

we see that Ay, is totally bounded in LY(Q).

If ue Athen

u(x) — Jpu(x) zf p(2)(u(x) — u(x—hz))dz

|z|]<1

izl g
:f p(z)f ——u(x—ri) drdz.
lzl<1 0 or Izl

17



Thus el
() - Tpu(o)| < f 0(2) f y
|z|]<1 0 i=1

Integrating this with respect to x, we find

flu(x)—]hu(x)ldxsf |Diu ( —r—)
Q lzl<1 |zl

hlzl
:f p(z)f Zf |D;ju(x)|dxdrdz
|z|]<1 0 i=1JQ

n
=f p@hlzl)_ | IDju(x)ldxdz
lz|<1 i=1JQ

Diu( — rﬂ)‘drdz

hlzl n
dxdrdz

(1.10)

n

<h) | IDju(x)ldx
i=1/€

< hB,

Where B is a constant depending on our bound of members of A in WO1 P Q.

Let € > 0. Since Ah is totally bounded in L' (Q), we can cover Ay, by a finite number of balls B; of
radlus .Leth= .By (1.10), if J,u € B; ,then u is contained in a ball of radius € centered at the
center of B;. Thus, A is covered by a finite number of balls of radius €. i.e. A is totally bounded in

L' (Q). Thus WO1 P(Q)is compactly imbedded in L' Q).

Suppose ¢ € Wl'p (Q). Then ¢ € L"% (Q) by Theorem 1.3.3 and we get from Lemma 1.3.1
(w1ths— land r = —) that

Pl Y e e

L” p(Q)

1-1
1 n
<Cleltio (£ 100l
1=

Now let {u;,} be a bounded sequence in Wol’p (Q) and assume || um”WI,p(Q) < M.Since Wol’p (Q) is
0

compactly imbedded in L! (Q2), we can extract a subsequence {u,,} that converges in L! (Q).

Applying the inequality above to u, — U, ,noting that H Um; — Uy WP Q) <2M,
0
We obtain
A
— < —
” Umy kllra) ~ const. H Ump = Wmpe|| 1)

showing that the subsequence is a Cauchy sequence in LY (Q). Hence the subsequence converges

in L9 (Q) and WO1 PQ)is compactly imbedded in L7 (Q). O

Corollary 1.4.3.

If kp < nand Q is bounded then W’ kop (Q) is compactly imbedded in L7 (Q) for all g < 5= k 5

LL
Proof. Wok'p (Q) is continuously imbedded in W, =*=DP (), which is compactly imbedded in L9 (Q2)
ifg< nfzp ,by Theorem (1.4.2). O

18



Corollary 1.4.4.
The same compactness results hold for wkrP Q) if Q is a bounded, C! domain (or any other type

of bounded domain for which there is an extension operator E: wbp(Q) — wbhP (R").

1.5 Interpolation Results

The following results are very useful in PDE theory. We make use of Theorem 1.5.1 in our proof of

Garding’s Inequality in our study of elliptic problems.
Theorem 1.5.1.

Letue Wok’p (Q).Then for any £ >0 and any 0 < |B| < k
; B
[DPu),, g < ENulliven+ CeFP Ul

Where C is a constant depending only on k.

Proof. We prove the result for || = 1, k = 2. The general result is easily obtained from this case by

induction. In fact, we show that for each i

First suppose that u € Cg (R) and consider an interval (a, b) oflength b—a=¢. If y € (a, “T”) and

0%u
axl?

ou

> <€
axi

72
+—llullrr (1.1
Lp g

LP

ZE€E (%, b), then by the Mean Value Theorem there is a p € (a, b) such that

u(z) —u(y)
2=y

W' (p)|=

3
<= (1u@I+1u))

Consequently, for every x € (a, b), we obtain

3 b
lu' (x)| = SE(Iu(Z)|+|u(y)|)+f lu" (p)ldzt.

a

X
u'(p) +f u"(ndt
p

Integrating with respect to y and z over the intervals (a, “T”) and (%, b) respectively, we obtain

/ b 2 ]'8 b
|u(x)|sf |u (t)|dt+?f lu()|dt,
a a

so by Holder’s inequality and the inequality (A + B)? < 2P~1(AP 4+ BP),

b p
[ e
S b » b p-1 (18)P [ P ) b p-1
<2 |u"(0)|" dr ldt|  +— lu(n|P dt 1dt

b p rb
=2p~! e”‘lf |u"(t)|pdt+(18) f Iu(t)lpdt).
a a

gp+1

b p p
|t/ (0|7 <2P! (fa |u”(t)|dz‘) Jg
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Integrating this with respect to x over the interval (a, b) gives

b b p rb
f|u’(x)|pdx:2p_1(£pf |u”(t)|pdt+(1£8; f |u(t)|Pdt).

We now subdivide R into intervals of length € and obtain by adding all of these inequalities that

[ele] (o] p o]
f |u'(x)|pdx52’”_1(£pf |u"(t)|pdt+(1€813f Iu(t)lpdt). (1.12)

Suppose now that u € Cg° (R™) . Then we can apply (1.12) to u regarded as a function of x; and

integrate with respect to the remaining variables to obtain

p
f dx<2P! spf
R" R

Taking the pth root of this and using (AP + BP)!/P < A+ B, we obtain (1.11). (Actually, we don’t quite

p

0
“ dx+

axi

o

Oxl?

(18)P
epP

Iulpdx)
[RVI

obtain (1.11). We actually obtain the inequality (1.11) for 2¢ instead of € . But since ¢ is an arbitrary
positive constant, (1.11) holds). Finally, to obtain the result for u € W (Q) , we take a sequence of

functions in C3° converging to u. i
Corollary 1.5.1.

The interpolation inequality stated in Theorem 1.5.1 also applies to members of W*P(Q), provided
that Q is a bounded C? domain (or any other domain for which there is a bounded extension

operator E : W>P(Q) — W?P(R"). Here the constant C may also depend on p and €.

Proof. Because of the extension operator, an inequality of the form (1.11) holds for functions in
W2P(Q). O

1.6 The Spaces H™(2) and H["(2)

The following abstract theorem is a flexible tool for generating Sobolev Spaces. The ingredients of

the construction are:
(i) The space D'(Q;R"™), in particular, for n =1, D'(Q).
(ii) Two Hilbert spaces H and Z with Z — D'(Q;R") for some n > 1. In particular

Vp— vinZ implies v — v in D' (Q;R™). (1.13)

(iii) Alinear continuous operator L: H — D’(Q;R") (such as a gradient or a divergence).
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Theorem 1.6.1.

Define
W={veH:Lve Z}

and

(u,V)w =W, v)g + (Lu, Lv) 7. (1.14)

Then W is a Hilbert space with inner product given by (1.14). The embedding of W in H is contin-

uous and the restriction of L to W is continuous from W into ~Z.

Proof. Thus W is an inner-product space. It remains to check its completeness. Let {vi} be a

Cauchy sequence in W. We must show that there exists v € H such that
vy — vin H

and

Lvi,— Lvin Z.

Observe that {vy} and {Lv} are Cauchy sequences in H and Z, respectively. Thus, there exist v € H
and z € Zsuch that

vy — vin Hand Lvy, — zin Z.

The continuity of L and (1.13) yield
Lvy — Lvin D'(Q;R™andLv;, — z in D' (Q;R").
Since the limit of a sequence in D’(Q;R") is unique, we infer that Lv = z. Therefore
Lvi,— LvinZ

and W is a Hilbert space.

The continuity of the embedding W < H follows from
Il g < llullw
while the continuity of Ly : W — Z follows from

ILullz < llullw .
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The space H!(Q)
Let Q € R" be a domain. Choose in Theorem 1.6.1:
H=1*(Q),Z=L*(QR") — D' (O;R")

and L: H— D' (Q;R")given by
L=V

where the gradient is considered in the sense of distributions. Then, W is the Sobolev space of the
functions in L2(Q), whose first derivatives in the sense of distributions are functions in L2(Q). For

this space we use the symbol H 1(Q). Thus:
H'(Q) ={ve*(Q):Vve L*(Q;RM}.
In other words, if v € H'(Q), every partial derivative d,, v is a function v; € L?(Q). This means that

(0x,0,0) == (1,0,0) 12 (Q) = (vi,9) 2 (Q), VpeDQ)

Or, more explicitly,

fv(x)@xiqo(x)dx:—f vi(x)px)dx, Yee D).
Q Q

In many applied situations, the Dirichlet integral
[wor
Q

represents an energy. The functions in H!(Q) are therefore associated with configurations having

finite energy. From Theorem 1.6.1 and the separability of L%(Q), we have:
Proposition 1.6.1.
HY(Q) is a separable Hilbert space, continuously embedded in [2(Q). The gradient operator is

continuous from H!(Q) into L2(Q;R™).

