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List of Symbols

Everywhere in the sequel we use the following notations:

¢ R": Euclidean, n-dimensional space.
* du or dx : Lebesgue measure n-dimensional .

¢ g : Characteristic function of the set E

|1, zek
XE = 0, elsewhere,

¢ (): Open setin R".
¢ Dy: The distribution function.

* pp() : Modular function.

pp(.)<f) = /Q\Q ’f(x)’p(z)d:c < o0

, . 11
* p': The conjugate exponent ]—? + ]7 =1L
* Z: The set of all integer numbers.

* p.,p_: Essential supremum and infimum of p,

p—(Q) = essq, inf p(x),
p+ () = essq, sup p(z)

* 75, : Translation operator .
* |||, : norm.

o [1

loc

(R™) : The collection of all locally integrable function on R™.

* L,)(£2): The variable exponent Lebesgue space.
* L,)(€): The grand Lebesgue space.

v



[ * g: The convolution is defined by

frg(@) = [ flx—y)g(y)dy. f.g€L'R").
C5°(€2): the space of smooth functions with compact support in €.
CO@) = {p € C(@) : min, o pla) > 0}

"i.e": Stands simply for "in other words".

"a.e": Stands simply for "almost every were".




Introduction

This memory master is devoted to the study of some basic properties of Marcinkiewicz spaces
( weak Lebesgue ) with variable exponents which is necessary to treat some nonlinear par-
tial differential equations. Its name comes from the Polish mathematician J6zef Marcinkiewicz

(1910-1940) who worked in real analysis and partial differential equations ( look at [13] ).

In the first chapter we study some definitions and elementary properties of Lebesgue spaces
and weak Lebesgue spaces which includes the distribution function, convergence in measure,
a first glimpse at interpolation. This chapter has been illustrated by simple examples to clarify
the use these spaces in PDE. As already mentioned by [4] and [5] , these spaces has been already

used to studying nonlinear partial differential equations ( the reader can look at [14]).

Chapter 2 is devoted to study some definitions and elementary properties of variable expo-
nent Lebesgue spaces involving weak Lebesgue spaces with variable exponents, Luxemburg-
Nakano type norm, another version of the Luxemburg-Nakano norm, Holder inequality, con-
vergence, completeness, embeddings, and Dense Sets. In addiction, we give the main differ-
ences between spaces with variable exponent and constant exponent which has been studied in
[3] [9]], and [12]. In conclusion, we study the Hardy’s inequality that introduced in [5]. Also, on
a personal level, Marcinkiewicz spaces with variable exponents are one of the generalizations

of the Lebesgue spaces with variable exponents.
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CHAPTER 1

LEBESGUE SPACES AND WEAK LEBESGUE
SPACES

In this chapter, we study some definition and properties of Lebesgue Spaces and Weak Lebesgue

Spaces .

1.1 Lebesgue Spaces

This section is devoted to some definition and properties of L, spaces.

1.1.1 Definition and elementary properties of L, spaces

Definition 1.1.1. Let p € R with 1 < p < oo; we set

LPQ)={f: Q=R f is measurable and |f|" € L'(Q)}

11 =171, = ( [ 15607 du>;

L) ={f:Q—R; fispumeasurableand 3c: |f(x)| < cforpu-ae.xz € Q,c>0}

with

Definition 1.1.2. We set

with
[l = I fllo = nf{e; [f(z)] < ¢ for p-ae x €}
Remark 1.1.3. see [4]
ro —1
Theorem 1.1.4 (Holder’s inequality). Assume that f € LP and g € L? withp' = p—, 1<p<co.
p
Then fg € L' and

/ ol <1171, ol (L1)

Theorem 1.1.5. L7 is a vector space and |||, is a norm for any p,1 < p < oo.



Proof. For 1 < p < oo and let f,g € LP. We have

() + 9@)" < (If (@) + |g@)])" < 22 (1f ()" + 1g()[") -

So that, f + g € L. Whereas,
£+ 9l = [ 15401 +al < [1rvar™ 11+ [1£+0 lol
But |f + g|"' € L¥ , and by Holder’s inequality we obtain
1 +gll2 < If + gl (1£1, + Dl )

ie, [|f +gll, < I£1l, +llgll,- O
Theorem 1.1.6 (Fischer-Riesz). [4] L? is a Banach space for any p,1 < p < oo.

Proof. See [4] H

1.2 Weak Lebesgue spaces

We start with a simple observation that will be used when defining the weak Lebesgue space.

Lemma 1.2.1. [5] Let (E, A, 1) be a measure space and f be an a -measurable function that satisfies

Cc\P

plfe e B: @) > ) < (5) (12)
for some C > 0. Then

1

inf {c>0: D)) < (;)p} - (sup)\pr()\)> " =sup A (Dy(N)

A>0 A>0

Proof. We set
A = inf {c >0:Dg(N) < (_)p} ;
and

B= (sup Apr(A))’l’ .

A>0

Since f satisfies[1.2] then
C\P
Df()‘) < <X>
for some C' > 0, then
C\P
{c> 0:D;(\) < (X> YA > 0} £ 0.
On the other hand \?Dy(\) < BP, thus A?Ds(A) : A > 0 is bounded above by B? and so B € R.

Therefore

o = inf {c > 0:D;(\) < (;)p > o} < B. (1.3)

Now, let £ > 0, then there exists C' such that




A<C<A+e¢

and thus
(A +e)p
— )P < AP

from which we get
supyug W'Dy (A) < (A + ).

By the arbitrariness of ¢ > 0, we obtain B < A which, together with([1.3| we obtain B = .

We now introduce the weak Lebesgue space. [

1.2.1 The distribution function

Definition 1.2.2. [10] For f a measurable function on FE, the distribution function of f is the

function D; defined on [0, c0) as follows:

Di(A) = u{z € E: |f(2)[> A}). (1.4)

The distribution function D provides information about the size of f but not about the behav-
ior of f it self near any given point. For instance, a function on R" and each of its translates have
the same distribution function. It follows from Definition that Dy is a decreasing function

of A (not necessarily strictly).
Proposition 1.2.3. [10] Let f and g be measurable functions on (E, p). Then for all o, 5 > 0 we have
1. |g| < |f] p-a.e. implies that D, < Dy;
2. D.s(a) = Dg(ae/|e|), forall ¢ € R\ {0};
3. Dirg(a+B) < Df(a) + Dy(5);
4. Dyg(af) < Dy(@) + Dy(B).

Proposition 1.2.4. [10] Let (X, 1) be a o -finite measure space. Then for f in LP(X,u), 0 < p < oo,

we have
£ =» [ X DA 19
0

Remark 1.2.5. For any increasing continuously differentiable function ¢ on [0, co) with ¢(0) = 0

and every measurable function f on E with ¢(|f|) integrable on X, we have

/X o1 f )y = / SN (16)
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Proof. we have

P/O /\p_lDf()\)d)\ZP/o )\p_l/XX{x:|f(x)>A}dM($)d/\

B /X /Olf(w)l (o)
- [ r@panto

= [1£11%s

]

Definition 1.2.6. [10] For 0 < p < oo, the space weak L?(X, p) is defined as the set of all -

measurable functions f such that

|| f ||Lp oo — an {C >0: Df(/\) % /\ 0} (17)
= sup {ny % Dy } (1.8)

is finite.
Remark 1.2.7. Note that the assumptions(I.8|and[I.7)are in fact equal according to Lemma

Remark 1.2.8. The weak L? spaces are denoted by L»*>(X, p).
Two functions in L»* (X, ;1) are considered equal if they are equal pi-a.e. The notation L»>°(R")

is reserved for LP>®(R™, |.]).

Using Proposition (2), we can easily show that

|5 [peee= [K[] f |l oo (1.9)

for any complex constant k. The analogue of (1.2.3) is

1+ g llroe< Il f llzree + 11 g [[zoe), (1.10)

where ¢, = maz(2, 2%), a fact that follows from Proposition (1.2.3) (3), taking both o and /5 equal
to %. We also have that

| fllpooxp=0=f=0 p—ae. (1.11)

In view of [1.9, .10} and [I.T1} L»> is a quasi-normed linear space for 0 < p < oc. The weak L?

spaces are larger than the usual L? spaces. We have the following;:

4



Proposition 1.2.9. For any 0 < p < oo and any f in LP(X, ) we have
| f lpoo<|| f ||Lo- Than the embedding LP(X, ) € LP>(X, ) holds.

Proof. This is just a trivial consequence of Chebyshev’s inequality:

ANDy(A) = /

{a:lf(2)[>A}

Ndp() < /

(@) Pdp(z) < / F@)Pdp(z) =] £ 12 -
{z:|f(x)|>X} X

Exemple 1.1. We put

1
1
xTp

flx) = 277 then /+<>°

o0

p —+00 1
dm:/ —dx.
oo 7]

Is divergent but for Vo > 0;

1.2.2 Convergence in measure
We present some convergence notions. The following notion is important in probability theory.

