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ABSTRACT

The transport coefficients, diffusion D(T), and reduced mobility K0 are calculated for systems 39K+− 39K and 41K+− 39K in a thermal range
between 1 and 3000 K within the Chapman–Enskog approximation. This is preceded by a theoretical study of the collision of alkaline ions
in their gases for low and intermediate energies in the range 10−14 ≤ E ≤ 10−3 (a.u.), and within this field, we calculate the interaction energy
potentials and elastic and charge-transfer cross sections and discuss the isotopic effects in the 39 K+− 39K and 41K+− 39K collisions.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0134588

I. INTRODUCTION

Charge-exchange collisions take place at high and low energies.
At the time of collision, an electron is transferred from a neutral to
an ion. If an ion collides with a neutral, charge-transfer produces a
neutral and an ion,

A+ + B→ A + B+. (1)

In this paper, we are interested in the analysis of the asymptotic
theory of the charge-transfer process and certain thermodynamic
properties of a monoatomic gas. The calculations we make in this
study allow us to better understand the behavior of this process and
consider the isotopic and symmetry effects, which is conducted in
low and intermediate energies. We applied this study to the col-
lision of alkaline ions in their gases such as K+ − K(4s) in their
ground states, which are either gerade (g) or ungerade (u), namely,
2Σ+g or 2Σ+u . We have focused on building the necessary interaction
potentials, and this construction will be especially based on poten-
tial energy points theoretically determined very recently. In addition,
the aim of this work is to quantify the phase shifts as a function of
collision energy. Using the phase shifts obtained, we calculate the
elastic and charge-transfer cross sections relating to systems K+ − K,
39K+− 39K, and 41K+ − 39K. We finish this work by computing the

transport properties within the Chapman–Enskog approximation1

for temperatures ranging from 1 to 3000 K.
Atomic units (a.u.) are used throughout this paper, unless

otherwise stated.

II. INTERACTION POTENTIALS
The interaction potentials V(R) between the atom and the

ion are generally constructed in three main regions of distance:
long, intermediate, and short regions. At intermediate distances,
R1 ≤ R ≤ RL, where R1 is the radius corresponding to the data of the
first point and RL is the last point. We adopted the ab initio val-
ues of the energies potential provided in Ref. 2, ranging from 5.0 to
50.0 Bohr radii. The short internuclear distances (R ≤ 5.0 Bohrs
radii), which depend essentially on the overlap of electronic charge
clouds between atomic nuclei and ionic nuclei, generate a repul-
sive interaction potential that can be expressed in the Born–Meyer
analytical form as

Vrep(R) ∼W exp(−wR). (2)

W and w are the potential parameters,3

w = − 1
V(R)

dV(R)
dR

∣
R=R1

, (3)
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W = V(R) exp(+wR)∣R=R1
. (4)

For the internuclear distances (R ≥ 50.0 Bohrs radii), the energy
curve is generally called a long-range potential curve, and this poten-
tial is independent of such an overlap, depending rather on the
correlation of electron motions caused by Coulomb effects. We write
it using the following asymptotic formula:

VLR(R) ∼ Vdisp(R) ∓ Vexch(R), (5)

where the − and + signs are used with the g and u potentials, respec-
tively. The first term Vdisp(R) is the long-range dispersion potential
function defined by the relationship

Vdisp(R) = −
C4

R4 −
C6

R6 −
C8

R8 , (6)

where the dispersion coefficients C4 = 1
2 αd, C6 = 1

2 αq, and C8 = 1
2 αo

are correlated with the dipole αd, quadrupole αq, and octupole αo
polarizabilities of the neutral atom K(4s), respectively. In this work,
for both K+2 molecular states, we utilized the measured value of
the dipole polarizability, αd = 287.6, provided in Ref. 4. This αd is
very close to many other polarizabilities that have been generated,
theoretically or experimentally, during the last decade, such as 289.1
given in Ref. 5, 289.3 given in Ref. 6, 290.2 given in Ref. 7, 290,33
given in Ref. 8, 292.8 given in Ref. 9, and 308.3 given in Ref. 10. We
have further adopted the most recent quadrupole, αq = 4.730 × 103,
and octupole, αo = 16.5 × 104, polarizabilities, as computed in Ref.
11. These results agree quite well with the multipolar polarizabilities
αq = 4.597 × 103 and αo = 15.02 × 104 of Ref. 12 or αq = 4.983 × 103