The inner product and the norm in H LQ) are given, respectively, by

(u, V)HI(Q):f uvdx+f VuVvdxand IIullip(m:f uzdx+f IVul®dx.
Q Q Q Q
Exemple 1.6.1.

Let Q = By2(0) = {x€R?:|x| < 1/2} and u(x) = (-loglx)% x # O. We have, using polar coordi-

nates,
1/2

f uzdx:an (—logr)*@rdr < oo, for everya € R,
By/2(0) 0
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so that u € L?(B;/2(0)) for every a € R. Also:
_ -2 a-1 . _
Uy, = —ax;|x|"“(=log|xD",i=1,2

and therefore

IVul =|a(-loglx)® | 1xI~".
Using polar coordinates, we get
1/2
f IVul*dx = Znazf llogr|**~*r~tdr.
B1/2(0) 0

This integral is finite only if 2 —2a > 1 or a < 1/2. In particular, Vu represents the gradient of u in
the sense of distribution as well. We conclude that u € H!(B;(0)) only if a < 1/2. We point out that

when a > 0, u is unbounded near 0.
Proposition 1.6.2.

Let ue L?(a,b) . Then ue H'(a, b) if and only if © is continuous in [a, b] and there exists
w € [2(a, b) such that
y
u(y) = u(x) +f w(s)ds, Vx,y € la,Db]. (1.15)
X

Also u' = w

Proof. Assume that u is continuous in [a, b] and that (1.15) holds with w € [%(a,b). Choose x = a.

Replacing, if necessary, u by u — u(a), we may assume u(a) = 0, so that
y
u(y) :f w(s)ds, Vx,y € la,Db].
a

Let ¢ € D(a, b). We have:

b
(U, 0)=—(u¢')= —f u(s)@'(s)ds

a

b1 rb
:—f f w(t)dt] @' (s)ds
a LJa

by pb
:—f f(p'(s)ds

b
:f pwt)dt={w,p).

w(tdt

Thus v/ = w in D'(a, b) and therefore u € H'(a, b). From the Lebesgue Differentiation Theorem we

deduce that #’ = w a.e. as well. Viceversa, let u € H' (a, b). Define
X
v(x) :f u'(s)ds, x€[a,b). (1.16)
a
The function v is continuous in [a, b] and the above proof shows that v’ = v’ in D' (a, b).
u=v+0C, CeR,
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and therefore u is continuous in [a, b] as well. Moreover, (1.16) yields

y
u(y) —u(x) = v(y) - v(x) :f u'(s)ds

X

which is (1.15). O

Since a function u € H' (a, b) is continuous in [a, b], the value u(xo) at every point xy € [a, b] makes
perfect sense. In particular the trace of u at the end points of the interval is given by the values

u(a) and u(b).

The space H; (Q)
Let Q € R" be a domain. We study an important subspace of H! (Q).
Definition 1.6.1.

We denote by H& (Q) the closure of D(Q) in H' (Q).

Thusu e H& (Q) if and only if there exists a sequence {(p k} c D(Q) such that oy — uin H 1(Q), that
is, such that both ||(pk — u||L2(Q) —0and ||V(pk — Vu”LZ(Q,Rn) —0as k— oo.

Since the test functions in D(Q2) have zero trace on 0Q2, every u € H& (Q) inherits this property and
it is reasonable to consider the elements H& (Q) as the functions in H!(Q) with zero trace on 9.

Clearly, H& (Q) is a Hilbert subspace of H LQ).

An important property that holds in Hé (Q), particularly useful in the solution of boundary value
problems, is expressed by the following inequality of Poincaré. Recall that the diameter of a set Q
is given by

diam(Q) = sup |x—yl.
x,y€Q

Theorem 1.6.2.

Let Q c R" be a bounded domain. There exists a positive constant Cp (a Poincaré’s constant)

depending only on n and diam()), such that, for every u € Hé (Q),
[ u”LZ(Q) = Cp ”VMHLZ(Q;RH) . (1.17)

Proof. We use a strategy which is rather common for proving formulas in H& (Q). First, we prove
the formula for v € D(Q); then, if u € H& (Q2), we select a sequence vk < D(Q2) converging to u in

the H'(Q) norm as k — oo, that is

” vk - uIle(Q) d O, ||Vvk_vu”L2(Q;Rn) -0
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In particular

I Uk”LZ(Q) - ||u||L2(Q) ’ ”vvk”LZ(Q;[Rn) e ”vu”LZ(Q;Rn)

Since (1.17) holds for every vy, we have

” Uk”LZ(Q) < Cp ”V vk”LZ(Q;R”)

Letting k — oo we obtain (1.17) for u. Thus, it is enough to prove (1.17) for v € D(Q2). Assume
without loss of generality that 0 € Q, and set r)rcleaglxl < M = diam(Q) < oco. Applying the Gauss
Divergence Theorem, we can write

deiv(vzx)dx:O, (1.18)

Since v = 0 on Q. Now,

div(v?x) =2vVv-x+ nv?

2 %)
f dx:——f vVv-xdx
Q nJao

Since Q is bounded, using Schwarz’s inequality, we get

2 oM 1/2 1/2
fvzdx:—lf vVv~xdx|S—(f vzdx) (f IVvlzdx)
Q n Jo n Q Q

Simplifying, it follows that

So that (1.18) yields

| U||L2(Q) <CplV U”LZ(Q;[RH)

with Cp = %4 Inequality (1.17) implies thatin H& (Q) the norm || ul 1) is equivalent to |Vl ;2q.gny . Indeed

ey = /Nl (@) + IV ull?, (@R
and from (1.17),
”Vu”LZ(Q;[Rn) < ” u”Hl(Q) < \/ Czp +1 ||vu||L2(Q;Rn)
Unless explicitly stated, we will choose in H& (Q)
(u, U)Hé(Q) = (Vu, VU)LZ(Q;Rn) and ” u”H&(Q) = |Ivu”L2(Q;Rn)

as inner product and norm, respectively.
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The dual of H; (Q)

In the applications of the Lax-Milgram theorem to boundary value problems, the dual of H ()

plays an important role. In fact it deserves a special symbol.
Definition 1.6.2.

We denote by H™!(Q) the dual of H} (Q) with the norm
IFN g1y = sup{|Fv| :ve Hy(Q), Vi) < 1}_

The first thing to observe is that, since D(Q) is dense (by definition) and continuously embedded

in H& Q),H Q) isa space of distributions. This means two things:

(@) If Fe H 1(Q), its restriction to D(Q) is a distribution.

(b) If EGe H1(Q) and Fp = G for every ¢ € D(Q), then F = G.

To prove (a) it is enough to note that if ¢ — ¢ in D(Q), then @k — @in HO1 (Q) as well, and
therefore Fpok — F¢ Thus F € D(Q). To prove (a) let u € Hé (Q) and ¢ — u in Hé (Q), with
@k € D(Q). Then, since Fpy = G@j, we may write

Fu= lim F¢r= lim G¢r=G
h—+o00

h—+o0

whence F = G.
Thus, H(Q) is in one-to-one correspondence with a subspace of D'(Q) and in this sense we
will write H™1(Q) ¢ D'(Q) . Which distributions belong to H~!(Q)? The following theorem gives a

satisfactory answer.
Theorem 1.6.3.