Definition 1.2.10. Let f, f,,;n = 1,2, ... be measurable functions on the measure
space (E, iu). The sequence f,, is said to converge in measure to f if for all € > 0 there exists an
ng € Z* such that

n>ng= pu({z € E:|f.(z) — f(x)|>c}) <e. (1.12)

Remark 1.2.11. The preceding definition is equivalent to the following statement, for alle > 0 :
Tim p({r € B: |fu(2) — J(2)|> €}) = 0. (1.13)

Clearly implies To see the converse given € > 0, pick 0 < ¢ < € and apply for this
J.

There exists an ng € Z* such that :

p{z € B [fu(x) — f(z)[>0}) <6

holds for n > ny. Since

p{z € B |fulz) = f(@)[> e}) < p{z € E: |fulz) — f(2)[> 6})

5



we short that

p{z € B [fu(x) = f(z)[>e}) <6

for all n > ngy. Let n — oo to deduce that

Jim sup p({z € B ¢ |fu(x) — f(a)|> <)) <4 (1.14)

Due to holds forall 0 < § < ¢, follows by letting 6 — 0. Convergence in measure is a
weaker notion than convergence in either L? or L»*, 0 < p < oo, as the following proposition

indicates:

Proposition 1.2.12. Let 0 < p < oo and f,, , f bein LP>°(E, p).

(1) If f,, farein L? and f,, — f in L?, then f,, — f in LP>°.

(2) If f,, — fin LP>°, then f, converges to f in measure.

Proof. Fix 0 < p < oo. Propositio gives that for all ¢ > 0 we have

u({z € B < |fu(x) — f@)]> £}) < / fu— fIPdp.

This shows that convergence in L? implies convergence in weak L?. The case p = oo is tauto-

logical. Given ¢ > 0 find an n, such that for n > n,, we have

| o= f llree=supap({z € X : |fulz) — f(@)]> a})p < ev™™,

Taking o = ¢, we conclude that convergence in L”*> implies convergence in measure. O

Theorem 1.2.13. Let f,, and f be complex-valued measurable functions on a measure space (E, ;1) and

suppose that f,, converges to f in measure. Then some subse-quence of f,, converges to f p-a.e.

Definition 1.2.14. We say that a sequence of measurable functions f, on the measure space
(E, u) is Cauchy in measure if for every ¢ > 0, there exists an ny € Z* such that for n,m > ny

we have

pife € B fm(x) = fulx)]>e}) <e




Theorem 1.2.15. Let (E, 1) be a measure space and let f,, be a complex-valued sequence on X that is

Cauchy in measure. Then some subsequence of f,, converges i -a.e.

Proof. The proof is very similar to that of Theorem[1.2.13|Forall £ = 1,2, ... choose n;, inductively
such that

,u({x € E:|fu(x)— flx)> 2"“}) <27k (1.15)
We define the sets
Av={z € E:|fo(x)— f(z)|>27F}. Forn; <ny < ... <my < ...

As shown in the proof of Theorem|[1.2.13 implies that
PNy U, Ar) = 0 (1.16)

Forx ¢ U2, Apand i > j > jo > m (and jj large enough) we have
| fri (@) = [, ()< Z;;ﬂfm(:ﬁ) — fa (@)]< Z;;Jl 270 < 2177 < 2700 | This implies that the
sequence { f,,(x)}, is Cauchy for every z in the set (|J,-, Ax)® and therefore converges for all
such x. We define a function
f(z) = { gmj*wo fng(x) T ¢ ﬂZ:lUZ;mAkQ
T € (N1 Uz Ak

Then f,,, — f almost everywhere. O

A First glimpse at interpolation

Remark 1.2.16. It is a useful fact that if a function f is in LP(E, 1) and in L(E, i), then it also
liesin L"(E,p) forallp <r < q.

The usefulness of the spaces L”>° can be seen from the following sharpening of this statement:

Proposition 1.2.17. Let 0 < p < q¢ < oo and let f in LP>®°(E, ) N LY (E, 1), where X is a o-finite
measure space. Then fisin L' (X, p) forallp < r < qand

1_1 1_1
N ek i
N R ey W EA A P P .17

with the interpretation that 1/0o = 0.

Definition 1.2.18. [10] For K C R", 0 < p < oo, the space L] (R",|.|) or simply L} (R") is the

loc

set of all Lebesgue-measurable functions f on (R") that satisfy

/ |f(2)]? do < . (1.18)
K

7



Functions that satisfy with p = 1 are called locally integrable functions on R" . The union

of all L?(R") spaces for 1 < p < oo is contained in L] .(R")

loc

Proposition 1.2.19. More generally, for 0 < p < ¢ < oo we have the following:
Lq(Rn) g L?oc(Rn) g LfocGRn) :

Remark 1.2.20. Functions in LP(R") for 0 < p < 1 may not be locally integrable.

Exemple 1.2. Take f(x) = |2|™7""*xsj<1 hich is in LP(R") when o > 0 and p < n/(n + «), and

observe that f is not integrable over any open set in R" containing the origin.

Theorem 1.2.21. Let {a; }j cn be a sequence of positives reals.
9
L. <Z§il aj) <>y af, forany 0 <6 < 1.
00 00 ¢
2.3 a? < (ijl aj) ,forany 1 <6 < oo.
< NO-! Z;.V:la?, when 1 < 0 < o

0
< N9 (ZN aj> ,when 0 <0< 1.

J=1




CHAPTER 2

NONSTANDARD LEBESGUE SPACES

This chapter is devoted to study of variable exponent space and Weak Lebesgue space with

variable exponent, Grand Lebesgue Spaces.

2.1 Variable exponent Lebesgue spaces

In this section we define the so-called variable exponent Lebesgue spaces L,  (12), introduce an

P
appropriate norm and study some fundamental properties of the space, for simplicity we will
work only on a measurable subset (2 of R" with the Lebesgue measure. By P({2) we denote the
family of all measurable functions p : § — [1, 00]. For p € P(Q2) we define the following sets
M(p) =M ={zeQ:p(x) =1},

Qoo (p) := Qoo = {2 € Q: p(x) = 0},

Qi(p) =% ={xeQ:1<p(x) <oco}.

Definition 2.1.1. The variable exponent Lebesgue space are note by L, (), as the set of all

measurable functions f : 2 — R such that
b= [ Ur)Pde < oc @)
N\ Qoo
and
ess ;relgi|f(x)|< 00.

Where the measurable function p : 2 — (0, oo] is called variable exponent. The functional p,,

is known as a modular.

Remark 2.1.2. If m(€2,) > 0, and p_ = p; = 1if m(Q,) = 0. For p € P(Q2) we define the dual

exponent or the conjugate exponent has

o0, S Ql
/ p(x)
p(r) = , x €€,
(@) p(z) —1
1, r € Oy



which implies the pointwise inequality

O U
p(z)  pz)

If a measurable function p : R" — [1, 0o) satisfies

1 <p_,ps < o0, (2.2)
then the conjugate function
/ p(z)
r) = ———
7 () p(z) —1

is well defined and moreover it satisfies Working with the definition of p_,p, and the

conjugate exponent, we have the following relations
L ®(0)+=W-);
2. (P'()- = (p4)"
Lemma 2.1.3. The space L, () is linear if and only if p, < oc.

Proof. Suppose that p, = co. We will show that there exists a function fy € L,(Q2) such that
2fo & Lyy(2). Let A, =2 € Q\ Qo :m — 1 < p(x) < m. Since py = oo, there exists a sequence
my, — 00, k € N such that m(A4,,,) > 0. We now construct a step function

fo;ie, fo(x) = ¢ for x € A, where ¢, is given by the relation

/ O dr =m2,

this defines ¢, univocally if m(A,,) # 0. We then have

o) = [ e =Y m <o
m=1 m m=1
which entails that f, € L,()(£2). On the other hand,
pp(.)(Qfo) > Z/A (Qka)p(x)d.%
k=1 mp

>y omet / ) dy

k=1 Amk

10



which means that 2y & L,y(£2).
Let p, < oo. We have

pp)(cf) < max {|c[", 1} py() (f)

and

Po() (f +9) <27 [pp(y () + pp)(9)]

for all function f and g in L, ().
The next result tells us that the definition of the variable Lebesgue space is not void, in the sense

that it always contains the set of step functions, whenever p, < oo . O

211 Luxemburg-Nakano type norm

We already know from Lemma that the space is linear if and only if p + . We now want to

study a norm in the Lebesgue space with variable exponents.

Lemma 2.1.4. Let f € L,y(2),0 < p(z) < oo . The function

F(A) = pp(.)(%)? A>0 (2.3)

Take finite values for all X > 1. Moreover, this function is continuous, decreasing, and

limy_ oo F(A) = 0. If p1 < o0, the same is true for all X > 0.

