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Abstract. In this paper, a numerical approximation solution of a space-time

fractional diffusion equation (FDE), involving Caputo-Katugampola fractional
derivative is considered. Stability and convergence of the proposed scheme

are discussed using mathematical induction. Finally, the proposed method is

validated through numerical simulation results of different examples.

1. Introduction. In recent years, fractional calculus and fractional analysis have
received increasing attention from research communities and have been studied ex-
tensively. It is found that fractional differential equations and partial fractional
equations have a broad spectrum of applications in the areas of physics and en-
gineering (physics [6],[22], chaos theory [15], viscoelasticity [12], control system
engineering [14], fractional signal processing techniques [20] and many others areas
(see e.g. [17])). Analytical methods have been proposed to provide better solutions
to some of fractional differential equations or partial fractional equations, but these
solutions are expressed in terms of special functions which are even inaccessible
for some of fractional nonlinear equations and they are usually difficult for nu-
merical evaluation. Recently, considerable research has been devoted to the study
of numerical methods lead to a rapid increase development of numerical methods
for fractional differential and partial equations. Many methods have been present-
ed ([1], [3], [5], [19], [21], [23]) to overcome above mentioned problems. Among
them yields only an approximate solution which can be derived using perturbation
method, adomian decomposition method, generalized differential transform method
or finite difference method .
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A fundamental transport process in the mechanics of environmental fluids is
diffusion. Diffusion is a microscopic phenomenon which designates the natural ten-
dency of a system to make the concentrations homogeneous chemical species within
it, and it is characterized by the equation:

∂tu (x, t) = ∂2xu (x, t) + f(x, t).

Fractional diffusion equation in time-space is obtained from the classical diffusion
equation by replacing the first order derivative in time with Caputo-Katugampola
derivative of order α, 0 < α ≤ 1 and the second-order space derivative with a
Riesz-Caputo-Katugampola derivative of order β, 1 ≤ β ≤ 2, which is given by the
following equation:

C∂α,ρt u (x, t) =
∂β,ρu (x, t)

∂ |x|β
+ f(x, t), (x, t) ∈ ]x0, L[× ]t0, T [ , (1)

where C∂α,ρt ,
∂β,ρ

∂ |x|β
denotes the Caputo-Katugampola fractional derivative and

Riesz-Caputo-Katugampola fractional derivative of order α and β respectively, with
ρ > 1, t0, x0 > 0 and f(x, t) is the source term. The fractional derivative C∂α,ρt in
(1) is in the Caputo–Katugampola fractional derivative type of order α ∈ ]0, 1[
defined by

C∂α,ρt u (x, t) =
ρα

Γ (1− α)

∫ t

t0

(tρ − τρ)−α ∂u(x, τ)

∂τ
dτ, (2)

The fractional derivative
∂β,ρ

∂ |x|β
in (1) is the Riesz-Caputo-Katugampola fractional

derivative of order β ∈ [1, 2] defined by

∂β,ρu (x, t)

∂ |x|β
=

1

2

(
C∂β,ρx0,x + C∂β,ρx,L

)
u (x, t) ,

where C∂β,ρx0,x and C∂β,ρx,L stand for the left and right Caputo-Katugampola fractional
derivative respectively.

In this work we appreciated the finite difference method, and hence uncondi-
tionally stable and convergent, for giving the numerical solution of the fractional
diffusion problem defined by

C∂α,ρt u (x, t) =
∂β,ρu (x, t)

∂ |x|β
+ f(x, t), (x, t) ∈ ]x0, L[× ]t0, T [ ,

u (x, t0) = u0(x), x ∈ [x0, L] ,

∂u

∂x
(x0, t) = ψ(t), u (x0, t) = φ(t), u (L, t) = ϕ(t), t ∈ [t0, T ] .

(3)

Where u0(x), ψ, φ, ϕ are continuous functions. The rest of the paper is organized
as follows: Section 2 presents some properties of the Katugampola fractional inte-
grals and fractional derivatives of various types. Section 3 finite difference methods
(FDM) for the space-time fractional diffusion problem is presented. Sections 4 and
5, discuss the stability and the convergence analysis of the finite difference scheme.
Typical examples are presented in Sections 6 (Example 1 and 2) to demonstrate the
validity of the method, numerical simulation results are also included. Conclusion
close the paper in Sections 6.
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2. Preliminaries. In this section, we recall some concepts on fractional calculus
and present additional properties that will be used later.
As be introduced in [10], let us denote Xp

c [a, b] , (c ∈ R, 1 ≤ p ≤ ∞) which means
the space of Lebesgue measurable functions ϕ on [a, b] for which ‖ϕ‖Xpc < ∞, is
defined by

‖ϕ‖Xpc =

(∫ b

a

|scϕ (s)|p ds
s

) 1
p

<∞,

for 1 ≤ p <∞, c ∈ R, and

‖ϕ‖X∞c = ess sup
a≤t≤b

[tc |ϕ (t)|] , (c ∈ R) .