H'(Q) is the set of distributions of the form
F=fo+divf (1.19)

where fj € [2(Q) and =01, e L%(Q;R™). Moreover:

1N 1o = {CP 1ol 20 + ”f”LZ(Q;IR”)}‘ (1.20)

Proof. Let F € H }(Q). From Riesz’s Representation Theorem, there exists a unique u € H(} Q)
such that
(U, V) 10y = Fv, Yve Hy(Q)

Since

(u, U)H(}(Q) =(Vu,Vv) 2 ey = —{divVu, v)
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in D'(Q) , it follows that (1.19) holds with fy =0 and f = —Vu. Moreover,

I Fll 1) = ||””H5(Q) = ”f”LZ(Q;[R”)

Viceversa, let F = fy +divf, with fy € [2(Q) and f= L2(Q;R™) . Then F € D'(Q) and,

letting (F, v) = Fv, we have,
Fv :f fovdx+f f-Vvdx, Yve D)
Q Q
From the Schwarz and Poincaré inequalities, we have

|Fvl = {CP 1 o]l 2 + ”f”L?(Q;Rn)} 1ol 2 oy - (1.21)

Thus, F is continuous in the H&—norm. It remains to show that F has a unique continuous exten-

sion to all H; (Q) . Take u € Hy(Q) and {vx} < D(Q) such that [|v; — ull g1 (- Then, (1.21) yields

|Fvi— Fopl < {CP ||f0||L2(Q) + ”f”LZ(Q;[RZ”)} Ik = Vh”Hé(Q)

Therefore {Fvy} is a Cauchy sequence in R and converges to a limit we may denote by Fu, which

is independent of the sequence approximating u, as it is not difficult to check. Finally, since
|Ful = lim |Fug| and lull g1 o) = Hm Vel 1
b i Hy(@ = = VERIH (@)

from (1.21) we get:
|Ful = {CP | 7ol 2y + ”f”LZ(Q;W)} lull o
showing that F € H}(Q). O
Theorem 1.6.4.
says that the elements of H~!(Q) are represented by a linear combination of functions in L?((Q)

and their first derivatives (in the sense of distributions). In particular, L?(Q) — H~1(Q).

The spaces H"(Q2),m > 1

By involving higher order derivatives, we may construct new Sobolev spaces. Let N be the number

n
of multi-indexes a = (a1, -, @) such that |a| = Z a; < m. Choose in Theorem (1.6.1)
i=1

H=1?Q), Z=IL*QRY)cD'QRY),
and L: [2(Q) — D'(Q;R") given by
Lv={D" V}Ialsm'

Then W is the Sobolev space of the functions in L?(Q), whose derivatives (in the sense of distribu-
tions) up to order m included, are functions in L?(€2). For this space we use the symbol H™(Q).
Thus:

H™Q)={vel*: D% e [*(Q), Va<m}.
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From Theorem (1.6.1) and the separability of L?(Q), we deduce:
Proposition 1.6.3.

H™(Q) is a separable Hilbert space, continuously embedded in L?(Q). The operators D%, |a| < m,
are continuous from H(Q) into L?(Q).

The inner product and the norm in H™(Q) are given, respectively, by

(w, Vgm@) = ) fD“uD“vdx.
Q

lal=m

and
”ullZHm(Q) . Z |DaU|2dx.

lal=m
If ue H™(Q), any derivative of u of order k < m

belongs to H™%(Q) and H™(Q) — H™ *(Q), k= 1.

1.7 Trace Theorems

In the following results, a vector x in R” is denoted by x = (x/, x;,) , where x’ belongs to R
Lemma 1.7.1.
If ue WH(R™) , then for every { € R, the function v(x") = u(x/,{) isin L' (R""!) , and

I U”Ll(qunfl) <| u”Ll([Rgn) + ||Dnu||L1(|Rzn)

Proof. It suffices to prove the result for the case { = 0 and u € C°(R"). By the Mean Value Theorem

for integrals

1
[ f |u(x’,xn)|dx’dxn:f |lux’,0)| dx’
0 [Rn—l Rn—l

for some o € [0, 1]. But
g
lu(x',0) = u(x',0) —f Dyu(x', t)dt|
0
1
< |u(x’,a)|+f |ID,u(x’, t)\dt.
0
Integrating this over R"~! gives

1
vl g1 @n-1y sf 1|u(x’,0)|dx'+f f |ID,u(x',t)|dtdx’'
R1- 0

Rnr-1

1 1
:f f |u(x',0)|dx’dt+f f D u(x',t)|dtdx’.
0 Jrn- rr-1Jo
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Lemma 1.7.2.

If u e WHP(R") where p < n, then for every { € R, the function v(x') = u(x’,{) isin L" (R""1), where

_ (n-1p 14 np-1)
n—-p n—p

and there is a constant C depending on only n and p such that
l U”Lr (R-1) = C”ullwl P(RM) -

Proof. We can assume that p > 1 because the p =1 case is dealt with in the previous lemma.

We first show that if u € WYP(R") then w = |u|” € WH1(R") and
lwl gy < CllDull ZZ}W) Il p @y, 1D wl ey < C DUl p gy - (1.22)

It suffices to prove this result for the case u € C3° (R™). Let g = ﬁ.Then (r-1)g-= (n p) , SO by
the Sobolev Imbedding Theorem 1.3.3,

np
(n—p)

|||u|r_1||g,,(Rn) < const. | Dull, &n

and combining this with Holder’s Inequality, we get the first of (1.22):
lwll 11 gy :f|u|fdx: f |l Muldx < Nullppgm || 16| g gny < cOnst. I DUl T gy el Loy -
Since D;w = +r|u|""'D;u , we obtain the second of (1.22):
IDiwl ey = 7 [[16" ™| 1 ey IDi tll o gy < const. I Dullp g, -

We now apply Lemma 1.7.1 to w and immediately obtain the inequality

1
;

10l oty < const. (||Du|| )

Lp([Rn 1 “u”Lp([Rn 1+ IDull}

<const. (” u”Lp([Rn—l) + ”Du”Lp([Rn—l)) .

Lemma 1.7.3.

If u € WEP (R™) where kp < n, then for every ¢ € R,the function v (x') = u(x/,¢) is in L" (R"71),

where
_ (n-1p
n-kp

and there is a constant C depending on only 7, k and p such that

IVl r @e-1y = Cllullyip gy -
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1.8 Penalization operators

Let E be a reflexive Banach space, we will always assume that the norm of E and that of its dual E

are strictly convex.
Definition 1.8.1.

We call penalization operator (attached to K) any operator § of E — E having the following prop-
erties:

f is monotone bounded and semicontinuous of £ — E
S={B(v)=0,ve E}.
Theorem 1.8.1.

We assume E defined as above and let F a duality operator of E — E related to ® we therefore
have (F(u), u) = IFW) |« lull, IF@. =P ul), where |-]|. is the norm in E ,dual of ||-|| .So if Pg

denotes the projection operator of E — S such that u € E ,Psu is the only element of S such as
lu—Psull <|lu—s|| VseS.

the operator f given by
B(w) = F(u- Psu),

is a penalty operator.

Penalty application

Theorem 1.8.2.

We assume E defined as before. Let A be an operator of E — E ,pseudomonotonic and coercive

in the sense :

Jvy € S such as
(A(W),v=vp)

ML) oo, if |0 — oo

So for everything f € E ,3ue Ssuchas
(Aw),v-u)=(f,v—u) Yves.
Remark 1.8.1.
Let W be a Banach space of strictly convex norm as well as that of its dual and suppose that

1. V c W with continuous injection, V c W (so wW'cv’)
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2. K is a closed convex set in V and in W. We can then consider a penalization operator at-

tached to K in the space W, such that:
B is monotone bounded and semicontinuous of W — W’
k={p(w)=0,weW}.
Exemple 1.8.1.

We take V = H} (Q), A given by

0
A((P) = - ?,]'21 aixl(al]%) + apQ, ap, dij € LOO(Q))
Z?j:l aij¢i¢j= a(f% + ---+€%),a¢ >0, V& eR, ae. of(,
ap(x) = ay, a.e. of Q,

and either
k=4{B(w)=0,we Hy}.
We can still apply the remark 1.8.1.
we project in L?(Q), with W = L?(Q) and k = {f(w) = 0, w € L*(Q)}.

we choose

p(w) =F(w-Prw)

with
F=identity
and Prw = w* such as

wkx) fwx)=0
0 ifw(x)<0

The corresponding equation is therefore:

Aug — %u; =f
ue € Hy (Q).
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Chapter 2

Unilateral Problems with 1. Data

In this chapter, we study an existence and uniqueness theorem for the solution of unilateral prob-
lems with L! data. Also, we discuss on details the existence and regularity of distributional so-
lutions in appropriate Sobolev spaces. The results of this chapter, that have been published by
(10].