Proof. By definition we have that F/(1) < co. It is clear that the function [2.3]is

decreasing, which immediately entails that '(\) < oo for all A > 1. The continuity follows from

lim [F(A) — F(Xo) <  lim \f(gg)‘f’("”) AP@) )\ap(x) de
A— Ao A= Ao Q\Qoo
= / lim | f(2)" AP = AT do (2.4)
O\ Qoo A— Ao

where we used the Lebesgue dominated convergence theorem since \?*) < 1 for A > 1. Using
again the Lebesgue dominated convergence theorem we obtain lim,_,,, F'(\) = 0.

When p,; < oo, for A < 1 we have that F'(\) < F(1)A\™P+ < co. The continuity follow, once again,
frorn since AP(®) < ¢\;P" for A near )\, . We now introduce a norm in the space L, ,(Q2) O

11



Theorem 2.1.5. Let 0 < p(x) < oo, for any [ € Ly)(2) the functional

r|f||<p>=inf{A>0:/
O\ Qoo

Pr() (L) <1, [ fllw#0. (2.6)
|| f ||(p)

If the exponent satisfies p, < oo or || f ||> 1, then

fz)
)

p(z)
dr <1 (2.5)

takes finite values and

Pr() ( / ) =1, | fllw#0. (2.7)
I f I

Moreover, if 1 < p(z) < py < 0o,z € Q\ Qu, we have that
| e, @=I f llw) +ess Sup | f ()] (2.8)

is a norm in the space Ly((€2).

Proof. By Lemma e have that || f[|, is finite whenever f € L,,(Q) an @ are conse-
quences of the definition given in[2.5/and Lemma To show that[2.8]is a norm, it suffices to

show the triangle inequality for || f||,, which follows from the inequality
Ayr + (1= Ngal” < Ay’ + (1= A) [y, (2.9)

for0 < A <1landp > 1,sincet > P is a convex function.

We now obtain upper and lower bounds for the modular p,() via the functional ||.[|, - O

Corollary 2.1.6. The functional 2.5and the modular p,, are related by the following estimates

f P+ f L
(—H !(”)) < Pp() (%) < (H 2@)) A2 flly (2.10)
F p_ f P+

(—H ﬂ“’)) < Po() <§> < <“ !(p)> <A<l 2.11)

where the extreme cases p_ = 0 or p, = oo are admitted.

Proof. Let us rewrite[2.10and as
A
AP < ppp) (Wf) SN 0<ALS (2.12)
p

and

A
N <o [ —=—rf ) <ara>1 (2.13)
11

12




We now have thaf2.12and are a consequence of R.7]if p,. < oo or py = oo with [| ][, > 1.
If p, =ocoand | f[|, <1, the right-hand side of the inequality in is a consequence of

and the left-hand side of 2.13] holds since
g/l = A = Lfor g(x) = Af(x)/ [ fll)- [

Corollary 2.1.7. Let p be a measurable function, 0 < p_ < p(z) < py < 0o,z € Q\ Qu, we have the

following estimates

1175 < o (F) < AU 1Ly < 1 (2.14)
1FI75 < oot () < AP 11l 2 1. (2.15)

Remark 2.1.8. Corollary states that in questions related to convergence, py()(.) and |. |,
are equivalent. This observation is quite useful due to the fact that the norm is given by a
supremum and calculating explicitly the norm can be impossible, except in trivial cases. With
these estimates at hand, we can get an upper and lower bound for the norm of an indicator

function of a set.
Corollary 2.1.9. Let E be a measurable set in Q2 \ Qu.. If 0 < p_ < p; < oo we have the estimate
m(E)P= < xell ) < m(E)/P,

when m(E) < 1. In the case m(E) > 1, the signs of the inequality are reversed. As a particular case, we

have that ||x ||, = 1 is equivalent to m(E) = 1.

Remark 2.1.10. The space L,((?) is ideal; i.e. , it is a complete space and the inequality
|f(x)] < |g(x)], g € Ly () implies that ||f||Lp<’>(Q) < ||9||Lp<'>(9) . Let 1 < p(z) < oo be such that

p+ < 0o . The semi-norm || f||,, can be represented in the form

1£ll = /Q O )0 € Ly (2.16)

f@ [ s
where ¢(z) = EASIA —:E,m ¢ Q and |¢[/,, < 1. In reality 2.16|is simply the
£ 11y |/ ()]

inequality [|¢[[,,, < 1is immediate.

Lemma 2.1.11. Let 0 < p_ < p; < oo. If

Pp() (g) <ba> 0, b >0, (2.17)

then | f||,) < ab® withv =1/p_ifb>land v =1/p, ifb < 1.

13



Proof. By we have the inequality p,()(f/(ab”)) < 1, and now by the definition 2.5/ we get
that || f[|,) < ab”. The next result generalizes the property

111, = W15,

for the variable setting. O

Lemma 2.1.12. Let 0 < y(z) < p(z) < py < 00,z € Q\Qo. Then

1l < 1AWy < NGy > Il = 1 (2.18)
I£15 < 1572y < DA 17y < 1 (2.19)

where {7 = |f(x)|"\"). If p and ~ are continuous functions, there exists a point xo € Q\Qe such that
1572y = I£15 (2.20)

Corollary 2.1.13. Let 0 < p_ < p(x) < py < 00,z € Q\ Qu. If p is a continuous function in Q0 \ Qo
there exists a point xy € Q \ Qo (which depends on f) such that

L
x piro
11l = { / . |7 >dx} . (2.21)

Proof. Taking ~(x) = p(z) in the equality 2.20|we get[2.21] O

Definition 2.1.14. We define the sum space L,(Q2) + L,(?) as
L)+ Ly(Q) :={f=g+h:g€L,(),h € Ly()}.

which is a Banach space with the norm

1y ot = inf, {1911z, + 1Az, q00

!
The intersection space L,(€2) N L,(€2) is defined as

11y @nta@) = 2% {112,y 1)Lz, |

which is a Banach space.

We now show that the variable exponent Lebesgue space is embedded between the sum and

intersection spaces of the spaces L, and L, .
Lemma 2.1.15. [5 Let 1 < p_ < p(x) < p; < o0,x € Q,m(Q) = 0. Then
Ly y(Q2) C L, (Q) + L, (). (2.22)

Moreover,

14



11z, @ < max U7l 111, §

The result follows from the splitting f(x) = fi(z) + fo(z) where fi(z) = f(z) if |f(z)] < 1 and
fi(z) = 0 otherwise. The Lemma [2.1.15|admits the following natural generalization.

Lemma 2.1.16. [5] Let 1 < py(x) < p(z) < po(z) < 0o and m(Q(p2)) = 0. Then
L) () © Ly () () + Ly () ()

In the previous lemmas, splitting the function in an appropriate way we were able to obtain embedding

results. We now want to obtain embedding results where the splitting is applied to the underlying set §2.

Lemma 2.1.17. Let Q2 = Q; |J 2y and let p be a function in ), p(x) > 1 with p; < oo . Then

maX{HfHLp(,)(Ql) ) ||f||LP(')(Q2)} < ||f||Lp<‘>(Q) < ||f||Lp<,>(Ql) + ||f||Lp<'>(Qg) (2.23)
for all functions f € Ly (Q2).

Proof. Let us take m(€,) = 0 for simplicity. Without loss of generality, let
o =flls, @) b= Iflz, (@ Witha > b. We have

p(z)
[laas] =
Q 1951

Therefore || f|| Ly, (@) = max {a,b}. To show the right-hand side inequality, we write

f(z) __4a Xi(2)f () i b Xs(x)f(z)
a+b a+b a a+b b
where X;(z) are the characteristic functions of the sets €2;,i = 1, 2. Using[2.9 we get

J

which shows the right-hand side inequality in For the case m(Q) > 0, the arguments

p(z)

/() dr = 1.

max {a, b}

f(x)

a

p(z)
F@) ™ <

a+b

Y

are similar if we take into account the fact that the lemma was already proved for the case
Q\ Qo = QU where QF = Q; \ Quyi = 1,2 n

15



Another version of the Luxemburg-Nakano norm

The Luxemburg-Nakano type norm can be study directly with respect to all the set €2 in the

following form

i x
11} = in {)\ 0 ooy (g) | esssupn. ‘f& )

< 1} , (2.24)

which is well defined for f € L,(f2) and any variable exponent p with 0 < p(z) < occ. Itis a
norm if 1 < p(z) < oo, which can be shown in the same way as Theorem In an analogous
way to[2.7]it is possible to show that

Jr.

if p; <ocoorpy :oo,but||f\|]1) > 1.

@) [

1711,

1 lleeion)
2 Leol0o)
/11,

(2.25)

Theorem 2.1.18. The norms[2.8|and [2.25]are equivalent, i.e.
11 e < AL < 1Ly, o (226)
where f € Lyy(€2), 1 < p(x) < 0o,py < oo
Proof. The right-hand side inequality in [2.26]is equivalent to
inf {A>0:F\)+c/A<1} <A +e,
where F()) is defined by [2.3/and

€= HfHLoo(Qoo) ;Ao = Hf”(p) .