Definition 2.1 (Katugampola fractional integral). (see [9]). The left-sided
Katugampola fractional integral Iα,ρa+ u (t) of order α ∈ C (Re(α) > 0) of u (t) ∈
Xp
c [a, b] is defined by

(ρIαa+u) (t) =
ρ1−α

Γ (α)

∫ t

a

τρ−1u (τ)

(tρ − τρ)1−α
dτ, for t > a, (4)

Similarly we can define the right-siderd Katugampola fractional integral ρIαb−u by

(ρIαb−u) (t) =
ρ1−α

Γ (α)

∫ b

t

τρ−1u (τ)

(τρ − tρ)1−α
dτ, for t < b. (5)

Definition 2.2 (Katugampola fractional derivative). (see [9]). Let α ∈ C, Re(α) ≥
0, m = [Re(α)]+1 and ρ > 0. The Katugampola fractional derivative corresponding
to the Katugampola fractional integral (4) and (5) are defined respectively as

ρDαa+u (t) =

(
t1−ρ

d

dt

)m (
ρIm−αa+ u

)
(t)

=
ρα−m+1

Γ (m− α)

(
t1−ρ

d

dt

)m ∫ t

a

τ (ρ−1)u(τ)

(tρ − τρ)α−m+1 dτ,

and

ρDαb−u (t) =

(
−t1−ρ d

dt

)m (
ρIm−αb− u

)
(t)

=
ρα−m+1

Γ (m− α)

(
−t1−ρ d

dt

)m ∫ b

t

τ (ρ−1)u(τ)

(τρ − tρ)α−m+1 dτ,

if the integrals exist.

A recent generalization introduced in [2]. The authors define the generalization
of the Katugampola fractional derivatives and present properties of such deriva-
tives. This new generalization is now know as the Caputo-Katugampola fractional
derivatives and is given by the following definition:

Definition 2.3 (Caputo-Katugampola fractional derivative). ([2]). Let m be the
smallest integer greater than α. Then, the left and right Caputo-Katugampola
fractional derivatives of order α > 0 of a function u are defined respectively as

CDα,ρa+ u (t) =
ρα−m+1

Γ (m− α)

∫ t

a

τ (ρ−1)(1−m)

(tρ − τρ)α−m+1u
(m)

(τ)dτ, (6)
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and

CDα,ρb− u (t) =
(−1)mρα−m+1

Γ (m− α)

∫ b

t

τ (ρ−1)(1−m)

(τρ − tρ)α−m+1u
(m)

(τ)dτ. (7)

From the Riesz-Caputo fractional derivative for a function u(x), (a ≤ x ≤ b) of
order β > 0, ([16]),

RC
a D

β
b u (x) =

1

Γ (m− β)

∫ b

a

u
(m)

(s)

|x− s|β−m+1
ds

=
1

2

(
C
a Dβx + (−1)

m C
xD

β
b

)
u (x) ,

where C
a Dβx and C

xD
β
b is the left and right Caputo derivative respectively. We define

the Riesz-Caputo-Katugampola as follows:

Definition 2.4. The Riesz-Caputo-Katugampola fractional derivative for a func-
tion u(x), (a ≤ x ≤ b), of order β > 0 is

RC
a D

β,ρ
b u (x) =

ρβ−m+1

Γ (m− β)

∫ b

a

s(ρ−1)(1−m)

|xρ − sρ|β−m+1
u

(m)

(s)ds

=
1

2

(
CDβ,ρa,x + (−1)

m CDβ,ρx,b
)
u (x) ,

with CDβ,ρa,x and CDβ,ρx,b are the left and right Caputo-Katugampola fractional deriv-

ative defined in (6)-(7).