2.1 Statement of the results

The problem we are considering is as follows.

(2.1)

Au=f inQ,
u=0 on 0Q)

Where Q be an open bounded subset of R where N = 2, The operator A is defined as a nonlinear
operator

Au=-div a(x,Du) (2.2)

Let a: Q x RY — RN be a Caratheodory function satisfying the following assumptions for almost

every x € Q and for all §,n e RN where { #nand 1 < p <oo:

a(x,&)¢ = alél? (2.3)
la(x,&)] < B[h(x)+1EP (2.4)
[a(x,&) —a(x,m][E-n]>0 (2.5)

With a, > 0and h(x) € LY (Q)(where p’ denotes the conjugate exponent of p ).
Let’s assume that

feLl'(Q (2.6)

and

weW,P(Q)nL®Q) 2.7)

We will define the set K as follows:

K={vew,?@nI®Q): v(x) = y(x) inQ}.
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In the following, we will denote by T (s) the truncation defined by

k ifs>k
Ti(s)=<s if|s|<k
-k ifs<-k

Our main purpose in this session is to study the proof the following theorems.
Theorem 2.1.1.

For 2 — % < p < N. assuming conditions (2.3),---,(2.7) there exists a unique solution u of the prob-

lem
N(p-1)

L.q
uew, (Q),1<g< N1

ux)zyx) inQ
Ty(w) € Wy'P (Q) VK >0
(Au, Tr(u—v)) < [ fTe(u—v) YvEK

with2— & <p<N

(2.8)

The problem we are considering is Au = —div(a(x,Du)), f € L'(Q) where A satisfies the assump-

tions mentioned in 2.1
Theorem 2.1.2.
Let’s assume that the hypotheses of Theorem 2.1.1 hold and that
Ay e Ll (Q). (2.9)
Assuming that u is the solution of problem (2.8), the following inequality holds

f<sAusf+(f-Ay) . (2.10)

2.2 The compactness method

Step01: Approximation

We define the following.

Consider a sequence {f,} of smooth functions satisfying the following conditions:

{fnﬁf in L1(Q)
”fn”Ll(Q) = ”f”Ll(Q), VneN

Consider u,, as the solution of the problem:

(2.11)

up € WP (Q) up() 2w(x)  inQ
(Aup, up—v) < fQ fn(un - V) (2.12)
Vee W, P@Q),v(x) =y  inQ

Thanks to the hypotheses (2.3),(2.4),(2.5) A is a nonlinear operator of Leray-Lions type, so the ex-

istence of u,, follows from the classical results of [25].
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Step02: Uniform estimates
We consider the following proof
Lemma 2.2.1.

There exists a constant ¢y(q), independent on 7, such that:

14, < colg) ¥neN,1<g< 2P~ (2.13)
n Wolvq(Q) =00 q ) q N—l . .
Proof. Let k e N* and ¢y : R — R be the function defined by:
1 ifs=k+1
(s s—k ifk<ss<k+1 (2.14)
s) = .
& 0 ifo<s<k

—@pi(=s) ifs<0

Let k = ||| ;oo 'taking as test function in (2.12) v = uy, — ¢ (1), We find

(Aup, (Up—v)) < fon(un - V)

(Aut, (U — Un + Pr(uy)) < fon(un — Up + @i (Uy))

(Aup, @r(up)) < fon(pk(un) Vi [|[¢] oo, -

Thanks to assumption (2.3) we obtain
(Aun,<pk(un)>5fﬂfn<pk(un)
j;)a(x,Dun)Dwk(un) < j;zfnwk(un)

We have @ (s) = s— k/@i(s) € B,’:

fa(x,Dun)D(un_k)Sf fn(un—k)
B? BZ

k

f a(x,Du,)Du, sf fn(uy,—k)
B BJ!

k

Applying (2.3) we obtain

af |Dun|p5f fn(un_k)
By By

We have k< |u,|<k+1,|u,l<k+1

af |Dun|p5f fn(un_k)sf fn
B¢ By By

af |Dun|”sf fnsf ol
B " Jay

a [, 1wt < [ 11= Uil
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Applying (2.11) we obtain

anunwsw%\sz 19 ] 1oy (2.15)
k

Where
BZ:{er:kSIun(x)|<k+1}. (2.16)

Let v € W,P(Q) and v(x) = (x) in Q, taking as test function in (2.12), v = u, — Ty, (4, = ¥), k>0
(Aup, (up—v)) < fﬂfn(un - v)
(At (Up =ty — Te(ty —9))) < Lfn(un —up— T (up =)
(Aun,(Tk(un—lll)»Sfﬂfn(Tk(un—lll))

an(x,Dun)D(Tk(un—U/))Sfﬂfn(Tk(un—U/))

Applying u, <v¥ + k and (2.11) we obtain

a(x,Du,)D(up—v)<k|fll0-
J o Il

By virtue of hypotheses (2.3),(2.4) and using Young’s inequality (with exponents p, p’) we get

a[ |Du,|P <
{un—w<k}

Va5 [, 0 +1DwP)+a ],

W, (@
and finally
f IDunlpSf |Duy,|?
llunl<k) {un—y<kt 9]l oo } (2.17)
p p
s ok + ||W||L°°(Q) ”V/” lp(Q) ”h”Ln (Q)) Vk>0
Letl < q < N(p 1) and k = ||'(,[/||Loo(Q)
It results:
INCZE
Q
q 1-4
P R 1 Aq | P
(f _ |Dun|”) Qv+ Y | —— [ 1Du,l? f (1+ [up P
{un<k} ik I+ B!
Where A = N](\f_ qq) , observe that A > 1, since 1 < g < 2.2 11)
From this inequality, using (2.15) in addition (2.17) we get
f IDuanSC3+c4(f Iunlq*) ) (2.18)
Q Q
Where g* , From this estimate, by Sobolev’s inequality, we obtain
[N
Q
Finally, from (2.18) we get (2.13). O
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Step03: Passage to the limit

First Proof of Theorem 2.1.1 The estimate (2.13) ensures the existence of a subsequence, denoted

N(p-1),

as {uy}, for which the following condition holds for all g < 7=

up, — u weakly— Wol’q(Q)
u, — u strongly— L7(Q) (2.19)
u, — u almost everywhere in Q

Since u, 2y (x)inQ,VneN

ux) =y (x)in .

Additionally, we have looked at or investigated the idea that
Du,, — Du almost everywhere in Q (2.20)
We take u, — Tx (u, — up) and then u,, + Ti (1, — Uy,), as test function in (2.12) we get
(Aup, up = tn + Tk (Up — Up)) < fﬂfn(un — Un + T (Un — Um))
(At Tt =) = [ it = )
in addition
(A, U — U — T (Up — Uy)) < fon(um —uUm— Ty (Up — um))
— (A, T (Uy — up)) < —fﬂfmTk(un — Um).

The following expression can be derived or obtained by adding together these inequalities.

(Aup — Ay, Tie (Uy, — Up)) < fQ (fn=fm) Tie (n — ) (2.21)

The right-hand side of equation (2.21) tends to zero as (n, m) — oo .As a result, we can infer that
(Auy, — Aup, T (U — Upy)) — 0 due to the monotonicity of the operator A.

Therefore, according to Lemma 1 in [16] ,it follows that
Du,, — Du a.e. in Q. (2.22)

Consider w € WO1 'P(Q) N L°°(Q). We note that for any k > 0, the sequence

IT k(= willyre g,

0
f |DTk(un_W)|pSCGf |Dun|p+c7f |Dw|?
Q {lunl<k+llwll poo oy} Q

Equation (2.15) imposes a restriction on the upper limit of the right-hand side of the preceding

< C. This can be shown as follows:

inequality, ensuring its bounded nature.

Consider w € WO1 P (Q) N L®(Q) such that w(x) = y(x) in Q. The function
un— Ti (up — w)
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Is an admissible test function in (2.12).