From the above, it is sufficient to show that F(A\g + ¢) + 3 C+
0 C
f

11l + ¢

< 1, or in other words:

F(X\+c) < Ao . Since F'(A\g + ¢) = py(. , by [2.10|we obtain that
)\ p() y

o+ c¢

||f||() Ao
Fho+c) < P — .
Got o) < A S e = hte

The left-hand side in is a consequence of the inequalities

c

inf{)\>0:F(A)+X§1}zinf{)\>O:F()\)§1}:)\0,

and
inf{)\>0:F()\)+§gl}zinf{)\>0:§§1}:c

A
since the left-hand side inequality is not less that = e

16



2.1.2 Holder inequality

We now proceed to get Holder’s inequality and after that we will get the Minkowski inequality

using E. Riesz construction via Holder’s inequality.

Theorem 2.1.19 ( Holder’s inequality). Let f € L,)(2), ¢ € Ly)(2) and 1 < p(x) < oo. Then

|f@)e(@)|de < K[ fll, o lel, @ (2.27)
Q p(.) ?’(.)
1 1 1 1
withk = — 4+ —— =sup —— +sup ——
p- (P)- p(x) P(z)

Proof. Let us note that, under the conditions of the theorem, the functionals || f||; (@) and
loll,(, are not necessarily norms and the classes L) and Ly, are not necessarily linear, but
they always exist by Theorem To show 2.27, we use the Young inequality

P
ab < % + (2.28)

1 1
witha > 0,b>0,-+ — =1and 1 < p < cc. The inequality (2.28) is valid for p = 1 in the form
p P

/

p bP
ab < “ if b < 1 and for p = oo in the form ab < — if a < 1. Therefore,
p

p
p(z) P'(x)
f@)p(x) I IO R IC)
||f||p(,) ||90||p/(.) ~ plz) ||f||p(.) p'(z) ||90”pf(,)
where z € Q\ Qo (p) U Qo (p'), meanwhile for xz € Q. (p) and = € Q.. (p') we have to omit the
tirst and second terms respectively in the right-hand side, since % <1forz € Q(p) and
p(.)
||<'D|(|$) < 1forz € Qu(p'). Integrating over Q2 and estimating p and p/, we arrive at[2.27 In
Pl )
the constant exponent case p(x) = p, the Holder’s inequality has a generalization of the form
Juvl, < el ol o+ =
woll, < ull, |v]l,, —+-=-,
" PR g

which is an immediate consequence of the Holder’s inequality and the relation
el = Nl - (2.29)

In the variable exponent Lebesgue space the relation is no more valid in general, cf. Lemma
Nonetheless, the inequality is valid. O

17



1 1 1
Lemma 2.1.20. Let + = ,p(x) > 1,r(x) > 1and let R = sup, A T(T) < 00.
p(x) = qlx) — r(z) ()
then
lwvlly, @ < ellully, @ Vi, @ (2.30)

r(z)

for all functions u € Ly yand v € Ly y withc = c; + ca,¢1 = SUD e\ 0o (1) (—
p\x

r(z)

q(z)

Proof. To show we use the inequality

~—

and ¢y = SUP2e0\ Qoo (1)

(AB) < av 4 o
P g

1 1 1
with A >0,B>0,p > 0,¢ > 0and — + — = — . Integrating the inequality
p q T

u(x)v(z)|" @ @u$p(x) @qu(w)
|u(x)v(z)] éw)l()l T v(z)]

we get

/ u(2)o(@)["@ dr < ¢ / ()P dz + ¢ / o (2)|"@ da (2.31)

2\ Qoo (r) 2\ Qoo (p) 2\ Qoo (q)
since Qoo (1) = Qoo (p) N Qoo (q). From (2.31) and it follows
r(z) p(x)
[ e [T T e
O\ Qoo (1) HUH(p) ||U||(q) 2\ Qoo (p) [Jul 2\ (q) ||U||(q)

From Lemma (2.1.11) we now get [[uv|| (1) < (c1 + 2) [[u]|,, [|v]|,), since e1 + 2 > 1.
The inequality (2.30) is also valid in the form

q(z)
dr < ¢ + ca.

p

pr(y(wv) < e ||U||Lp(,)(9) HUHLqO(Q)
if ||ul| Lo <1 and ||v|| L@ <1 which follows from the Holder inequality lb and the
estimate (2.19). ]

Convergence and completeness

Theorem 2.1.21. Let 1 < p(x) < p; < oo. The space L, (£2) is complete.

Proof. The space Ly()(€2) is the sum of L,(€)) + L (§25) where each space is understood as
the space of functions which are 0 outside the sets (2, and (., respectively. Therefore, we only

need to show the completeness of the space L, (¢,).

Let f}, be a Cauchy sequence in L,(f2.) such that for any positive number s exists
Ns(Ny < Ny < ...) such that

18



<273
Ly (92) ’

||fNS+1 - fNS

then

< 0.
Ly (92)

D v = Iy
s=1

LetQ, = {z € Q. : |z| <r},r > 0. By Holder’s inequality (2.27) we obtain

Z/ |st+1 - Z Hst+1 Inell, o0 (20 <00 (2.32)
h ! ! By (2.32 1 Cauch i
where ¢, = e | X, L@ < 00 By 32){fn,(z)} is a Cauchy sequence in

Lq(€2,). Therefoge, there exists the limit f(z) = limg_ ., fn,(x) for almost all z € €,, which
entails that the same happens for almost all = € (2, since r > 0 is arbitrary. Now we only need
to show that

kh_{ﬂoo | fr — f||Lp(A)(Q*) -

Since {f} is a Cauchy sequence, we have that || fi — fx.[l,, . < € whenever k and s are

sufficiently large. Now by 2.14 we get
1@~ e @ de <o <
Invoking Fatou’s Lemma we obtain
[ 1) = @ e < lim i [ fele) = (@) de

<sup/ |fk A )|p(‘r)d$§5

U

Lemma 2.1.22. Let 0 < p_ < p(z) < py < 00,2 € 2\ Q. The convergence

[ o) = F@)P o+ ess sup [5(0) = fula)] < =
Q\Qoo z€Q oo
is equivalent to the norm convergence
If = finll gy + €55 sup |f(z) = fm(z)| <€
€ [e]
Proof. Follows from Corollary 2.6 O
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2.1.3 Embeddings and dense sets

Theorem 2.1.23. Let 0 < r(z) < p(z) < oo and let m(Q2\ Qoo (1)) < 00 if Qoo (1) C Qoo (p) and

R = sup r(z),
2€Q0o0 (P)\ Qoo (1)

then Lp(.)(Q) - LT(.)<Q) and

Pr() () < oy () + m(Qoo(p) \ Qoo()) Hf”foo(ﬂoo(p)\ﬂoo(r)) +m(Q\ Qoo(r)) (2.33)

forany f € Lyy(Q). (In the case Qoo (p) = Qoo(r), the second term in the right-hand side should be
omitted and R can be infinite). If, moreover, 1 < r(z) < p(z) and Qu(p) = Quo(r), the inequality for
norms is also valid:

11, < < Hf”(p) (2.34)
r(z) r(z)

where ¢y = 1— Q\ Qo(r)), = inf, — = sup, —
co = 2+ (1 = c))m((2\ Qee(r)), 1 =in ENelp) vy €2 = SUPre\n(p)

~—

1 1
=—1 > 1and =—1 <1.
v T‘of co > v Rf Co =

Proof. The estimate (2.33) is derived from the equality p,()(f) = [, + [o, + [, With

Q= o € 0\ Qulp) : ()] = 1}, % = o € 2u(p) \ Qualr) : |£(@)] = 1}

Qs ={x € Q\Qux(r) : |f(x)] <1}.

The classical technique to show the inequality (2.34) for norms is based on the Holder inequality

with the exponents p(z) = plz) and ps(z) = ]ﬁ

r(z)

variable setting since we can have p(z) = r(z) in some arbitrary set. Using the inequality
(AB)" < "4r + “Biand taking A = |f(z)| /|| /||,y andB = 1, we get, via , that
p q
f(z)

/Q\Qoo (nalrs

Therefore, by Lemma we get (2.34). We now show the denseness of the bounded func-

tions with compact support. [

which is no more appropriate for the

r(@)
dr < Co-

Lemma 2.1.24. Let m(Q(p)) = 0,1 < p(z) < py < oo. The set of bounded functions with compact
support is dense in Ly y(2).

Proof. For f € Ly )(£2) we define fy, as

Frm = f(x), when |f(z)] < N and |z| < m;
Nm = otherwise,
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By Lemma we have
/Q (@) = From(@) P da < / 9()] de + / g(x)| dz — 0

Qn
whenm — oo, N — oo, withw,, ={zx € Q:|z| >m}, Qv ={z € Q: f(x) > N} and
g(@) = |f ()" € Li(Q) . -

Theorem 2.1.25. Let p € p(Q) () Loo(S2) . Then the set C(2) () Ly()(S2) is dense in Ly (2). Moreover,
if ) is open, then the set of all functions infinitely differentiable with compact support C'°() is dense
in Lp(.)(Q).