3. The finite difference scheme. In this section, for the finite difference approx-
imation, from [23] we sub-divide the intervals [x0, L] and [t0, T ] with

xi = (xρ0 + ik)
1
ρ , i = 0, 1, ...,M,

tj = (tρ0 + jh)
1
ρ , j = 0, 1, ..., N,

where k =
Lρ − xρ0
M

and h =
T ρ − tρ0
N

are the spatial and temporal step sizes,

respectively. We denote un+1
i the numerical approximation to u(xi, tn+1) and

fn+1
i = f(xi, tn+1).

1. The initial boundary conditions of (3), are discretized as
u(xi, t0) = u0i ,

ux(x0, tn+1) = ψn+1,

u(x0, tn+1) = φn+1,

u(L, tn+1) = ϕn+1.

2. The space fractional derivative term
∂β,ρu (xi, tn+1)

∂ |x|β
can be approximated by

the following

∂β,ρu (xi, tn+1)

∂ |x|β
=

1

2

(
C∂β,ρx0,xm + C∂β,ρxm,xM

)
u (xi, tn+1) ,
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where

C∂β,ρx0,xmu (xi, tn+1) =
ρβ−1

Γ (2− β)

xm∫
x0

sρ−1

(xρm − sρ)β−1
s2(1−ρ)

∂
2

u(s, tn+1)

∂s2
ds

=
ρβ−1

Γ (2− β)

m−1∑
i=0

xi+1∫
xi

sρ−1

(xρm − sρ)β−1

× x2(1−ρ)i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2
ds

=
k2−βρβ−2

Γ (3− β)

m−1∑
i=0

x
2(1−ρ)
i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2

×
[
(m− i)2−β − (m− i− 1)

2−β
]
,

with m ∈ {1, 2, . . . ,M − 1} .

3. Set En+1 =
∣∣C∂β,ρx0,xmu (xi, tn+1)− C∂β,ρx0,xmu

n+1
i

∣∣ and Mi = max
x∈[x0,L]

∣∣∣∣∂iu∂xi
∣∣∣∣ ,

with i = 1, ...4, hence, we obtain

En+1 ≤
ρβ−1

Γ (2− β)

m−1∑
i=0

xi+1∫
xi

sρ−1

(xρm − sρ)β−1

×

∣∣∣∣∣s2(1−ρ) ∂2u∂s2
− x2(1−ρ)i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2

∣∣∣∣∣ ds.
It follows from Taylor’s theorem, one has for each i ∈ {0, 1, ...,m− 1} and s ∈
[xi, xi+1] and because ρ > 1, we have∣∣∣∣∣s2(1−ρ) ∂2u∂s − x2(1−ρ)i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2

∣∣∣∣∣
=

∣∣∣∣s2(1−ρ) ∂2u∂s2
− x2(1−ρ)i

(
∂2u

∂x2
(xi, tn+1) +

∂(4)u

∂x4
(η1, tn+1)

(xi+1 − xi)2

12

)∣∣∣∣
≤
∣∣∣∣s2(1−ρ)(∂2u∂s2

(xi, tn+1) +
∂(3)u

∂s3
(xi, tn+1)(s− xi) +

∂(4)u

∂s4
(η2, tn+1)

(s− xi)2

2

)
− x

2(1−ρ)
i

∂2u

∂x2
(xi, tn+1)

∣∣∣∣+M4x
2(1−ρ)
i

(xi+1 − xi)2

12

≤ x2(1−ρ)i M2 + x
2(1−ρ)
i (xi+1 − xi)M3 + x

2(1−ρ)
i (xi+1 − xi)2

M4

2

+ x
2(1−ρ)
i (xi+1 − xi)2

M4

12
,

finally, we conclude∣∣∣∣∣s2(1−ρ) ∂2u∂s − x2(1−ρ)i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2

∣∣∣∣∣
≤ x

2(1−ρ)
0 ρβ−1

Γ (2− α)
×
(
M2 + xmM3 +

7

12
x2mM4

)
,

(8)
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where η2 ∈ [xi, s] and η1 ∈ [xi, xi+1]. Furthermore, for any β ∈ [1, 2] , i ∈
{0, 1, ...,m− 1} , ρ > 1 and s ∈ [xi, xi+1] we have

0 ≤ (xρm − sρ)
1−β ≤

(
xρi+1 − s

ρ
)1−β

,

Therefore, one yields

0 ≤
m−1∑
i=0

∫ xi+1

xi

sρ−1

(xρm − sρ)β−1
≤
m−1∑
i=0

∫ xi+1

xi

sρ−1(
xρi+1 − sρ

)β−1
=

m−1∑
i=0

(
xρi+1 − x

ρ
i

)2−β
ρ (2− β)

.