and αo = 17.73 × 104 of Ref. 13, which in turn leads to standard
mobility, also known as the polarization mobility, in the limit of
zero-field strength and zero gas temperature,14

Kpol = 13.853(αdμ)−
1
2 . (7)

μ is the reduced mass in atomic mass units, αd = 42.57 in Å3, and
Kpol is in cm2 V−1s−1. The exchange interaction potentials of an ion
with the parent atom were found using the treatment provided in
Ref. 15 and take the form (in atomic units)

Vexch(R) =
1
2
A 2R2/γ−1 exp(−γR). (8)

Here, γ = 0.769, and A ≃ 0.598.15

The K+2 potential energy curves thus constructed are shown in
Fig. 1. The present gerade and ungerade curves are also compared
with some data from the study by Rabli and McCarroll,16 Johann
et al.,9 and Ilyabaev and Kaldor.17 The constant parameters that
appear in the form of short distances in Eq. (2) took the following
values:

For 2Σ+g potential, W = 538.3 a.u. and w = 1.984 a.u., and for
2Σ+u potential, W = 1.106 a.u. and w = 0.475 a.u. The g and u equi-
librium distances Re and potential well depths De are displayed in
Table I and compared with the published results. In this work,
we found that 2Σ+g potential has a well depth De = 6687 cm−1 cor-
responding to an equilibrium position Re = 4.477 Å and that 2Σ+u
potential has a well depth of De = 86.50 cm−1 corresponding to an
equilibrium position Re = 11.748 Å. These values are very close to
the results listed in the table.

FIG. 1. Potential-energy curves of the gerade and ungerade K+ − K electronic
states. The curves are compared with published data from the study by Djamal
and McCarroll,16 Johann et al.,9 and Ilyabaev and Kaldor.17

Having appropriately determined the inter-atomic potential
V(R), it is now possible to numerically solve the radial wave
equation

[ d2

dR2 + k2 − 2μV(R) − l(l + 1)
R2 ]ul(R) = 0. (9)

The phase shifts ηl that we need here to completely describe the
binary collisions are obtained after a numerical computation of
the partial waves ul(R) used for each molecular state of the corre-
sponding potential V(R). This can be performed with the Numerov
algorithm,20 where the asymptotic form of ul(R) is required to have
the behavior

ul(R) ∼ sin(kR − l
2

π + ηl).

For each kinetic moment orbital l and relative energy, E = h2k2/2 μ.
In practice, the calculations of ηl(E) are carried out for all energies

TABLE I. Potential characteristics compared to published results.

K+2 states Re (a0) −De (a.u.) References

2Σ+g 8.46 0.304 × 10−1 This work
8.58 0.294 × 10−1 10
8.33 0.302 × 10−1 16
8.38 0.295 × 10−1 18
8.30 0.304 × 10−1 19

2Σ+u 22.20 0.394 × 10−3 This work
22.43 0.364 × 10−3 10
22.18 0.364 × 10−3 16
22.39 0.373 × 10−3 18
22.55 0.364 × 10−3 19
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between Emin = 10−14 a.u. and Emax = 10−3 a.u., with the maximum
value of the kinetic moment orbital lmax = 1000. The calculations
will be performed quantum mechanically at a certain value l = lsc,
beyond which the program is forced to use the approximate
semi-classical given by the equation3

ηg,u
l (E) =

πμ2C4

2h̵4
E
l3 . (10)

III. ELASTIC CROSS SECTION
At low energy, quantum effects become important. This then

requires us to introduce the symmetry effects due to the identity
colliding atoms and the spin of their nucleus into the calculations.
However, first, we chose to perform the calculations without consid-
eration of these quantum effects. Let’s talk about systems containing
non-identical atoms and ions.