Proof. Let f € Ly)(2) and € > 0. From Lemma there exists a bounded
function g € L,((2) such that

1f =9l @ <e (2.35)

By Luzin’s Theorem, there exists a function » € C'(€2) and an open set U such that

m(U) < min {1, (ﬁ)m} ,

g(r) = h(z) forall z € Q\ U and sup |h(z)| = supg;y [g(x)| < [|g]|.- Then,

Po() <g = h) < max{l, (2 Hi”(”)m} m(U) <1

ie., |lg— A L@ <& which together with 1i implies that

If = hHLW(Q) < 2 (2.36)

On the other hand, let us assume that €2 is open. Since p € L, ({2), we have that
h
C=(Q) C Lyy(Q) and py( ( Xz\c) < 1. In other words,

|h — hXGHLp(')(Q) <e€ (2.37)

By the weierstrass approximation theorem, let m be a polynomial which satisfies the condi-
_ Py — _
tion sup |h(z) — m(x)| < emin {1,|G|™"} Therefore p,, (m_%) <min{1,|G|"'} |G| <1,
£
from which
1y — mXGHLp(')(Q) <e¢ (2.38)
Finally, similar considerations to the ones that were used to get(2.37) permit to conclude that

for a sufficient small number a.

21



The compact set K, = {z € G : dist(z,0G) > a} satisfies that ||m,, — my,. ||, L@ SE Tak-
ing p € C°(G) such that 0 < p(z) < 1forz € G and
p(r) = 1for z € K, we obtain

[mye — mSOHLp(')(Q) < [lmye — mXKaHLp(‘)(Q) <c¢,

from which, together with (|2.36|) and (|§.38|), we conclude that

1 —mel, o < 4e.

Clearly my € C(2), which concludes the proof. By L°(R") we denote the class of all bounded
functions in R"” with compact support. From Theorem 2.1.25|we get the result. O

Lemma 2.1.26. [5] Let p : R* — [0, 00) be a measurable function such that 1 < p_ < p. < oo. Then
LE(R™) is dense in Lyy(R™) and in L,y(R"). We now show that the set of step functions is dense in

the framework of variable exponent spaces with finite exponent.

Theorem 2.1.27. [5] Let p : R — [0, 00) be a measurable function such that 1 < p_ < p, < oo. The
set S of step functions is dense in L, (12).

Proof. It follows from Lemma ?? and from Theorem together with the fact that continuous

functions in compact sets are uniformly approximated by step functions. O
Theorem 2.1.28. Under the conditions of Lemma the space L, () is separable.

Proof. By Theorem it is sufficient to show that any continuous function f with compact
support F' C () can be approximated by functions in some enumerable set. We know that
such functions can be approximated uniformly by polynomials r,,(z) with rational coefficients.
Taking f,.(z) = rm(z) for x € F and f,(z) = 0 for z ¢ F, we see that the functions f,,(x)

approximate uniformly the function f(z). O

2.1.4 Duality

We study the dual space of variable exponent Lebesgue spaces, which is similar to the classi-
cal Lebesgue space, viz. the dual space of L, is L,;, where p’ is the conjugate exponent. For

simplicity, we will work with m(Q2) < oco. For m(2) = oo see Cruz-Uribe and Fiorenza [5].

Theorem 2.1.29. Let 1 < p_ < p(z) < p; < oo and m(§2) < oo. Then




Proof. The inclusion Lp'(.)(Q) C [Lp)(Q)] " is an immediate consequence of the Holder inequal-
ity (2.27). We now show the opposite inclusion [L,()(2)]" € L, ()(Q). Let ® € [L,,(?)]", then
we define the set function p as u(E) = ¢(xg) for all measurable sets £ such that £ C 2. Since
XEuF = XE + XF — XEnFr We have that u is an additive function. In fact it is ¢ -additive. To show
that, let

E=UZ,E,

where E; C 2 are pairwise disjoint set, and let
_

Then
Ixe = xrllL, @ < Ixe = xad,, = Cm(E\ Fy)'/+.

Since m(F) < oco,m(E \ Fj) tends to 0 when k — oo, therefore x5, — Xxg in norm. From the

continuity of ¢ we have that ¢(xr,) — ¢(xr), which is equivalent to

and from this we get that p is o -additive. The function p is a measure in {2 and, moreover, is
absolutely continuous: if £ C 2 and m(E) = 0, therefore u(E) = ¢(xg) = 0, since |¢(f)| <
| | f]] Ly, (@ - BY the Radon-Nikodym Theorem, there exists g € L;(€2) such that

o(xe) = p(E) = / vel(@)g(x)dz

Q

By the linearity of ¢, for a step function f = > """ | a;xg,, E; C Q, we get

o(f) = / f(2)g(x)da.

Using a density argument, similar to the constant case, we get the result. O

Corollary 2.1.30. Let 1 < p_ < p(z) < py < oo and m(§2) < oo. Then the space Ly )(£) is reflexive.

2.1.5 Associate norm

We now study a norm inspired by the Riesz representation theorem for linear functionals in L”
Let

Sp()(Q) = {f € S(Q,L);

/Q F()p(a)ds

< 00,V € Lp/(.)(Q)} (2.39)
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with 1 < p(x) < oo. This space coincides with the space L, )(£2) under certain natural condi-
tions in the variable exponent p and it is in fact the associate space of L,/(({2) (see Definition
for the notion of associate space in the context of Banach Function Spaces).
The inclusion
Ly () € Sy0)(2).1 < ple) < oo (240)

is an immediate consequence of the Holder inequality (2.27). Observe that the space defined
in (2.39) is always linear. From Lemma we have that this space cannot coincide with the
space L,(2) if py = oo
Let us study the following notation
pL=ess Jof p(@) )L = ess i 9()

We have

() = Lol L) = Quclp). ()1 = 7. ()L =

p-—1 p+—1

The space introduced in can be equipped with the next natural norms

I, = sup / flz (2.41)
Sy () ()<l
and
191 = s | [ fayola)d. 242)
llell,r <11/
where we take dp(.)(p) as
Y
o) = ([ le@P® de) o ess sup fota)
O\ Qoo 2E€Q0
and we assume that (p') < oo ( ie, pL > 1)in (2.41), while p(z) can be taken arbitrary
(1 < p(z) < o0) in the case ([2.42). Sometimes the norm (2.42) is called Orlicz type norm.
Note that by (2.10) we have
11l < A1
in the case 1 < p(z) < p; < ooand m(2) =0.
Lemma 2.1.31. Let f € Sp()(Q), (p)L > Lthen||f|; < oo and
[ r@gt@lde <171 el < 171 el o 243)

for all ¢ € Lyy(Q2), where Hgo||p,, is the norm(2.24). Moreover, the functional (2.41) is a norm in
Sp(y(€2) -

24



Proof. Suppose that ||f||} = oo. Then there exists a function fo(z) € S,)(Q2) and a sequence
@i € Ly()(£2) such that §,(y(pr) < 1and

/ fo(@)op(x)de > 2% &k =1,2,3, ...
Q

(fo > 0, ¢k > 0). Therefore j,, = Y-, 27, (2) is an increasing sequence. Direct calculations

show that 0,/()(jn) < 1 and

/Qfo(x)jm(x)dx = kz:; 2Ok /Q fo(z)pr(x)dx > m. (2.44)

The sequence j,,,(z) converges monotonically to the function

J) =3 2% ().

Also,

/ j(@)|”“ de = lim i ()P dz < 1
N\ Qoo (p) m=00 JO\Qoo (p')

by the Lebesgue monotone convergence theorem and, since

sup j(z) = ZQ‘Qk < 00
2€Qs0 (p') 1

we get that j € Ly ()(©2). By the Lebesgue monotone convergence theorem and by (2.44) we
obtain that [, fo(x)j(z)dz = oo which is a contradiction due to the fact that fo(z) € Sp)().

Therefore, || f||, < oo and by the definition (2.41) we get

/Q F(@)p(a)ds

where A > 0 and d6,/()(¢ | A) < 1. Taking infimum with respect to A, we get the left-hand
side of due to the definition (2.24). The right-hand side of the inequality follows from
(2.26). We only need to verify the norm axioms. The homogeneity and the triangle inequality
are evident. Taking || f||; = 0, then [, f(z)@(z)dx = 0 for all ¢ € L, ()(Q2) which entails that all
function ¢(z) € L by the Lemma ??. Therefore f(z) =0 We now show that the norms

and (2.42) are equivalent. O

Lemma 2.1.32. [B] Let 1 < p(z) < oo,pt > 1, and p, < oo The norms and are
equivalent in functions f € S,)(Q) :

< A1,

v 1 Kk * *%
W £ < £ < A1 (245)

The norms coincide in the cases:

(1) m((p)) =0,
(2) p(x) =const for x € Q\ (oo U ).
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Proof. To obtain the right-hand side inequality, we show that

{e:dvnl@) <1} c{e:lel,, @ <1 (2.46)

for ¢ € Ly()(Q2). Let 6y()(p) < 1. We have that py()(¢) < 1 whenever [[¢|,,, < 1 by (2.14)-
2.15). Then, by (2.14) we have that ngH(p,) < (pp,(.)<90))1/(p’)+ <1

which implies the inequality

1)
@ < [oro @] 7 +ess sup [e(o)] = dyy(e) <1
T co (P

el

whence (2.45) is proved.
Furthermore, let ¢ = 21-®)+/(?)- < 1 . We will show that

{0516l @ <1} € {e: drolep) <13,

which shows the left-hand side inequality in (2.45). We have ||¢||, @ <1

/ /\1 /
therefore [lcp| ) < 1 and we get (pp(,)(cgo))l/(p < ||cgo||g,;_/(p M by (2.14). This entails that

@)L/
Por(€0) < lleglly ™™ + lleell o @u) -
Since A* + B <2'"(A+ B)*»,0 <A <1,A>0,0 < B <1, we get that d,()(cp) < 1 and (2.46)
is proved as the left-hand side inequality of (2.45).