(9)

According to (8) and (9), we imply

En+1 ≤
x
2(1−ρ)
0 ρβ−1

Γ (2− α)

(
M2 + xmM3 +

7

12
x2mM4

)m−1∑
i=0

(
xρi+1 − x

ρ
i

)2−β
ρ (2− β)

≤ x
2(1−ρ)
0 ρβ−2

Γ (3− α)

(
M2 + xmM3 +

7

12
x2mM4

)
k2−β

m−1∑
i=0

(
xρi+1 − x

ρ
i

)
.

≤ x
2(1−ρ)
0 ρβ−2

Γ (3− α)

(
M2 + xmM3 +

7

12
x2mM4

)
(xρm − x

ρ
0) k2−β .

This means that

C∂β,ρx0,xmu (xi, tn+1) := C∂β,ρx0,xmu
n+1
i + cm,β,ρk

2−β .

Similarly, we find

C∂β,ρxm,xMu (xi, tn+1) =
k2−βρβ−2

Γ (3− β)

M−1∑
i=m

x
2(1−ρ)
i

un+1
i+1 − 2un+1

i + un+1
i−1

(xi+1 − xi)2

×
[
(i+ 1−m)

2−β − (i−m)
2−β
]
,

and

C∂β,ρxm,xMu (xi, tn+1) := C∂β,ρxm,xMu
n+1
i + cM,β,ρk

2−β .

The following result is obtained.

Lemma 3.1. Let 0 < α ≤ 1, 1 ≤ β ≤ 2, and ρ > 1 we have

(a) The approximation of the Riesz-Caputo-Katugampola fractional derivative
∂β,ρu (x, t)

∂ |x|β
in (1) is given by the following scheme

∂β,ρu (xi, tn+1)

∂ |x|β
=
k2−βρβ−2

2Γ (3− β)


m−1∑
i=0

aβ,ρi,m
(
un+1
i+1 − 2un+1

i + un+1
i−1
)

+

M−1∑
i=m

zβ,ρi,m
(
un+1
i+1 − 2un+1

i + un+1
i−1
)
 , (10)
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for m ∈ {1, 2, . . . ,M − 1}, where
aβ,ρi,m =

x
2(1−ρ)
i

(xi+1 − xi)2
[
(m− i)2−β − (m− i− 1)

2−β
]
, i = 0, . . . ,m− 1,

zβ,ρi,m =
x
2(1−ρ)
i

(xi+1 − xi)2
[
(i+ 1−m)

2−β − (i−m)
2−β
]
, i = m, . . . ,M − 1,

(11)

and

∂β,ρu (xi, tn+1)

∂ |x|β
:=

∂β,ρ

∂ |x|β
un+1
i + cβ,ρk

2−β .

(b) The approximation of the Caputo-Katugampola fractional derivative C∂α,ρt in
(1) is given by the following scheme [23]:

C∂α,ρt u (xi, tn+1) =
h1−αρα−1

Γ (2− α)

n∑
j=0

bα,ρj

(
uj+1
i − uji

)
, (12)

where

bα,ρj =
t
(1−ρ)
j

tj+1 − tj

(
(n− j + 1)

1−α − (n− j)1−α
)
, j = 0, ..., n. (13)

and

C∂α,ρt u (xi, tn+1) := C∂α,ρt un+1
i + cα,ρh

1−α.

Now, By using the space-time fractional approximation (10) and (12) we obtain
the following numerical approximation to equation (1),

k2−βρβ−2

2Γ (3− β)

(
m−1∑
i=0

aβ,ρi
(
un+1
i+1 − 2un+1

i + un+1
i−1
)

+

M−1∑
i=m

zβ,ρi,m
(
un+1
i+1 − 2un+1

i + un+1
i−1
))

=
h1−αρα−1

Γ (2− α)

n∑
j=0

bα,ρj

(
uj+1
i − uji

)
+ fn+1

i ,

Then, for each n = 0, 1, ..., N − 1, and m = 1, ...,M − 1, setting

λ =
Γ (2− α) k2−βhα−1

2Γ (3− β) ρα−β+1
,

we obtain the following difference approximation for l ∈ {1, 2, . . . ,M − 1}

M−1∑
i=1

ωi,mu
n+1
i + bnu

n+1
l = bα,ρ0 u0l +

n∑
j=1

Gju
j
l + V n+1

l , (14)

with

V n+1
l = λ

((
aβ,ρ1 − aβ,ρ0

)
φn+1 + zβ,ρM−1,mϕ

n+1 − kaβ,ρ0 ψn+1
)