This choice yields
(A, up = tn + Ty (up — w)) < fﬂfn(un — Up + T (up — w))
(Auy, — Aw + Aw, Ty (u; — w)) SfonTk(un— w) (2.23)
(Auy, — Aw, Ty (uy — w)) + (Aw, Ty (uy, — w)) SfonTk(un— w)

Since || T (u; — w) ”Wl,p(Q) < Const and in L°°(Q), we deduce:

0

liminf{Au, — Aw, T, (u, — w)) = (Au— Aw, T). (u— w))

lim (Aw, T (1, — w)) = (Aw, Ty (u— w))

limf fnTk(un—w):fka(u—w)
Q Q

Thus, taking the limit as n — oo in (2.23),From this, it follows that « is a solution of (2.8).

2.3 The penalization method

We assume that

w=0. (2.24)

Let {f»} be a sequence of smooth functions such that

— in L'(Q
{f e~ = (2.25)
”fb‘”Ll(Q) = ”f”Ll(Q) Ve >0.
In addition
B(s) = Is|P~2s. (2.26)
We consider the following problem:
e € Wy'P (Q)
(1) (2.27)
Aug - ﬁ (T) = f:g
Then the result in [25], provide us with the existence of u,
For continue, we shall study the prove of following lemma:
Lemma 2.3.1.
There exists a constant c(q) > 0, independent on &, such that:
luell 1.0 (€2) < c(g), ¥e>0 (2.28)

. N(p-1)
With 1< q< N1 -
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Proof. Let k > 0. We select the test function in the weak formulation of (2.27)

v =@r(ue),

Where ¢ (s) is the function defined in the proof of Lemma 2.2.1.

o[ ) [ 1

<Au8;(,0k(ue)> f (( te)_ )on(ue):fgﬁ?’(pk(us)
(Aue, pi(ue)) - f(( e)

This selection leads to

) (ug)‘<pk(ug)=f9fg<pk(ug)

So that ¢ (ue) € BY,

(ue)™ p-1
<Aue,¢k(ue)>—f ‘Pk(us)ff fe(ug —k)
Q £ Bli
—\p-1
<Au5,(,0k(ug)>—f ﬂ §0k(u£)5f fg(ug_k)sf f£(|u£|_k)
Q £ BIEC Bi
(ue)~\P!
(At () - [ [ <Pk(ue)SfBzfg(k+1—k)SfBilﬁlSfﬂlfslf||fe||L1(Q)

Applying (2.11) we get
(Ue)”

(Aepetua) - [ [ ) PRUAEL V2

(ue)™\P!
f( ) @i(ug) <0.
Q E

f |Dug|” <c; Yk>0,Ye >0,
BS
k

Since k > 0, we have:

and from (2.29) we deduce

Where By is the set defined in (2.16) and ¢; > 0 independent on &.

We take v = Ty (u,) as test function in (2.27) , we find

(Aug,v)—fﬁ((ug)_)v:ffgv

<Au£;Tk(u£)>_Lﬁ(( E) )Tk(ug) fﬁzka(us)

(Atte, Ty (1)) f(( Ue) ) (ug)‘Tk(uE):LﬁTk(uE)

(ue)™ p-1
fa(xyDus)DTk(ue)_f( ) Tk(ue):fﬁ“Tk(ue)
Q Q & Q

Since Ti(u.) € |ue| < k= Ty (u:) = u, we find

()™ P!
f a(x, Dugs) DTy (ug) _f ( ) T (ue) :f ngk(ug)
luel<k luel<k & luel<k

(ug)™ p-l
f a(x;Due)Due_f ( ) ussf ~f€u£|
luel<k luel<k &€ luel<k
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Applying (2.11) we get

f a(x, Dug) Du Sf | fe| lue |
luel<k lugl<k

f a(x,Dug)DueSf k|f£| < k”ff”Ll(Q)
luel<k luel<k

Ug

f a(x, Due) Due < k| f| 11 -
lue|<k}
From this estimate, by the ellipticity condition (2.3), we obtain:
f IDTi (1) 1P < 4K VK > 0.
Q

Let1< q < Y22

and k = ”w”LOO(Q)

f |Du,|? <
Q

It results:

1 00 1-
D nprI—z 1 f nP f 1 ; Aq
(f{un<;e}' ”') = ’”*,Z_((HN Bnl 14| (1+ | upl) 74

j=k

N(p 1)

Where 1 = Y29 ghserve that A > 1, since 1 < a1

N-q
From this inequality, using (2.30) in addition (2.31) we get

— 2

p

leunquCS+C4(f|un|q*) -
Q Q

Where g* , From this estimate, by Sobolev’s inequality, we obtain

f lunl?* < cs.
Q

Finally, from (2.32) we obtain the estimate (2.28).

Second proof of Theorem 2.1.1. Since | u, ||

N(p-1),
(N-1) *

5 1@
{uc}, such that Vg <

u; —u Weakly- W, q (Q)
uz — u Strongly- L‘7 (Q)
us — u almost everywhere in Q

Now, we will move forward with the proof in order to show that
u=1ya.e. inQ

Consider a sequence of increasing functions {6, (s)} that converges to

1 ifs>0
0(s)=<0 ifs=0
-1 ifs<0
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< ¢, there exists a subsequence, still denoted by

(2.33)
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We choose v = 60, (us — ) as test function in the weak formulation of problem (2.27); then, there

- 5[} [

(Atue =900 (e =)= [ B2 6 (we-v) = [ 16 (e

_fgﬁ((ug;/)) ) us—w)Sfog@n "o —

1\P7! .
_(_) fg((ug—u/) )p 19"(“8_W)5||f||L1(Q) Vn>v

£

exists v € N such that :

So that

Passing to the limit as n — oo we get:

(e - <Y fll g - (2.35)
o Q)
From this inequality we deduce
(e =)7)" " — 0 strongly in L' (©0).
Thanks to (2.33) we obtain:
(u-w) =0ae. inQ

Which proves (2.34).
Moreover, by (2.35), Hﬁ(@) +fe| )

: < C, and from the results of [16] it thus follows
Du, — Du a.e. in Q (2.36)

Let ve W, P (Q) N L®(Q), v >y a.ein Q, and k > 0.

Using the estimate (2.28) In our study, we have examined || Ty (u, — V)| < ¢, moreover, we

1 P
()
take T (ue — v) as test function in the weak formulation of problem (2.27), We obtain:

(ue)”

(Alg, Ti(ue = v)) — f ( )Tk(ug—V)=fong(ug—V)
(Aue — Av, T (ue — v)) + (Av, T (U — v)) < fong(ug -)
(Aug + Av— Av, Ti.(u, — v)) < fong(ug -v)

(Aug, Ty (ue — v)) SfﬂfeTk(ug_ v),

Taking the limit as € — 0 in the last inequality we conclude the proof of Theorem 2.1.1

2.4 The omographic approximation

N(p-1).

Let A >0 and {f3} be a sequence of smooth function such that Vq < N

{f;t—»f inL'(Q)
”f/lnLl(Q) = ”f”Ll(Q) VA>0
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Let us consider the following problem:

Wi (Q
{WE o (‘) (2.37)

Aul+g%:fk+g inQ
Shat that
g=(—-Ay) .
We observe that g positive and | g| 1., < | | 10 + H (Ay)"

L’
The existence of u, follows from the results of [24].

In order to prove Theorem (2.1.1) we need the following:
Lemma 2.4.1.

Assume that hypotheses (2.3),(2.4),(2.5) and (2.9) are satisfied.
then:
upy=y YA>0a.e.in Q (2.38)

Also, 3¢(q) > 0, independent on A, we have:

N(p-1)

N_1 (2.39)

llu;LIIWOLq(Q) <c(gq) Vl<g<

Proof. We take (u 11— w)_ as test function in the weak formulation of (2.37) , such that Vv € WO1 P

(up—y)~
Auy, _— = ;
(Auy, v>+fﬂg(v)/1+|w_w| (fatgv)
N (up—vy)~ _
Auy, n + —Y) —— = + g, -
(Aup, (up—y)7) ng(uA 1l/)/1+|u/1_w| (fatg wr—v)7)
Since
(up—vy)~ |
— —_0,
ng(ua w)/\+|ux—1l/|
Furthermore
(fr+g—Ay,(up—y)") =0,
We get

f (a(x,Duy) —a(x, Dy))D(uy —y) < 0.
{ur—w<0}
From this estimate, using also assumption (2.5)

We have
D(up(x) —w(x)) =0a.e. in {xeQ: uy(x) <yx)}.
Then we obtain:
Jwr =)oy =0
From which easily follows(2.38).