To finish, if m (%1 (p)) = 0 or p(z) = const forx € Q\ (U ), then we have [[o[|;_q_,)) =0
or (p')L/(p')+ = 1, respectively, and we obtain (2.46) with ¢ = 1, which implies the coincidence
of norms.

The Luxemburg-Nakano norm is equivalent to the norm given in (2.41) in the following
way. [

Theorem 2.1.33. Let p! > 1. The spaces L, \(Q) and S,,(2) coincide modulo norm convergence:
p »(.) p() 4

1 . 1 1
310 < 1915 < (5 2 ) 1 0 47)

where 1/3 can be replaced by 1 if m(€1) = m(Qx) = 0.

Proof. From the inclusion in (2.40) it suffices to show
Sp() (1) © Ly (2)- (2.48)

Let f € S,()(©2) and let us take first the case || f||; < 1. Take po(z) = | (z) [P
ifxeQ\ () UQy)and ¢y(x) = 0 otherwise. We now show that

Yo € Lp/()(Q) and pp/(')((po) <1. (24:9)
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Suppose that py(y(po) > 1. Then

o) (f) = / lpo(2)|P' ™ da > 1. (2.50)
NQoo (p)

Let

_{ f(z),  when|f(x)] < Nand |X|< K
Taw(z) = 0 otherwise,

then oy () = | fai/”™ " € Ly y(2) From 1} we derive the existence of an Ny — oo and

ko — oo such that

t/] | oo P dae > 1 (2.51)
O\ Qoo (p)
In consequence, from (2.43) we obtain
* )—1
1< o) (ko) < ool || e -
Ly, (Q)
Henceforth, in virtue of (2.14)-(2.15)
1< HfNo,ko H; max { [pp(~) (fNo,ko)} @+ ’ [pp(-) (fNo,ko)] W} . (252)

then
. 1— 1— e x
min { [:OPO (fN(),ko)] @+ ) [pP(J (fNo,ko)} - } < HfNo,koHp

which, from inequality (2.51) we conclude that 1 < || fx, x, ||, - This means that

sup > 1

Ppr () (P)<1

/Q £ ()™ (2)da

where

Y 0 otherwise.

m@:{ﬂ@,zmmmMSNmmﬂgm

Nevertheless, since p,()(¢™"*) < py()(p) this contradicts the supposition that || f||; < 1, from

which we get (2.48).

As a result

/ @)@ de < 1
O\ (21 (p)UQo (p))

and to get the embedding 1} it is only necessary to show that [, » |/ (#)| dz < 00 and more-

over that sup,cq_ ) |f(2)| < oo, which follows from the inequality

f(@)e(@)|de < cllell,, @ i=12
Q, o’ (.)

(see (2.43)), where ; = Q;(p), Q22 = Q(p) and f € L1, € Lo(q = 1) in the first case and
f € Ly, p € Li(q = 00) in the second one.
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We now take || f||7 > 1. Then f(x)/ || fIl, € Ly()(), as was previously proved.
Therefore, f € L,yq) by the linearity of the space L ()@ under the condition p; < oco. The
embedding (2.48) is then proved. It is only necessary to show the inequality(2.47) for the norms.
The right—hand side inequality is a consequence of the Holder inequality and from the
definition of the norm (2.42). To show the left-hand side of the inequality we write
f(z) = fi(z) + fo(x) + f3(x) with fo(x) = f(z),z € Q@ and fo(z) =0, 2 € Q\ @y and f3(x) =
f(x),z € Qx,and f3(x) = 0,2 € Q \ Qu. Let us show that

1Aillz, @) < 1@ @iuew) (2.53)
We have that
1
wo (3) =3 1@lesioaza >0 254
. fi(z) P . .
with g, (z) = ) . Choosing A = || f1]|,), due to (2.43) and (2.53) we obtain

1 1715
— d p
T / o Ao < 2 el 0

Since pp()(pr) < pp) <%> = 1 we also conclude that H(p)\HLP,(_)(Q) < 1 due to (2.14)-(2.15) and

we obtain the coincidence HSD)\HLP/(‘)(Q) = [[oall ) - Therefore(2.54)implies(2.52).

Since HfQHLp(‘)(Q) = |l flI%,q, and Hfg”Lp(')(Q) = || f[I%... (.., we obtain the left-hand side inequality.
]

Corollary 2.1.34. Let f € Ly)(Q),¢ € Ly()(Q),1 < p(x) < oo. Regarding the norms Q.41)-
the Holder inequality is valid with constant 1:

| ir@e@lds < 171 el o 0t > 1 255
and
| ir@e@lds < 1715 Vel 0 (250
The inequality
/ @@ dz < 1715 Il 257)
is valid in the case
pL> 1 ps < 00, m(Qu(p)) = m(S(p)) = 0. 258)

In reality, the inequality was already given in ([2.43); meanwhile the inequality follows

directly from the definition ([2.42). The inequality is a consequence of since
lell, o < loll,, under the condition (2.58) by Theorem 2.31
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More on the space L,)(£?) in the case p, = o

The definition given in(2.39)is one of the possible ways to define the space L,)(2) in order to
be linear in the case p; = oo. It is also possible to define the spaces from the beginning as the

convex hull of the space L,({2) or as

7) [P@)
(z) dz +[|fll; 0. <oop. (2.59)

Ly y(Q) = {f € S(2,0) :3IXx >0 such that/
0

\Qoo
This space is always linear for 0 < p(z) < oo . The homogeneity is obvious, mean- while the
additivity is evident in the set {x € Q : p(x) < 1} due to the inequality (a + b)? < a? + b, p < 1
meanwhile in the set x € Q : p(z) > 1itis verified by the convexity of the function
t—tP. p>1.

Therefore, in the case p, = oo we can use the three different versions of the definition, i.e,

span(Ly(y), Lp(), or Sp() . We can see that

span (Lp()) = Ly() € Sp)- (2.60)
The norm in the space L, is given by (2.42) whereas the norm is given by (2.5) in the spaces
spcm(Lp(.)) = Lp(.) .
2.1.6 Minkowski integral inequality

Theorem 2.1.35. Let 1 < p(z) < p; < coand p- > 1. Then we have the Minkowski integral inequality

in the variable exponent Lebesgue space

y)dy

= / Gl dy. (2.61)

Proof. Let J be the expression in the left-hand side. We get

J < sup /(/\cp :Uy|dx)dy
H%O”L, (Q)<1

Using the definition of norm given in (2.42), we obtain the desired inequality. O

Corollary 2.1.36. Let 1 < p(x) < p, < ooand p* . Then

y)dy| < Cl/ £l dy, (2.62)
P Q
and
| <o J UGy o 2.63)
Lp() (2
where ¢; = 1if m(Q) = 0and ¢; = 277+ /()L in the other case. The constant c; = key if
1
m(Qso) = m(Q21) = 0 and co = 3kcy in the other case, where k = p -
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Proof. The inequality (2.62) with the constant ¢, = 271*®)+ /(p")! is a consequence of(2.61)due

to(2.45). In the same way(2.63)follows from(2.61)by virtue of(2.47) and (2.45). To prove that
¢; = 0in (2.62)) in the case m({2;) = 0, note that

‘ /Q 7wy

To finish the proof it is only necessary to see that the conditions d,/()(¢) < 1 and ||¢||,, @ < 1

are equivalent in the case m(€);) = 0, as a result of (2.14)-(2.15). O

*

< sw el o 176wl dy
p @ (O(@=<1/0 e

2.1.7 Some differences between spaces with variable exponent and constant
exponent

In this case, let us take the space L,()(€2) given in 2.59). Let Q = [1,00),p(z) = z and f(z) = a
where a > 0. We have that f € L,(f) since taking some X > a the integral [~ |f(z)/A" dx is
finite but f ¢ L,(2) for any constant p .

We now show two more differences between the constant and the variable frame- work,

namely in regards to the invariance under translation and the Young convolution.