+
hα−1Γ (2− α)

ρα−1
fn+1
l ,
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Gj =
(
bα,ρj − bα,ρj−1

)
and

wi,m =



λ
(
−aβ,ρi+1,m + 2aβ,ρi,m − a

β,ρ
i−1,m

)
, if 1 ≤ i ≤ m− 2,

λ
(
−zβ,ρm,m + 2aβ,ρm−1,m − a

β,ρ
m−2,m

)
, if i = m− 1,

λ
(
−zβ,ρm+1,m + 2zβ,ρm,m − a

β,ρ
m−1,m

)
, if i = m,

λ
(
−zβ,ρi+1,m + 2zβ,ρi,m − z

β,ρ
i−1,m

)
, if m+ 1 ≤ i ≤M − 2,

λ
(

2zβ,ρM−1,m − z
β,ρ
M−2,m

)
, if i = M − 1.

So, for n = 0 and l ∈ {1, 2, . . . ,M − 1} we have

M−1∑
i=1

ωi,mu
1
i + bα,ρ0 u1l = bα,ρ0 u0l + V 1

l , (15)

then, with n > 0 and l ∈ {1, 2, . . . ,M − 1} we obtain

M−1∑
i=1

ωi,mu
n+1
i + bα,ρn un+1

l = bα,ρ0 u0l +

n∑
j=1

Gju
j
l + V n+1

l , (16)

Thus, we have the difference scheme in the matrix form
U0 = u0i , for i = 1, ...,M − 1,

A1U1 = b0U
0 + V1,

AnUn+1 = b0U
0 +G1U

1 +G2U
2 + . . .+GnUn + Vn+1,

with 
U0 =

[
u01, u

0
2, . . . , u

0
M−1

]T
,

Un =
[
un1 , u

n
2 , . . . , u

n
M−1

]T
,

Vn+1 =
[
V n+1
1 , V n+1

2 , . . . , V n+1
M−1

]T
,

and An is square matrix of dimension (M − 1)× (M − 1) of coefficients:

An
(i,j) =

{
ωj,m, if i 6= j,

ωi,m + bα,ρn , if i = j,

Lemma 3.2. The coefficients aβ,ρi , bα,ρj , and zβ,ρi,m in (11),(13) satisfy :

1. aβ,ρi,m > 0, zβ,ρi,m > 0, and bα,ρj > 0, for i = 0, . . . ,m− 1, i = m, . . . ,M − 1 and
j = 0, . . . , n.

2. aβ,ρi > aβ,ρi−1 and bα,ρj > bα,ρj−1, for i = 1, . . . ,m− 1 and j = 1, . . . , n.

3. zβ,ρi+1,m < zβ,ρi,m, for i = m, . . . ,M − 1.

4. Stability analysis of finite difference scheme for FDE. In this section, we
suppose that ũnl is the approximate solution of (15) and (16), the error εnl = ũnl −unl ,
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for l ∈ {1, 2, . . . ,M − 1} and n ∈ {1, 2, . . . ,M − 1} satisfies

M−1∑
i=1

ωi,mε
1
i + bα,ρ0 ε1l = bα,ρ0 ε0l ,

M−1∑
i=1

ωi,mε
n+1
i + bα,ρn εn+1

l = bα,ρ0 ε0l +

n∑
j=1

Gjε
j
l + V n+1

l .

(17)

So, n = 1, 2, . . . , N − 1, the above formula can be written in the matrix form as:
A0E1 = bα,ρ0 E0,

AnEn+1 = bα,ρ0 E0 +G1E
1 +G2E

2 + . . .+GnEn,

E0 = 0,

where En =
(
εn1 , ε

n
2 , . . . , ε

n
M−1

)T
. Hence, the stability analysis of the difference

approximation is studied via mathematical induction method.
Let

∥∥E1
∥∥
∞ =

∣∣ε1l ∣∣ = max
1≤i≤M−1

∣∣ε1i ∣∣ and

γM,m = λ
(

2aβ,ρm−1,m − a
β,ρ
0,m − a

β,ρ
1,m + 2

(
zβ,ρm,m − z

β,ρ
M−2,m

))
.