Thanks to (2.38), u, is solution of the following equation

Aul—g# =f1 inQ (2.40)
A+ (up—vy)
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Let k > 0, choosing ¢ (uy) (@i (s) is the function defined (2.14)) as test function in the weak for-

mulation of the last equation, we have

A
(Auy, v) _.[ng(v) =(fuv)

A
(Aup, pr(up)) - fQ T (s =y @k = (S 0r(u)

2
A
,Duy)D - | g—F— =
fﬂa(x un) D@ (uy)) ng)H(u/l_w) (@r(up)) foMPk(ua)

A
, D D - _ =
jl;]’} a(x,Duy)D(uy) fB,’gg/l‘i'(u/l—W)(u/l) fB,@fMuA)

f a(x,Du;L)Du,lsf (f,1
B BA

k

(k+1)

N #'
gﬂ+(u/1—1,V)

fﬁ a(x,Duy)Duy < Const

By

+ —_—
h 8+ (=g

< C) and using also assumption (2.3)

A
We get (Hfﬁgm L@~

| 1w e,

Bk
Where B,@ is the set defined (2.16) .

From this estimate, we get the proof of (2.39).

O

Proof of Theorem 2.1.1 We point out that we shall use Ay € L'(Q). Using Lemma (2.4.1) there

exists a subsequence, still denoted by {u;}. such that:

uy —u weakly —Wol'q(Q)
uy — u strongly -L9(Q) (2.41)
uy — u almost everywhere in Q.

Also, since u is solution of (2.40) and H fa+A < C, reasoning as before we obtain

g
A+(u,1—1//) Ll (9))

Duy — Du a.e.in Q) (2.42)

Let k > 0. Choosing Ty(u,) as test function in the weak formulation of (2.40),and using also as-
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sumption (2.3)
(Au v)—f L(W‘(f +g,v)
A Qg)l+(u/1_1,U) - A g’
A
Auy, Teup) - | g———— - ,
(Auy, Truy) nglHu,x—w)(Tk(u/l)) (fr+8& Tr(uy)
A
,Duy)DT — _ =
an(x uy)DTi(uy) Lgl_i_(u/l_w)(’rk(u/l)) Lf]tTk(uxl)

fa(x,DuA)DTk(uxl)Sf (f/l
Q B,@

+g—/1 ')(k)
A+ (up—v)

a(x,Dup))DTi(uy) <ki||f+g———
j&"l ! g/1+(u/l_1//) L1(Q)
p _ constk
Q|DTk(u7L)| <
||DTk(U)L)||Lp(Q) =cC
We get
I Tkl 1 g < ck V>0, (2.43)
From this estimate we can prove that
il = : <'C} 2.44
Tk (up = v)lyyp (2.44)
For any v e W, (Q) N L®(Q).
Let ve W, P(Q) N L®Q),v=yae. in Q, then
(Auy — Av, Ti.(uy — v)) + (Av, Tr.(uy — v)) = f faTr(uy —v) +f ALTk(uA— V).
Q Q A+(up—v)

Letting A — 0, and taking into account (2.41),(2.42) and (2.44) we can conclude the proof of Theo-
rem (2.1.1)

Proof of Theorem 2.1.2

Since u, satisfies (2.37) shat that

Au/lff/1+(f,1—A’l/J)_. (2.45)

Also, thanks to (2.40) we get
Auy = fi. (2.46)

Taking the limit as A — 0 in (2.45) and (2.46) we obtain (2.10).
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Chapter 3

Unilateral Problems with L' Data, m > 1

This chapter deals with whose main results are contained in [11], where we study the proof of some

existence and regularity results for unilateral problems with degenerate coercivity.

3.1 Main results

The problem we are considering is as follows.

Au=f inQ,
u=20 on 0Q

Here Q is a bounded, open subset of RN, with N >2, and Au = —div(a(x, u) Du) with

a(x,s) : Q xR — Ris a Carathéodory function , satisfying the following conditions:

A+ 100 a(x,s)=p 8.1

For some real number 0 such that.

0<6<1 (3.2)

For almost every x € Q, for every s € R, where a and  are positive constants. we define

Au=-div(a(x,u)Du). Here, we assume that hypotheses (3.1) and (3.2) holds.
Theorem 3.1.1.

N
Let fe L"(Q), m > 5.

In that case, a function u € H& (Q) N L*°(Q) exists as a solution to the following unilateral problem

u=0 a.e.in Q
(Au,u—v) < o f(u—v) (3.3)
Yve Hy(Q),v=0 a.e. in Q.

Additionally, u fulfills the inequality
f<Au<f" (3.4)

The following result pertains to data f that yield unbounded solutions in H& Q).
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Theorem 3.1.2.

Let f € L"™(Q), with m such that

2N N
=m< — (3.5)
N+2-0(N-2) 2
In that case, there exists a function u € H& Q)N L"(Q),with
Nm(1-06)
F=—0—m 5 —— (3.6)
N-2m
That serves as a solution to problem (3.3).
Additionally u satisfies the inequality (3.4).
Theorem 3.1.3.
Let f € L"(Q), with
N@2-0) 2N
— — <m< . (3.7)
N+2- N6 N+2-0(N-2)
In that case, there exists a function u € WO1 9(Q), with
_ Nm(1- 0) (3.8)
1= N—ma+6) '
Such that
a(x,w)|Dul? € L' (Q). (3.9)

Furthermore, u is a solution to the unilateral problem (3.3) and simultaneously satisfies the in-

equality (3.4).
Remark 3.1.1.

In order to introduce the new formulation of unilateral problem let us recall the definition of the
truncature function.

Given a constant k > 0 let Ty : R — R the function defined by

T (s) = max{—k,min{k, s}}.
Our focus of study will be on the following result.
Theorem 3.1.4. [11]

Let f € L (Q), with m > 1 such that

N N2-0)
<m<————- (3.10)
N+1-0(N-1) N+2- N6
In that case, there exists a function u € WO1 7(Q), with q as in (3.8) we have

ulx)=0 ae. xel
Ti(u) € H} Vk>0

k() € Hy 3.11)
(Au, Te(u—v)) < fo fTi(u—v)
Yve HynL®(Q),v=0 a.e.in Q.

Additionally u satisfies the inequality (3.4).
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3.2 A prioriestimates.

Let f € L"(Q), where m is defined in the statement of the theorems, and let f;, be a sequence of

smooth functions such that
foel™2(Q)  fu—f strongly in L™ (Q) (3.12)
We have 2* = 2 12" (Q) = L2 (Q), and HL(Q) L2 (@) < [2” (Q) < H~(Q)

”f””Lm(Q) = ”f”Lm(Q)’Vn eN. (3.13)

We define the following sequence of Dirichlet problems

— f+
Apun+ [, 1+|u i =Jn inQ (3.14)
u,=0 on 0Q).
Where
Apun=—div(a(x, Tn(uy))Duy).
For every n € N, the function a(x, T, (s)) satisfies the condition (3.1). Also, since
a
a(x, T,(s)) = , fora.e. xe Q,VseR, (3.15)
1+ n)?

and since f;, € H™!, by well-known results (look at [25]) there exists at least a solution u,, of prob-

lem (3.14) in the sense that

un € H)(Q)
an(x; Tn(un))DunDV"‘fo;;#’;an:fo;V (3.16)
Yve H}(Q).
Note that, VneN
U, (x) =0 fora.e. xe Q. (3.17)

We choose as test function in (3.16) v = u,,, we obtain

fa(x,Tn(un))Duan+ffn_1 tn v:ff,;“v
_+|un|

fa(x Tn(up))DuyDu,, +ffn ffn u,
Q _+| nl

2

Since the right hand side is non negative and using condition (3.15), we have

(1+n)9f |Du,, Pdx <0,
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This leads to the implication of (3.17), thereby establishing that u, is a solution to the problem.

un € Hy (Q)
Joax, Tp(un)DupDv + [o fr7 T TV = Jofiv (3.18)
Yve Hy(Q).