A. Effect of symmetry and spin not included
Here, the calculations of the total elastic cross sections relative

to both gerade and ungerade states are given by21

Qtot
el (E) =

1
2
[Qg

el +Qu
el], (11)

where

Qg,u
el (E) =

4π
k2

∞
∑
l=0
(2l + 1)sin2(ηg,u

l ). (12)

In their work, Côté and Dalgarno3 demonstrated sodium collisions
Na+ − Na, and the semi-classical cross section is expressed by the
relationship

Qel(E) = π(μα2
d

h̵2 )
1
3

(1 + π2

16
)E−

1
3 . (13)

This expression is gleaned from a procedure developed entirely by
Mott and Massey22 and successfully applied to collisions between

FIG. 2. Elastic g and u scattering cross sections Qel (E) for K+ ions scattered
by atomic K. Dashed lines represent the semiclassical cross sections given in
Eq. (14).

neutrals and neutral ions. For K+ − K, this equation leads to the
numerical result in atomic units,

Qel(E) = 8.505 × (10)3E−
1
3 . (14)

B. Effect of symmetry and spin included
Because of the identity of the nuclear fields, there are two pos-

sible modes of interaction between an atomic ion and its parent
atom: one V+(R) symmetric in the nuclei and the other V−(R)
antisymmetric.23 This then requires that we introduce the sym-
metry effects and spin of their core into the calculations. In the
case of Fermi–Dirac statistics, the elastic cross section Qel for 39K+

ions scattered by 39K atoms with identical nuclei of spin s = 3/2 is
given by23,24

Qel =
s

2s + 1
Q+ + s + 1

2s + 1
Q−, (15)

FIG. 3. Average elastic cross sections for both isotopes +39K − 39K and +41K– 39K.
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where

Q+ = 4π
k2 [∑

l even
(2l + 1)sin2 ηg

l +∑
l odd
(2l + 1)sin2 ηu

l ] (16)

and

Q− = 4π
k2 [∑

l odd
(2l + 1)sin2 ηg

l + ∑
l even
(2l + 1)sin2 ηu

l ]. (17)

Our cross-sectional data varying with energy for both states 2Σ+g and
2Σ+u of the K+ − K system are shown in Fig. 2, and the fit of numeric
data given in Eq. (14) is also presented. Figure 3 shows the variation
in the average section in the case of diffusion of 39K+ and 41K+ ions
in a neutral gas 39K. It shows in particular the importance of isotopic
effects at low energies. Beyond the energy E ≈ 10−6 a.u., the aver-
age elastic cross sections of the two systems become almost similar,
which demonstrates the collapse of the isotopic effects. It is noted
that the cross elastic sections of the high energies fit the expression
Qel(E) = C elE−

1
3 , where Cel = 8.495 × 103 for system 39K+ − 39K and

Cel = 8.565 × 103 for 41K+ − 39K.

IV. CHARGE TRANSFER AND DIFFUSION
CROSS SECTIONS

When a charged ion K+ collides with an atom of the same
species K, an electron can be transferred from the atom to the ion
without affecting the internal energy of colliding particles. In this
case, the cross section for charge-transfer is theoretically defined as21

Qch =
π
k2

∞
∑
l=0
(2l + 1)sin2(ηg

l − ηu
l ), (18)

and the charge-transfer cross section varies approximately as the
classical Langevin formula does for a polarization potential,3

QLangevin = π
√

2αdE−
1
2 a.u. (19)

FIG. 4. K+2 charge-transfer cross sections and their behavior with energy. The limit
at higher energies is given by Eq. (20). The classical Langevin cross sections QL
and QL/4 are also presented.

FIG. 5. Charge-transfer cross sections for both potassium isotopes.