Then, for n = 0, note that aβ,ρi,m is increasing and zβ,ρi,m is decreasing (Lemma 3.2),
we have

(γM,m + bα,ρ0 )
∣∣ε1l ∣∣ ≤(γm,M + λzβ,ρM−1,m + bα,ρ0

) ∣∣ε1l ∣∣
=

∣∣∣∣∣
M−1∑
i=1

ωi,mε
1
l + bα,ρ0 ε1l

∣∣∣∣∣ ≤ bα,ρ0

∣∣ε0l ∣∣ ,
hence,

∣∣ε1l ∣∣ ≤ bα,ρ0

(γM,m + bα,ρ0 )

∣∣ε0l ∣∣ . Its follows∥∥E1
∥∥
∞ ≤

∥∥E0
∥∥
∞ .

Let
∥∥En+1

∥∥
∞ =

∣∣εn+1
l

∣∣ = max
1≤i≤M−1

∣∣εn+1
i

∣∣, we assum that
∥∥Ej

∥∥
∞ ≤

∥∥E0
∥∥
∞ ,

(j = 1, 2, . . . , n), using Lemma 3.2, we also have

(γm,M + bα,ρn )
∣∣εn+1
l

∣∣ ≤ ∣∣∣∣∣
M−1∑
i=1

wi,mε
n+1
l + bα,ρn εn+1

l

∣∣∣∣∣ ≤
∣∣∣∣∣∣bα,ρ0 ε0l +

n∑
j=1

Gjε
j
l

∣∣∣∣∣∣
≤bα,ρ0

∣∣ε0l ∣∣+

∣∣∣∣∣∣
n∑
j=1

Gj

∣∣∣∣∣∣
∣∣∣εjl ∣∣∣ ≤ bα,ρ0

∣∣ε0l ∣∣+

∣∣∣∣∣∣
n∑
j=1

bα,ρj − bα,ρj−1

∣∣∣∣∣∣
∣∣∣εjl ∣∣∣

≤bα,ρ0

∣∣ε0l ∣∣+ (bα,ρn − bα,ρ0 )
∣∣ε0l ∣∣

finally, we find ∣∣εn+1
l

∣∣ ≤ bα,ρn
(γM,m + bα,ρn )

∥∥E0
∥∥
∞ ,

imply, ∥∥En+1
∥∥
∞ ≤

∥∥E0
∥∥
∞ .

The following theorem holds.

Theorem 4.1. The finite difference schemes (15) and (16) for the FDE (1) are
unconditionally stable.
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5. Convergence analysis of the approximate scheme for FDE. In this sec-
tion, we discuss the convergence of the approximate scheme (15) and (16). Let
u (xi, tn) be the exact solution of the fractional diffusion equation (1) at mesh points
(xi, tn) where i = 0, 1, 2, . . . ,M and n = 0, 1, 2, . . . , N .

Define eni = u (xi, tn)− uni and en =
(
en1 , e

n
2 , . . . , e

n
M−1

)T
. Using e0 = 0, substi-

tuting uni = u (xi, tn)− eni into (15) and (16) leads to:

1. For n = 0, and l ∈ {1, 2, . . . ,M − 1}, we have

M−1∑
i=1

ωi,me
1
i + bα,ρ0 e1l

=

M−1∑
i=1

ωi,mu (xi, t1) + bα,ρ0 u (xl, t1)− bα,ρ0

(
u (xl, t0)− e0l

)
− V 1

l

= R1
l .

2. For n > 0, and l ∈ {1, 2, . . . ,M − 1}, the approximate scheme becomes

M−1∑
i=1

ωi,me
n+1
i + bα,ρn en+1

l

=

M−1∑
i=1

ωi,mu (xi, tn+1) + bα,ρn u (xl, tn+1)

− bα,ρ0

(
u (xl, t0)− e0l

)
−

n∑
j=1

Gj

(
u (xl, tj)− ejl

)
− V n+1

l

=

n∑
j=1

Gje
j
l +Rn+1

l ,

where

Rn+1
l =

n∑
j=0

bα,ρj (u (xl, tj+1)− u (xl, tj))

−λ


m−1∑
i=0

aβ,ρi,m (u (xi+1, tn+1)− 2u (xi, tn+1) + u (xi−1, tn+1))

+

M−1∑
i=m

zβ,ρi,m (u (xi+1, tn+1)− 2u (xi, tn+1) + u (xi−1, tn+1))


−h

α−1Γ (2− α)

ρα−1
fn+1
l .