Invariance under translations

An important result in the classical theory of Lebesgue spaces has to do with the boundedness
of the translation operator , i.e, if f € L,(R") then we have that
mf € L,(R"), where 7,f(x) := f(z — h). This result stems from the fact that the classical
Lebesgue space is isotropic with respect to the exponent, since the power p is the same in any
direction.On the other hand, the variable exponent Lebesgue space is, in general, anisotropic
regarding the exponent. This anisotropy of the space generates problems for the translation

operator.

Example 2.1.37. f(z) = |x|7%. This function f € L, ((—1,1)) taking the following exponent

|2 T € x| <eg;
p(z) —{ 5 welr>e (2.64)

but 75f ¢ Ly ((—1,1)) , when § > ¢, since we translated the singularity from 0 to ¢ but the
exponent was not shifted. (7;f is understood as the zero extension whenever necessary). One
could argue that the problem in this example is the non- smoothness nature of the exponent.
From (2.64) we can construct a smooth function (for example, via urysohn construction) and
we will end up with the same problem. Our example is not an isolated incident, since Diening

proved that this phenomenon is persistent, i.e, if p; > p_, then there exists a h € R\ {0} such
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that the translation operator 73, is not continuous, cf. Diening, Harjulehto, Hdasto, and RuZicka

[4].

Young convolution inequality in variable exponent Lebesgue spaces

Let
Kf(@) = (k) = [ Ko=)y = [ k)i - vy 2.65)
where x* is called convolution. The Young's inequality for convolutions states that
1 1 1
k ny <k n my,—+——1=—,
| *fHLr(R)—H HLQ(R)||fHLp(R) p+q ,

which can be proved, among other means, using the following decomposition

\flx — k@) = |f(x =)' |k@W)||f(z —y)|°, for s = 1 —p/r, the Holder inequality and the in-
tegral Minkowski inequality. Since the convolution depends on the translation operator, which
is not continuous, the natural question is: does the Young inequality for convolutions holds in
general in the case of variable Lebesgue spaces ? The answer is no, in general, although there
are some particular cases where it is possible to have some version of the inequality. Let us start
with a counter-example.

Theorem 2.1.38. Let p and q be variable exponents such that L + = =1+ % where

p(x)  q(z)
r=const > 1.Ifk € L, (R")N Ly, (R") then the convolution operator

kx*.: Lp(.)(Rn) — Lr(Rn)
is bounded.
Proof. Let us take f such that || f|| L@ <1 Then

p(y) 1—2W) k:(x—y) )
(k% ) (@)] < fon A [ F)| 7 Kz — )" f@)) 1 dy where the constant

A > 0 and the function p(y),0 < u(y) < 1, will be chosen later. Using the generalized Holder

inequality with the exponents

B ~rp(y) o ply)
ni(y) =7.ma(y) = - — o)) p3(y) =1'(y) = o) —1
we obtain
|(k f)(2)]
1 1—p(y)
<of [ Ao gl e - P e 266)
{ / . } H P2w) A P'()
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By the estimate (2.19) we get

essinf{l—@}
[P <l b < (267)

since || f[|, ) < 1and the fact that p < r. To estimate the third factor in it is natural to
choose () in such a way that [1 — u(y)] P/ (v) = q(y), i.e.

_ 4w
) = L2
We now want to use the inequality (2.19) in the third factor. We are now interested in
k(x —y) 1
— = — ||k(x — <1. 2.
) = ke =l < 2:68)
To get (2.68)) we choose
A=kl + 1kl gy, -
In this way (2.68) is valid by Lemma We can now apply (2.19) and obtain
k‘(:L’ - y) 1—p(y)
—_— <1 .
' ) <1 (2.69)
P'(y)

From the inequalities (2.67) and we get, via (2.66), the estimate
|k * fll, < cA” (/ dz |f(y)|p(y) \k(z — y)|q(y) dy) "
n R™

—enr ( PP dy [ r()e dx) r
Rn

Rn
wherev =1—-¢q,/rif A<landv=1-¢q_/rif A> 1. Therefore

)+

+

a @)y
ks f, < eA® (ukquuku(pa ) [ 1swr ay

To finish the proof, we only need to take into account that the integral is bounded by 1 due to
(2.14). O
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2.2 Weak Lebesgue spaces with variable exponent

We give the definition of the Marcinkiewicz (weak Lebesgue) spaces with variable exponent

and we study their relation with variable exponent Lebesgue spaces.

Definition 2.2.1. ([1]) Let p € C? (Q), © an open bounded in R". We say that a measurable

function u : 2 — R belongs to the Marcinkiewicz space L) (), p) if
||u||LP(-)7°0(Q7M) = Supy50 A ||DU()‘)||LP(-)(Q) < 0.

The inequalities (2.14)-(2.15) imply that the requirement in Definition (2.2.1)) is equivalent to

say that, there exists a positive constant M such that

/ N@dy < M,  for all > 0. (2.70)
{lul>X}

If p,q € C°(Q) with ¢ < p, then we have the following two inclusions:

LPO(Q) € DPO(Q, 1) C LIO=(Q, p).

M +1Q
Remark 2.2.2. If u € L10)>°(Q, ) with ¢= > 0, then plu| > K < Kil ’, forall K >0,

where M is the constant appeared in (2.70). A direct resultis that y {|u| > k} — 0,as k — +o0

Remark 2.2.3. Let p,q € C2(Q). If (p — ¢)~ > 0, then

LPO(Q, ) € LIO(Q, )

2.3 Grand Lebesgue spaces

In this section we will introduce the so-called grand Lebesgue spaces.

2.3.1 Banach function spaces

In the following, we give the definitions and list some results regarding Banach Function Spaces.
see Bennett and Sharpley [2] and Pick, Kufner, John, and Fuéik [15] for the proofs.

In the sequel, (2 denotes an open subset (2 in R". Let M, be the set of all measurable functions
whose values lie in [—o0, oo] and are finite a.e. in Q. Also, let M be the class of functions in M

whose values lie in (0, 00).
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Definition 2.3.1. A mapping p : M — [0, oc] is called a Banach function norm if for all f, g, f,,
in M, n € N, for all constants a > 0 and all measurable subsets F C (), the following properties
hold:

P p(f)=0,ifand only if f =0 a.e. inQ;

7)
(P7)  plaf) = ap(f);
P7)  p(f +9) < p(f) + p(9);
(P7) 0<g< fae. inimplies that p(g) < p(f) (lattice property);
(P7)  0< fu, 1 fae in Qimplies that p(f,) 1 p(f) (Fatou’s property);
(P7)  m(E) < 400 implies that p(Xg) < oo;

(P7)  m(F) < +oo implies that [, fdz < Cpp(f) (for some
constant Cp, 0 < Cp < oo, depending on E and p but independent of f).

It is noteworthy to mention that the lattice property is a consequence of the Fatou property,
see Problem

Based upon the notion of Banach function norm, we introduce the Banach function space
X

p -

Definition 2.3.2. If p is a Banach function norm, the Banach space
X(p) =X, =X ={f € My:p(|f]) < +oo} (2.71)
is called a Banach Function Space. For each f € X define

1Fllx = o fD)- (2.72)
There is also a notion of rearrangement invariant Banach function space, namely:

Definition 2.3.3. Let p be a Banach function norm. We say that the norm is rearrangement

invariant if

for all equimeasurable functions f and g. In this case the Banach function space X (p) is said to
be a rearrangement invariant Banach function space.

A very important property of the Lebesgue space is its dual characterization, for example,
in L,[(0,1)] we have

TP / f(@)g

L,y[(0,1)]
where p and p’ are conjugate exponents. This characterization gives us immediately one of the
jug p & y

key inequalities in the theory of Lebesgue spaces, namely the Holder inequality which gives
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an upper bound for the integral of the product of two functions based upon their norms. The
following notion is introduced to capture this "duality" in the framework of Banach function

spaces.

Definition 2.3.4. If p is a Banach function norm, its associative function normy’ defined on M
is given by

p'(g) = sup {/Qfgdx L fe M, p(f) < 1}- (2.73)

As in the case of Banach function space, we can introduce the associate Banach function

space based upon the concept of Banach associative function norm.

Definition 2.3.5. Let p be a function norm and let X = X(p) be the Banach function space
determined by p. Let p’ be the Banach associate function norm of p. The Banach function space
X" = X'(p') determined by /' is called the associate space of X. In particular from the definition

of || f||x it follows that the norm of a function g in the associate space X’ is given by

lgll . = sup {/Qfgdx fe ML Il < 1} |

Theorem 2.3.6. Every Banach function space X coincides with its second associate space X". This
proposition tells us, in particular, that the notion of associate space is different from the notion of dual
space, but under certain conditions both notions coincide, cf. Theorem

Theorem 2.3.7. If X and Y are Banach function spaces and X — Y, then Y’ — X'.

Definition 2.3.8. A function f in a Banach function space X is said to have absolutely continu-

ous norm on X if

Tim [ fxe.llx =0

for every sequence { En} -, satisfying E, | 0.
Definition 2.3.9. The subspace of functions in X with absolutely continuous norm is denoted
by X a. If X = X, then the space X it self is said to have absolutely continuous norm.