In Fig. 4, we present our results over a wide range of energies cal-
culated by Eq. (18). At lower energies, our cross sections are higher
because of the polarization attraction force.25 At high energies, the
influence of the long-range attractive force tends to cancel, and the
cross section is determined by the exponential decay of the dif-
ference between the potentials 2Σ+g and 2Σ+u .3 Figure 4 also shows
that quantum Qch results fall over a wide range of energy, almost
entirely in the interval [ 1

4 QL, QL], The same restriction range for
the charge-transfer cross section was found in a previous study
of the lithium system.26 Above 10−3 a.u., the cross section varies
approximately as21,23

Qch = (a ln E − b)2. (20)

Here, a = 5.90 and b = 1.15 are constants that are dependent upon
the collision system being studied, and E is expressed in a.u. Using
the theoretical methods described above, our calculations could out-
put the charge-transfer cross sections Qch = 41.71 × 10−15 cm2 at

FIG. 6. Charge-transfer cross sections at low energies for standard K+2 compared
with data from the study by Sinha and Bardsley25 and Duman and Smirnov.28
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FIG. 7. Diffusion cross sections varying with energy. They are compared with 2Qch in (a) and determined for both lithium isotopes in (b).

energy E = 0.1 eV. For the same energy, the analytical relationship
(20) leads to the values 42.03 × 10−15 cm2. These data agree quite
well with the value 40 × 10−15 cm2 in Ref. 27. In addition, the charge
transfer cross sections for systems 39K+ − 39K and 41K+ − 39K are
shown in Fig. 5. We can notice that the isotopic effect appeared for
the collision energy E ≤ 10−4 a.u. and both colliding species exhibit
orbiting resonances that occur at almost the same energies. How-
ever, as the energy increases, the two curves seem to coincide with
the form (20). For comparison, in Fig. 6, we present the charge
transfer cross sections calculated at low energies and compared with
data by Sinha and Bradsley25 and Duman and Smirnov.28 Below
E = 0.25 eV, small oscillations are apparent, caused by the interfer-
ence between each pair of the g and u potential–energy curves.29 The
difference between the gerade and ungerade phase shifts for small
partial waves shows significant variations with energy in the region
of the potential well, but the curves become practically linear above
the energy 0.25 eV.

The diffusion cross section in the case where symmetry and
spin effects not included takes the form22,23

Q1(E) =
4π
k2

∞
∑
l=0
(l + 1)sin2(ηl+1 − ηl). (21)

For fermion, the diffusion cross section for an ion in its parent
species is given by23

Q1(E) =
s

2s + 1
Q+1 +

s + 1
2s + 1

Q−1 , (22)

where

Q+1 =
4π
k2 [

∞
∑

l=even
(l + 1)sin2(ηg

l − ηu
l+1) +

∞
∑

l=odd
(l + 1)sin2(ηu

l − ηg
l+1)]

(23)
and

Q−1 =
4π
k2 [

∞
∑

l=even
(l + 1)sin2(ηu − ηg

l+1) +
∞
∑

l=odd
(l + 1)sin2(ηg

l − ηu
l+1)].

(24)

For large l, ηg,u
l ≃ ηg,u

l+1. With Q1(E) = Qd, we find according to
what was mentioned in Ref. 23,

Qd ≃ 2Qch. (25)

In Figs. 7(a) and 7(b), we present the variations in the diffusion cross
sections Q1(E) of potassium and the two isotopes as a function of the
collision energy and compare it to twice the charge-transfer cross
section. The agreement is closer, and we also note that the isotope
effect is especially important at very low energies.