From (1), we have

Rn+1
l =

hα−1Γ (2− α)

ρα−1

×

(
C∂α,ρt (xl, tn+1)− ∂β,ρu (xl, tn+1)

∂ |x|β
− fn+1

l + cα,ρh
1−α − cβ,ρk2−β

)

=
hα−1Γ (2− α)

ρα−1
(
cα,ρh

1−α − cβ,ρk2−β
)
.

(18)
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Hence, there exist cα,β,ρ > 0, such that∣∣Rn+1
i

∣∣ ≤ cα,β,ρ (1 + hα−1k2−β
)
, i = 1, 2, . . . ,M − 1, n = 0, 1, . . . , N − 1.

Consequently, using mathematical induction, we prove∥∥en+1
∥∥
∞ ≤ (bα,ρn )

−1
Cα,β,ρ

(
1 + hα−1k2−β

)
.

Let
∥∥en+1

∥∥
∞ =

∣∣en+1
l

∣∣ = max
1≤i≤M−1

∣∣en+1
i

∣∣ , then

1. For n = 0, and i ∈ {1, 2, . . . ,M − 1} we get

(γM,m + bα,ρ0 )
∣∣e1l ∣∣ ≤ (γM,m + λzβ,ρM−1,m + bα,ρ0

) ∣∣e1l ∣∣
=

∣∣∣∣∣
M−1∑
i=1

ωi,me
1
l + bα,ρ0 e1l

∣∣∣∣∣ ≤ ∣∣R1
i

∣∣ ,
imply, ∣∣e1l ∣∣ ≤ (γM,m + bα,ρ0 )

−1 ∣∣R1
i

∣∣
≤ (bα,ρ0 )

−1
cα,β,ρ

(
1 + hα−1k2−β

)
.

2. For n > 0 and i ∈ {1, 2, . . . ,M − 1}, suppose that∣∣∣ejl ∣∣∣ ≤ (bα,ρj−1)−1 cα,β,ρ (1 + hα−1k2−β
)
,

for j = 1, . . . , n, we have
(
bα,ρj−1

)−1 ≤ (bα,ρ0 )
−1

(Lemma 3.2), we get

∣∣en+1
l

∣∣ ≤ (γM,m + bα,ρn )
−1

∣∣∣∣∣∣
n∑
j=1

(
bα,ρj − bα,ρj−1

)∣∣∣∣∣∣
∣∣∣eji ∣∣∣+ (γM,m + bα,ρn )

−1 ∣∣Rn+1
i

∣∣
≤ (bα,ρn )

−1
C ′α,β,ρ

(
1 + hα−1k2−β

)
.

We can prove that

lim
n→∞

1

bα,ρn
(
tρ0
h + n

)α−1 = 0,

therefor, there exist a constant ζ > 0 suth that∥∥en+1
l

∥∥
∞ ≤ ζ

(
tρ0
h

+ n

)α−1
C ′α,β,ρ

(
1 + hα−1k2−β

)
,

then ∣∣en+1
l

∣∣ ≤ C ′α,β,ρζ ( tρ0h + n

)(α−1)

hα−1
(
h1−α + k2−β

)
≤ C ′α,β,ρζtρ(α−1)n

(
h1−α + k2−β

)
≤ C ′α,β,ρζT ρ(α−1)

(
h1−α + k2−β

)
,

is finite, we have ∥∥en+1
∥∥
∞ ≤ Cα,β,ρ

(
h1−α + k2−β

)
.

Then, the convergence of the finite difference scheme is given by the following the-
orem:
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Theorem 5.1. Let uni be the approximate value of u(xi, tn), then there is a positive
constant Cα,β,ρ, such that

|uni − u (xi, tn)| ≤ Cα,β,ρ
(
h1−α + k2−β

)
, i = 1, 2, . . . ,M − 1, n = 1, 2, . . . , N.

6. Illustrative examples. In this section, we present some examples to illustrate
the usefulness of our main results.

Example 1. Let (x, t) ∈ [1, 2]× [1, 2] , ρ = 2 and

f(x, t) =

(
x2ρ − 3

2ρ

)
ρα

Γ (2− α)
(tρ − 1)

1−α

− tρ (2ρ− 1) ρβ−2

2Γ (3− β)

(
(xρ − 1)

2−β
+ (2ρ − xρ)2−β

)
.

Consider the following space-time fractional diffusion equation

C∂α,ρt u (x, t) =
∂β,ρu (x, t)

∂ |x|β
+ f(x, t),

u (x, 1) =

(
x2ρ − 3

2ρ

)
,

∂xu (1, t) = tρ, u (1, t) = tρ
(
−1

ρ

)
, u (2, t) = tρ

(
22ρ − 3

2ρ

)
.