In order to prove Theorem (3.1.1) we need the following L* a priori estimate
Lemma 3.2.1. [11]

Let f € L™(Q), with m > & and let u,, be a solution of (3.14). Then, there exist two positive con-

2
stants cj, ¢,

such that, forany n e N,
lunll foo) < €15 (3.19)

I un”HS(Q) = (o, (3.20)
Proof. Let us define, for sin R and k >0,

and set, for nin N

Apr={xeQ:u,(x)>k}. (3.21)

We take G (uy) as test function in (3.18),and using Holder’s inequality (with exponents m, m')

fa(x,Tn(un))DunDHff;#u:ff;u
Ltu,

LQ(X,Tn(un))DunDGk(un)'Fffn . ——Gilup) = ffn Gr(up)

f a(x, r-rn(lftn))|D7/tn|25\/v |f|Gk(un)
Ar Q

f a(%, Tu(un) Dt < || £ iy ( f (Gk(un))’"’)’" ,
Ar Q

and use assumption (3.1) and condition (3.17), we obtain

Ak 1+ un)‘9 B Q ktHn
1
< Ul ([ Gt

Where m’ = 2=, Thanks to estimate (3.22) we get the L>°-estimate as in the proof of Lemma 2.2
of [12].

(3.22)
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We study proof the estimate (3.20), we take u,, as test function in (3.18), we obtain
fa(x,Tn(un))Duan+ffn_1Lv:ff,;”v
an(x T, (1)) DuyDu, + ffn un—f fo tn
La(x;Tn(un))lDunlz ffn un ffn Un

an(x,Tn(un))IDunl2 ffn un ffn Up

Using hypothesis (3.1) we get

|Dun|2
afg(uun)@ ff tn = ff

From this estimate, using (3.19) we obtain

1+ ¢)0*t
[ 1Dun? = |

unsf |fluy.
n Q

The subsequent result will be utilized in the proof of Theorem 3.1.2.
Lemma 3.2.2.

Let f € L (Q), with m satisfying hypothesis (3.5), and let u; be a solution of problem (3.14).
Subsequently, there exist two positive constants, namely c3 and ¢4, dependingon N, m, «, 0, |Q)], || f ” Q)
such that, forany n e N,

I un||Lr(Q) = (3, (3.23)

| un”Hé(Q) = (g, (3.24)
Where r is defined by 3.6.
Proof. Let k > 0. Following the outline of the proof of Lemma 2.3 of [12] we have to prove the

following estimate

Du,’<@2+k° | Ifl, (3.25)
By Ag

Where Ay is the set defined in (3.21) and
Bir={xeQ:k<su,<k+1}. (3.26)
If we take in (3.18) v = T1(Gy(un)),

u
fa(x, Tn(un))Duan+f fn_l—"v:ff,jv
Q Q™" L+ up Q

| ate Tatwn D DT Gt + | fi 2 TiGun) = [ £ T2 Gt
Q o " L +u, Q
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_[Ba(x Tn(un))DunD(Gk(un))—ffn T1 (Gr(up) — ffn 11 (Gy(up))
k

n

fB a(x, Tn(un))DupDuy, —<f [ T1(Gr(up)) - f fn u T (Gi(un)
k

" n

f a(x, Tp(un))| Ditnl® < f £ TG () — f f,;Tl(Gk(un))
By Ak Ak

f a(x, T ()| Ditnl® < f |l T2 (Giet)
By Ak

Thanks to hypothesis (3.1), (3.17) and u, < k+ 1 we get

Du,|?
a fB Dunl” _ f FIT1 (Grelun))

e (14 un)a B

|Duy [
el S T ,
aka Ty <), 1T Gt

Which implies (3.25). o

The next lemma deals with the case in which the sequence {u,} is not bounded in Hé and will be

used in the proof of Theorems (3.1.3), (3.1.4).
Lemma 3.2.3.

Assume f € L (Q) with
N 2N

<m< '
N+1-6(N-1) N+2-6(N-2)
Let {f»} be a sequence of functions satisfying (3.12) and (3.13), and let u,, be a solution of (3.14).

(3.27)

Then, for any n € N and K > 0 we obtain

||f||;l(m 1+ K0+ (3.28)

f DTy ()2 dx <
Q

Also
” Up ” 1 q(Q) =< Cs, Vn € N) (3.29)

Where c5 depends on N, m, 0, a, |Q)|, ||f||Lm(Q) and g is defined by (3.8).

Proof. Let us take Ty (u,) as test function in (3.18)

fa(x, Tn(un))Duan+f fn_%v:f fiv
7 n

| ats, Tt DuD T + | fo Ty il = f £ Tt
[ a(x, Tp(uyp))DuyDuy, —f fn Ty (uy) — f fn Ty (uy)
By - T Un

f a(x, Tn(uy))DuyDuy, —f fn Ty (uy) - f fn Ty (uy)
B _ n

f a(x, Tn(un))lDunl Sffn Tk(uu)_f fn_Tk(uu)
By Q Ar

f a(x, T ()| Dt l? < f | ful T (24)
By Q
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Using (3.1) and condition (3.17) we get

B, L+up)? ~ Ja K

o 2
DT, < k+1
5 [ DTl = [ 1fuldk+ )
f DTy (un))? < ”f”ﬂu + k!
Q a
Which implies (3.28).
The estimate (3.29) follows working as in the proof of Lemma 2.5 of [12]. O

Before proving the theorems we state the following result (for the proof see Lemma 2.8, [12]).
Lemma 3.2.4.

Let {v,} be a sequence of functions which is weakly convergent to v in H& (Q), and let u, be a

sequence of functions which is almost everywhere convergent to some function « in Q. Then
f a(x,w)|Dv|* < liminff a(x, Tn(un))IDvnl2 <c.
Q n—-+oo Jo

We are now in position to prove the Theorems.

3.3 Proof of the Theorems

Let f € L"(Q), with m as in the statements of the theorems and let {u,} be a sequence of solutions
of (3.14). Using the results of Lemmas (3.2.1) in addition (3.2.2) we get that the sequence {u,} is
bounded in H(} (Q) and in the Lebesgue spaces as in the statements of the theorems.

Then, there exists a subsequence, still denoted by {u,}, which is weakly convergent to some func-
tion u in H& (Q). Moreover, {u,} converges to u almost everywhere in Q2 as a consequence of the
Rellich theorem.

Let us prove that u is a solution of the unilateral problem 3.3.

Since u,(x) =0 a.e. x € Q for any n € N we have
u(x)=0a.e. xeQ.

Let we H& (Q), w =0, and take u,, — w as test function in (3.18). We obtain

fa(x,Tn(un))Duan+[fn_lu” y:ff,;;u
f a(x, Ty (uy)) Du, D(u, — W)+f fn_—l tn (up—w) :f f;;—(un_ w)
Q Q ﬁ+un Q
fa(x, Tn(un))DunD(un—w)=f fn(un—W)+lf I (uy—w). (3.30)
Q Q nJjo
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Applying Lemma (3.2.4), with v, = u,, we have
f a(x, u)IDulzsliminff a(x, Ty (ty) | Duyl?.
Q n—+oo Q

Thanks to the boundeness and the continuity of a(x, s), and since u, converges to u weakly in

H& (Q) and almost everywhere in Q2 we have

lim a(x, Tn(un))Duan:f a(x,u)DuDuw.
Q Q

n—+oo

Hence, taking the limit as n — +oo in (3.30), since the right hand side converges to

f flu—w)dx,
Q

u is a solution of (3.3).

In order to prove the inequality (3.4) we note that, since u, is non negative, from (3.14) we derive
f<Apup<f".

Thanks to the linearity of A, u, with respect to Du,, , letting n — +oo in the previous inequality, we

obtain inequality (3.4).