V. MOBILITY AND DIFFUSION COEFFICIENTS
Using the diffusion cross section, we can calculate the ion

mobility. The mobility of an ion is given by23

K = eD
kBT

, (26)

where e is the ionic charge, kB is Boltzmann’s constant, and
D = D(T) is the temperature-dependent coefficient of diffusion.
Usually, to facilitate the comparison of data, the mobility of the ions
is given as the reduced mobility,

K0 =
P

760
273.15

T
K, (27)

with P being the gas pressure in torrs, T in Kelvins, and K and K0 in
cm2 V−1s−1. The diffusion coefficient D is determined by using the
Chapman–Enskog model for binary systems, which considers low-
density ions of density n1 diffusing in a neutral gas of density n2.23 If
μ denotes the reduced mass of the colliding ion-neutral species, the
diffusion coefficient is

D(T) = 3kBT
16μ(n1 + n2)

1 + ε0

Ω(1,1)(T)
. (28)
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TABLE II. Diffusion coefficients and correction factors. Numbers in square brackets are powers of 10.

K+ in K 39K+ in 39Li 41K+ in 39K

Temperature T (K) D (cm2s−1) ε0 D (cm2s−1) ε0 D (cm2s−1) ε0

1 0.46[−4] 0.083 0.40[−4] 0.073 0.46[−4] 0.088
50 2.54[−3] 0.092 1.95[−3] 0.077 2.52[−3] 0.099
100 0.53[−2] 0.096 0.35[−2] 0.064 0.53[−2] 0.103
200 0.10[−1] 0.089 0.57[−2] 0.050 0.10[−1] 0.095
300 0.15[−1] 0.081 0.75[−2] 0.045 0.15[−1] 0.087
400 0.20[−1] 0.079 0.92[−2] 0.046 0.20[−1] 0.085
500 0.25[−1] 0.084 1.11[−2] 0.053 0.25[−1] 0.090
600 0.31[−1] 0.092 1.34[−2] 0.065 0.31[−1] 0.099
700 0.38[−1] 0.104 1.61[−2] 0.080 0.38[−1] 0.112
800 0.47[−1] 0.118 1.95[−2] 0.097 0.47[−1] 0.127
900 0.57[−1] 0.133 0.23[−1] 0.115 0.57[−1] 0.143
1000 0.69[−1] 0.148 0.28[−1] 0.133 0.69[−1] 0.159
1500 1.62[−1] 0.213 0.63[−1] 0.209 1.61[−1] 0.228
2000 0.32 0.259 0.12 0.261 0.32 0.277
3000 0.98 0.316 0.37 0.320 0.97 0.337

Here, k =
√

2 μE is the wave number, and Ω(1,1) is the diffusion
collision integral, which can be deduced from a more general
formula,

Ω(p,q)(T) =
√

kBT
2πμ∫

∞

0
Qp(x)x2q+3 exp(−x2)dx. (29)

For the case of dilute gases, that is, n1 ≪ n2, the correction factor ε0
in Eq. (28) is expressed by Chapman and Cowling30 as

ε0 =
5(C − 1)2

5 − 4B + 8A(M2/M1) + 6(M2/M1)2 , (30)

where M1 is the mass of the atomic species diffusing in the buffer gas
made of the atomic species of mass M2. The parameters A, B, and C
are the ratios,

A = Ω(2,2)

5Ω(1,1) , (31)

B = 5Ω(1,2) −Ω(1,3)

5Ω(1,1) , (32)

C = 2Ω(1,2)

5Ω(1,1) . (33)

In Eq. (31), the viscosity collision integral Ω(2,2) is calculated from
the viscosity cross section Qp=2, which is defined by the summation22

Q2(E) =
4π
k2

∞
∑
l=0

(l + 1)(l + 2)
2l + 3

sin2(ηl+2 − ηl). (34)

The values of D(T) presented in Table II include the correction
factor ε0 in expression (28). Our values are compared specially in

system 39K+ − 39K with those obtained by Smirnove. As an exam-
ple, we found, in particular, the values 0.0075 and 0.019 cm2 s−1

at T = 300 and 800 K, respectively. These data are closely compa-
rable with 0.0074 and 0.014 cm2 s−1 of Ref. 31. We also present the
results of the calculation of the correction factor with a temperature
between 1 and 3000 K. We note that the correction factor ε0 for K+

in K equals 0.083 at 1 K and passes through a maximum value of
0.31 at 3000 K, the correction factor for 39K+ in 39K is 0.073 at 1 K
temperature, at 3000 K, ε0 takes a value of 0.32, and for 41K+ in 39K,
the correction factor equals 0.085 at 1 K temperature and passes a
maximum value of 0.33 at 3000 K. The correction factor depends on
the ratios of elastic cross sections and is relatively insensitive to the
interaction potentials.32