Definition 2.3.10. Let X be a Banach function space. The closure in X of the set of bounded

functions is denoted by X, .
Theorem 2.3.11. Let X be a Banach function space. Then X, C X, C X.
Corollary 2.3.12. If X, = X, then X, = X .

Theorem 2.3.13. The dual space X* of a Banach function space X is canonically isometric to the asso-

ciate space X' if and only if X has absolutely continuous norm.

Theorem 2.3.14. A Banach function space is reflexive if and only if both X and its associate space X'

have absolutely continuous norm.
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2.3.2 Grand Lebesgue spaces

Definition 2.3.15. The grand Lebesgue space L,)({2) is defined as the set of measurable func-

1
€ p—e p—€
141, = i“£?1<—m<sz> [ dx)

Ly(@) = {f € L) :|Ifl, < oo},

where 1 < p < 400. We stress that m(2) < co. The following theorem justifies the nomenclature

tions on {2 for which

is finite, i.e.

of grand Lebesgue space.

Theorem 2.3.16. [5] For p > 1 we have

Theorem 2.3.17. [5] Let 1 < p < oo. We have the inclusion
L(ppo)(Q) C Lp)(Q)

Proof. Let f € L, ), then

€(p'_'€) > p—e—1
= 7 D d 2.74
r= Tt [t @.74)
e(p—e) {/“ et /OO el }
= NTEE D (N)dA + NPTETED(N)dA
m(Q) o f( ) i f( )
We have that A?D(\) < ||f||12(p ., then De(N) < A7P ||f||]£ v therefore from(2.74) we get
— p—¢
poe gy < S0 —2) [m)a (2.75)
m(Q2) p—¢
_ e O 5( )

Leta = ||f||L(p o replacing a in 1} we have

3 p—€ —€ p
—5 P e+ s

L pc
G L

and thus n
s (o [1rea) T <cun,
O<e<p—1
1
where C' = supy..., (5 + W) , hence L, ) C Lp. We now show that the grand
Lebesgue space is a Banach space under natural restrictions. [
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Theorem 2.3.18. Let 1 < p < oo. The grand Lebesgue space L,)(2) is a Banach space.

Proof. Let {f,},cn be a Cauchy sequence in L, (€2), i.e.

£ =
lim su ' — fnlf S dx = 0.
o350 0o 1 (7n(gn ]Qlf Iul )

Hence for an arbitrary n > 0 there exists ny € N such that

€ - p—e p%s ﬂ
(i [ P o) <

for an arbitrary €,0 < ¢ < p — 1, when m > ng,n > ny. Consequently {f,.}, .y is a Cauchy

sequence in L,_.(2) for an arbitrary £,0 < ¢ < p—1, and let f be its limitin L, .(€2). Let n > ny.
According to the definition of the supremum there exists an ¢, (de pending generally speaking
onn),0 < ep(n) < p—1,such that

1

£ e \7F
— fn = su — — In dx
1= 2l = s (o 17 = £l ae)
1
50(”) p—eo(n) p=eo(n) n
< — fn d —
< (s V- o)

Furthermore, there exists n; € N such that m > n;

go(n) / p—co(n) =N n
m -~ Jn d < -

w

therefore

1=l < (60(”) I dm) T

m(£2)
1

80(”) p—eo(n) p==0(m) n
m d 'S
+<m(Q)/Q!f ppe )

n n n

< — —_ —_ =

3 T3ty =0

whenever n > n; and m > ny .
One of the drawbacks of grand Lebesgue spaces is the fact that the set of C° functions is not a
dense set. Fortunately we have a characterization of the closure of Cjj° functions in the grand

Lebesgue norm given in a somewhat manageable way. O

Theorem 2.3.19. The setCg°(S2) is not dense in Ly)(Q2) . Its closure C§° | L, (@) consists of functions
[ € L, (Q) such that

e—0

lim 5/ |fIP~"dx = 0. (2.76)
0
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Proof. Let f € C° |, () , then there is a sequence of functions fn € C° such that

If = full,y — 0

as n — oQ.

Let us take 6 > 0. Choose ng such that
J
”f fno” <_ and anECgO.
Now observe that for f,,,, by Holder’s inequality, we have

€ p—¢ ﬁ ﬁ 1 p %
(mm)/g'fm’ dx) =< (mm)/g‘f"(]' dx) 0

as ¢ — 0. Hence there is an 5 > 0 such that when ¢ < g3, we have the bound

9 p—e pig é
(i [ 1 ae) ™ <5
Finally
: /|f ) < /rf fuol?dz )"
m(Q) Jo Q 0
(i [l )"
)
< ||f_fno||p)+§
<00
-2 2
when e < ¢ . O

We now use the Theorem which gives information regarding reflexivity of the space

based upon the absolute continuity of the norm.
Theorem 2.3.20. The spaces L,)(S) is not reflexive.

Proof. The non-reflexivity follows from the fact that there exists a function ® for which the norm

|®]],,) is not absolute continuous. Indeed taking the function ¢ as
d(z) = 2Tr, T € (0,1),

we obtain X

a . p—c
lim sup (5/ ' dx) # 0.
a—0 >0 0
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From Fiorenza and Karadzhov [5], We give the following characterization of the grand

Lebesgue spaces (in the case 1(£2) = 1, for simplicity):

111,00 = sup (1= Togt) (/ (s |pds) |

where f* is a decreasing rearrangement of f defined as

f*(t) = sup inf f

m(E)=t £

with ¢ € (0,1).

We can introduce a generalization of the grand Lebesgue spaces, namely the spaces L, 4({2), 60 >
0, defined by

gf . ) pe
= su “dx :
I£lyo =, w0 (=5 11
For § = 0 we have ||f[|,, 4 = | f[l, and for 6 = 1 such spaces reduce obviously to the spaces
Lp)(Q)-

Many results of grand Lebesgue spaces are also valid for generalized grand Lebesgue spaces,

we will just mention the following:

Theorem 2.3.21. The subspace C§°(2) is not dense in f € Ly )(Q2). Its closure consists of functions
[ € Ly ¢(S2) such that

-

lim e ], = 0
2.3.3 Hardy’s inequality

We recall the classical Hardy inequality for Lebesgue spaces

([ G [ rom) an) =525 ([ o)

Here we discuss the Hardy inequality in grand Lebesgue spaces to show some common tech-

niques used in the aforementioned spaces.

Theorem 2.3.22. Let 1 < p < oo. There exists a constant C(p) > 1 such that

| [ o,

for non negative measurable functions f on [0, 1].

C(p) ||f||Lp)([O,1])
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Conclusion

In this memory, we have studied the so-called weak Lebesgue spaces with variable expo-
nents ( Marcinkiewicz ) that are one of the most important spaces used to solve some boundary
problems. This work raises a number of questions that deserve to be addressed. For instance,

it would be wise to think in perspective of following;:

* Is the next lemma true if we assume p : Q@ — (1, +00) is a continuous fonction instead of
p where () an open bounded in R"?

Assume that (R", A, i) is a measure space and f is a measurable function that satisfies

p(fr e B @) > ) < (5)

for some C > 0. Then

3=

inf {c >0:Dy(\) < (;)p} = (sup )\pr()\)> =sup A (Dy(\))7,

A>0 A>0

S =

* Does the next injections hold for 2 = R" ?

LP0(9) € POS(Q,p) € LO=(0, p)
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Abstract :

In this memory, we study the so-called Marcinkiewicz spaces ( weak Lebesgue spaces ) with
variable exponents which are one of the first generalizations of the Lebesgue spaces. In the
framework of Marcinkiewicz spaces we will study, among other topics, embedding results,
convergence in measure, interpolation results, and the question of normability of the space.
We also show a Fatou type lemma for Marcinkiewicz spaces as well as the completeness of the
quasi-norm. The Lyapunov inequality and the Holder inequality are shown to hold.

Keywords : Weak Lebesgue spaces, The Distribution Function,measure ,the variable
exponent Lebesgue space , The norms, Holder Inequality,Banach Function Spaces.

Résumé :

Dans ce mémoire, nous étudions les espaces dits de Marcinkiewicz ( espaces de Lebesgue
faibles ) avec exposants variables qui sont une des premieres généralisations des espaces de
Lebesgue. Dans le cadre des espaces de Marcinkiewicz, nous étudierons, entre autres sujets,
I'intégration des résultats, la convergence en mesure, les résultats d’interpolation et la
question de la normabilité de I’espace. Nous montrent également un lemme de type Fatou
pour les espaces de Marcinkiewicz ainsi que la complétude des quasi-norme. L’inégalité de
Lyapunov et 'inégalité de Holder se vérifient.

Mots clés : espaces de Lebesgue faibles, fonction de distribution, mesure, espace de Lebesgue
a exposant variable, normes, inégalité de Holder, espaces de fonctions de Banach.
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