Proof. of Theorem 3.1.3

Let { fn} be a sequence of functions satisfying (3.12) and (3.13), with m as in the statement of The-
orem (3.1.3),and let {u,} be a sequence of solutions of problem (3.14). By Lemma (3.2.3) the se-
quence {Ti(u,)} is bounded in H(} (Q). Also the sequence {u,} is bounded in WO1 () andin L7 (Q),
with g and r defined by (3.8), (3.6), respectively. Thus, there exists a subsequence, denoted by {u,,}

such that
Up — u weakly — Wol’q Q)

u, — ustrongly—L9,and a.e.x€Q, (3.31)
Trun — Tru weakly - Hé Q).

Let’s study proof that u satisfies (3.9).
Taking Ty (u,) as test function in (3.18),

u
fa(x,Tn(un))Duan+ffn_l—nv:ff,;"v
Q Q" S+uy Q

—_ un +
La(x; Tn(un))DunDTk(un)+Lfn 1—Tk(un) :«[an Ty (up)

fa(x, Tn(uanTk(unnZsff,iun—ffn‘—l ety
Q Q Q ﬁ"‘un

1
fa(x; Tn(un))lDTk(un)lzsf fn(Tn(un))+_f fn_(Tn(un))
Q Q nJjo

We have
1
fQ a(x, Tp(un)) IDTe(up)* < fﬂ fnTk(un)+;||f,;||Ll(m. (3.32)
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Applying Lemma (3.2.4) with v, = Tx(u,), we thus have
f a(x,u) | DT(w))? < liminff a(x, Tpn) |D T (). (3.33)
Q n—+oo Q
Passing to the limit as n — +oo in 3.32 we obtain

fa(x,u)IDTk(u)lzsfka(u).
Q Q

Letting kK — oo, we obtain
fa(x, u)IDulzsf fu<c. (3.34)
Q Q

Now we can prove that u is a solution of the unilateral problem (3.3). First of all we note that
u(x) = 0 almost everywhere x € Q.

Let ¢ be a function in Cj°(Q), ¢(x) =0 a.e. x € Q and k > 0. Taking Ty (u,) — ¢ as test function in
(3.18)

fa(x;Tn(un))DunDU‘i'ffn_lLU:ff;v
f (X, Ty (14)) Ditn D(Ty (t4) — ) + f S Ty Tkt =)= f £ (Te(n) - @)

fa(x Ty(i)) D Tiltty) — D = ff,,(Tk(un)—q))—
ffn (Tk(un)_(/))
f a(x, To(thy)) DT (1) = f a(x, Ty(t4)) D < f Fo T () — @)+
Q Q Q

1
+—f [ (Ti(up) — @)
nJo

We obtain

fQ 4.0, To(t6s))) Dby D T (1) — fQ a(x, T (1)) Dity Dp <

1% _
SRR EOEE Ty P

The right hand side easily passes to the limit as n tends to infinity. As for the left hand side, we note

(3.35)

that condition (3.33) holds; moreover a(x, T,,u,) D¢ converges to a(x, u) D¢ in any LP(Q) . Thus,
itis possible to pass to the limit in (3.35) to obtain

fa(x,u)lDTkulz—f a(x,u)DuD(psff(Tku—(p).

Q Q Q

A further limits on k — +oo yelds
fa(x,u)Du(Du—D(p)sff(u—(p), (3.36)
Q Q

Vo e CP(Q),p(x) = 0 ae. x €. At least, by standard density argument we can prove that 3.36
holds also for non negative test functions in H& Q).

The proof of the inequality (3.4) follows as in Theorems 3.1.1 and 3.1.2. O
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Proof. of Theorem3.1.4. Let { f,,} be a sequence of functions satisfying (3.12) and (3.13), with m as
in the statement of Theorem 3.1.4, and let {u,,} be a sequence of solutions of problem (3.14). As
in the proof of Theorem 3.1.3, {u,} has a subsequence, still denoted by sati {u,}satisfying (3.31).
Moreover, u(x) =0 a.e. x € Q.

Let ve Hy(Q)NL>®(Q), v(x) =0 a.e.x €.

Taking Ty (u, — v) as test function in (3.18)

u
fa(x, Tn(un))Duan+ffn_1—"v:ff,:v
Q Q" L +uy, Q

| ate Tatun Dun DTxtatn =)+ [ f 72— Tun =01 = [ £ Titun =0

Q Q" St uy Q
fa(x, Tn(un))DunDTk(un_U)Sf fnTk(un_V)"‘lf fn Tie(up—v)
Q Q nJo

We obtain
e
fga(x, Tpun) Dup DTy (U — v) < fonTk(un —v) (F (3.37)

The left hand side of the previous inequality can be rewritten as follows
fga(x, Ty (un)) ID Ty (4, — v) —fga(x, Tn(un) Dy DTy (uy—v).

Since the sequence {Ty(u, — v)} is weakly convergent to Ty(u — v) in H& by Lemma (3.2.4) with

vy = Tk (uy — v) we have
f a(x,u)|DTy (u—v) > <liminf | a(x, T,,(u,) |D Tk (un — V) 2.
Q n—+oo Q
Also, due to the boundedness and continuity of a we obtain
f a(x,u)D,DTy (u—v)= lim / a(x, T,(uy)D,DTy (u,—v).
Q n—+oo Q

Then the first member of (3.37) passes to the limit, as well as the second member.
Hence u satisfies

fa(x,u)DuDTk(u—v)Sfka(u—v),
Q Q

For every v in Hé NL*Q),v(x) =0 a.e. xe€Q, thatis u is a solution of the unilateral problem

(3.11). a

As for as the inequality (3.4) is concerned, we can prove it as in Theorems (3.1.1) and (3.1.2).

53



Conclusion and Further Prospects

In this memory, we have studied some results on a class of nonlinear elliptic equations with de-

generate coercivity of the form

{Au =f inQ, (3.38)

u=0 on 0Q)

Where Q be an open bounded subset of RN, N =2, Aisdefined as a nonlinear operator
Au=-div a(x,Du)

Where Q is a bounded Lipschitz domain in RN with N>2, fe L™, m>1and a: Q x RY — RV is
a Caratheodory function such that for a.e. x € Q and V¢,n € RV, (¢ #n) the following assumptions
hold:

a(x,§)¢ = alf|”

la(x,&)| < B(h(x)+E1P7)
(alx,&) - atx,m) (£ -n) >0

With a, f > 0 and h(x) is a non-negative function in L” (Q)(here p’ denotes the conjugate expo-

nent of p ).

If fe L"™(Q),m> 5, then u € H} (Q) N L®(Q).

2
If f € L™(Q), xr5e

% =m< g, thenue H&(Q) N L' (Q) ,with r = Xzd-0)

N-2m

m N(2-0) 2N Lq ; — Nm(1-0)
IffE L"(Q), N12-NO =m< N+2-0(N=2)’ then u e WO (Q) , with q= N-m(1+0)

m N N(2-6) l,q . _ Nm(Q-6)
Iff€L (Q),m <m< NT12-NG’ then u e WO Q) ,Wlth q= N-m{+0)

This thesis memory contributes to the understanding of nonlinear elliptic equations with degen-
erate coercivity, providing important theoretical insights and establishing conditions for the exis-

tence and regularity of solutions. The results obtained in this study lay the groundwork for further
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investigations in this field and can serve as a valuable resource for researchers and practitioners
working in related areas.
This study raises some questions for researchers to explore in further studies: We suggest to study

the following problem
Au=f inQ,
u=0 onodQ

Where Q is a bounded Lipschitz domain in RN with N > 2, A is defined as a nonlinear operator
Au=—-div a(x,Du)

With a: Q x RN — RV is a Caratheodory function such that for a.e. x € Q and V¢&,n € RY, (£ # 1) the
following assumptions hold:

a(x, &) = alé|?
la(x,&)| < B (h(x) +1E1P7")
(alx,&) —alx,m)({-n)>0

With a, > 0, h(x) is a non-negative function in L” (Q)(here p' denotes the conjugate exponent of
p),and f € L,(Q)

Let p : [0, +00) — [0, +00) be an N-function, i.e, a convex function such that

lim ﬂ:Oand lim M:+oo

n—0* 1 n—+c0 7
Then it is possible to define the Orlicz space
|/
Ly (Q) =1 f measurable on Q | 3M > 0: p(ﬁ) <+4o00;.
Q
where L, (Q) is a Banach space under the norm

i |fl
11,0y =ime{pr>0: [ oL <1l

( more details about it look at [7])
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