We calculated the reduced mobility of K+ ions in the par-
ent atom gas K in a wide temperature range T = 1 − 3000 K from
Eq. (27) using the diffusion coefficients calculated in our work.
Table III presents the calculated of reduced mobilities under stan-
dard conditions (P0 = 760 Torrs and gas temperature = 0 ○C). The
measurement was performed at gas pressure P = 101.325 kPa. We
note at T = 1 K that in K+ in K, 39K+ in 39K, and 41K+ in 39K
systems, the reduced mobilities take values of 0.536, 0.470, and
0.537 (cm2 V−1s−1), respectively, and these values are approximately
constants in the range of temperature between 1 and 100 K. Above
100 K, the reduced mobilities will ultimately increase. As can be
noted in the deviation in values of reduced mobility of the 39K+2
system, this difference is due to the spin and symmetry effect. At
a temperature of 300 K, the reduced mobility takes the value of
0.29 cm2 V−1s−1 in system 39K+ − 39K, which is close to the value
at 0.29 cm2 V−1s−1 in Ref. 31. The fact that K0 depends on T indi-
cates that the interaction of K+ in the parent gas atom K is not a
pure polarization interaction since for a pure polarization interac-
tion, the reduced mobility is independent of temperature and can be
expressed as Eq. (7). With this expression, we find that the Kpol of the
K+ in K is 0.480, which is the same as that found in Ref. 33. The Kpol
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TABLE III. Reduced mobility K0, varying with temperature.

K+ in K 39K+ in 39Li 41K+ in 39K

Temperature T (K) K0 (cm2 V−1s−1)

1 0.536 0.470 0.537
50 0.589 0.454 0.586
100 0.623 0.407 0.620
200 0.619 0.335 0.616
300 0.599 0.292 0.596
400 0.588 0.268 0.584
500 0.592 0.259 0.588
600 0.612 0.259 0.608
700 0.645 0.268 0.641
800 0.690 0.282 0.686
900 0.746 0.302 0.741
1000 0.810 0.325 0.805
1500 1.257 0.492 1.249
2000 1.900 0.735 1.888
3000 3.810 1.460 3.786

of 39K+ in 39K and of 41K+ in 39K is 0.481 and 0.475 (cm2 V−1s−1),
respectively.

VI. CONCLUSION
In conclusion, our work is based on the quantum study of

collisions between atoms and ions which was based on the case
of the collision of alkaline ions in their gases. After a brief pre-
sentation of quantum collision theory, we built the potentials for
K+ − K in the gerade and ungerade states. These potentials were
used to solve the numerical equation of radial waves and, conse-
quently, to numerically determine that for any energy E and all
orbital angular momentum l, the phase shifts allow the various sec-
tions to be expressed efficiently by thermophysical spectroscopy. We
also treated the variations in elastic and charge transfer sections in
the quantum and semi-classical case. Under the model developed by
Chapman and Enskog for sufficiently diluted gases, we have exam-
ined the properties of diffusion and reduced mobility of potassium
K in detail. In the first step, we neglected the effects of symmetry and
spin due to the identity of the colliding atoms. In this framework,
we studied diffusion coefficient D(T) changes with temperature in
a wide range of 1–3000 K. In the second step, we then included the
effects of symmetry and nuclear spins in the model, and we found
that the symmetry of the atoms affects the change in the diffusion
coefficient, especially at lower temperature. We therefore used the
diffusion coefficient for calculating the reduced mobility in the same
range of temperature. At low temperature, the reduced mobility is
almost constant, and the increase in temperature gives growth in the
values of reduced mobility.
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