(19)

The exact solution for this problem is

u (x, t) = tρ
(
x2ρ − 3

2ρ

)
.
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Analytical solution
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Numerical solution for beta=2

Figure 1. Graphical comparison of the numerical and the exact
solution with h = 0.001, k = 0.1, ρ = 2, α = 0.7, n = 20 and
m = 25.
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Figure 2. Graphical comparison of the numerical and the exact
solution with k = 0.1, ρ = 2, α = 0.6, β = 1.8, n = 30 and m = 25.

1 1.2 1.4 1.6 1.8 2
−1

0

1

2

3

4

Numerical and exact solution of fractional transport diffusion problem

x

u
(x
,
t 4

1
)

 

 

Analytical solution

Numerical solution for h=0.005

1 1.2 1.4 1.6 1.8 2
−1

0

1

2

3

4

x

u
(x
,
t 4

1
)

 

 

Analytical solution

Numerical solution for h=0.0005

(a)

(a)

1 1.2 1.4 1.6 1.8 2
−2

0

2

4

6

Numerical and exact solution of fractional heat diffusion problem

x

u
(x
,
t 6

1
)

 

 

Analytical solution

Numerical solution for h=0.005

1 1.2 1.4 1.6 1.8 2
−1

0

1

2

3

4

x

u
(x
,
t 6

1
)

 

 

Analytical solution

Numerical solution for h=0.0005

(b)

(b)

Figure 3. Graphical comparison of the numerical and the exact
solution with k = 0.1, ρ = 2, α = 0.9, (a) β = 1, (b) β = 2 and
m = 25.

Example 2. Let (x, t) ∈ [1, 2]× [1, 2] , ρ = 3 and

f(x, t) =

(
−x2ρ + x

2ρ

)
ρα

Γ (2− α)
(tρ − 1)

1−α

+
(2ρ− 1) ρβ−2

2Γ (3− β)
(tρ + 1)

(
(xρ − 1)

2−β
+ (2ρ − xρ)2−β

)
.
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Consider the following space-time fractional diffusion equation

C∂α,ρt u (x, t) =
∂β,ρu (x, t)

∂ |x|β
+ f(x, t),

u (x, 1) = 2

(
−x2ρ + x

2ρ

)
,

∂xu (1, t) =

(
−2ρ+ 1

2ρ

)
(tρ + 1) , u (1, t) = 0, u (2, t) = (tρ + 1)

(
−22ρ−1 + 1

ρ

)
.

(20)
The exact solution of the given problem is given by

u (x, t) = (tρ + 1)

(
−x2ρ + x

2ρ

)
.
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Figure 4. Graphical comparison of the numerical and the exact
solution with h = 0.005, k = 0.1, ρ = 3, α = 0.7, n = 20 and
m = 15.
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Figure 5. Graphical comparison of the numerical and the exact
solution with k = 0.1, ρ = 3, α = 0.8, β = 1.8, n = 40 and m = 15.
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Figure 6. Graphical comparison of the numerical and the exact
solution with k = 0.1, ρ = 3, α = 0.9, (a) β = 1, (b) β = 2 and
m = 15.

7. Conclusion. This work has, in addition to an academic interest, a practical
interest: to apprehend and solve fractional problems related to biology, ecology,
physics and economics, these problems generally admit rather complicated solu-
tions, this is the reason we introduced the numerical solution of the space-time
fractional diffusion. Fractional diffusion equation (1) with ρ > 1, 0 < α < 1 and
1 ≤ β ≤ 2, is a generalization of classical diffusion equation. We have develope-
d a new numerical method for solving fractional partial differential equations, this
method is based on finite difference approximation, it is found that the approximate
solutions produced by our method are in complete agreement with the correspond-
ing exact solutions. Moreover, various results were obtained for different values
of the parameters β, α and ρ. So, in the case of β = 1, we obtain the numeri-
cal solution of the fractional transport equation, (Figure 3 (a), Figure 6 (a)). In
addition, if β = 2, we obtain numerically solution of fractional diffusion equation
(Figure 3 (b), Figure 6 (b)). Eventually, different values for h and k have been
tested on example 1 and 2 to evaluate the validity of the approach, the results
obtained show a good global approximation and an improved convergence with an
error Cα,β,ρ(h

1−α + k2−β) reaching to zero.
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