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POSITIVE COHEN p—NUCLEAR
m—HOMOGENEOUS POLYNOMIALS

Asma Hammou, Amar Belacel, Amar Bougoutaia and Abdelmoumen Tiaiba

Abstract. In this paper we introduce the concept of positive Cohen p—nuclear polynomials
between Banach lattice spaces. We give an analogue to Pietsch domination theorem and we study

some properties concerning this notion.

1 Introduction

The class of Cohen p—nuclear linear operators, 1 < p < oo on Banach spaces was
introduced and studied by Cohen in [7] in 1973. This class of linear operators was
extended to the classes of Cohen p—nuclear multi-linear operators and homogeneous
polynomials on Banach spaces by D. Achour, A. Alouani, P. Rueda and E. A. S Pérez
in [2].

On other hand, in 2021, the paper by A. Bougoutaia and A. Belacel was another
extension in this line of thought on the case linear this notion. Then they introduced
positive Cohen p—nuclear operators.

The main goal of this paper is to tackle the problem of generalizing from the
linear to the polynomial, therefore we introduce and study the concept of positive
Cohen p—nuclear m—homogeneous polynomials for 1 < p < oo between Banach
lattice spaces, which extending the definition given in [5] for operators linear, and
we show, for instance, that a polynomial is positive Cohen p—nuclear if and only if
its associated symmetric multilinear mapping is a positive Cohen p— nuclear.

The paper is designed as follows:

In the first section, we recall basic definitions and some important results to be
used later.

In the section 2, we present the notion of positive Cohen p—nuclear polynomials
which generalization of positive Cohen p—nuclear linear operators to the polynomial
version. Also, we prove that Pietsch domination theorem for positive. Cohen
p—nuclear polynomials and some interesting properties.
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Keywords: Banach lattice; Positive Cohen p—nuclear polynomials; Positive Cohen strongly
p—summing polynomials.
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In Section 3, we give a extension of Kwapien’s theorem for the class of positive
Cohen p—nuclear m—homogeneous polynomials. In the final section, we study some
relations between our class and the different classes.

2 Notation and background

In the following, we provide a brief review of the notation and terminology that
will be relevant to this work, for Banach spaces X and Y over the field K ( R or
C), we denote L(X,Y) to the Banach space of all linear and continuous applications
from X into Y.

Let m be a natural number. A map P : X — Y is an m—homogeneous
polynomial if there exists a unique symmetric m—linear operator P:Xx  xX—>Y
such that

P(z) = P(z,™ 1) for every z € X.

Both are related by the polarization formula

m
P (.CL‘I, ™) = m'12m Z €1 emP Z eja? (2.1)
! =

€1,ees€m==1

We denote by P("™X,Y) the Banach space of all continuous m—homogeneous
polynomials of degree m from X in Y with the norm.

1P| = sup{|P@)] : Jl«l| < 1}
= f{C: |P@)] < Clla|™, 2 € X}

It is known that "
~ m
1Pl < ||P]| < 25 P (2:2)

We need to recall the adjoint of a continuous homogeneous polynomial has
been an important tool in infinite dimensional holomorphy. Given a continuous m-
homogeneous polynomial P € P("™X,Y), the adjoint of P is the following continuous
linear operator:

ProYT = P(MX), PH(y) () ==y  (P(x))
It is clear that ||P*|| = || P||.

Throughout, £ and F denote Banach lattices, E* = {z € E,z > 0} is the
positive cone of F and E* denotes the topological dual of E. An m-homogeneous
polynomial operator P : E — F' is said to be:

e positive, if its associated symmetric m-linear operator Pis positive that is, if

o~

P(x1,...,0y) € FT whenever that z; € E* for all i = 1,...,m.
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e regular, if P can be written as the difference of two positive m-homogeneous
polynomials, P" ("™ E, F') denote the space of all regular m-homogeneous polynomials
from E to F, which becomes a Banach lattice with the regular norm ||P||, =
||| P||| if F is Dedekind complete [6].

e lattice polymorphism, if its associated symmetric m-linear operator Pisa
lattice m-morphism that is, if |P(x1,...,xn)| = P(|lz1|,...,|xm|) for every
T1,...,Tm € F.

For a Banach lattice E, the positive projective symmetric tensor norm on ®.'F
is defined by

n n
||u||5,|7r| :lnf{ZszHm L EE'JF7 ‘u| < le®®xl}
=1 i

=1

for each u € ®"E. Then || - |5 is a lattice norm on ®{"E. Let @ZWE denote the
completion of @' F under the lattice norm ||-[|5 . Then @gﬂE is a Banach lattice,
called the m-fold positive projective symmetric tensor product of E. Moreover,
if I is Dedekind complete Banach lattice then for any regular m-homogeneous
polynomial P : E — F, there exists a unique regular linear operator P% : @:WE —
F, called the linearization of P, such that the following diagram is commutative

E P F

N

~m
D || B

that is,
Plz)=P?°(z® - ®@x)

for all x € E. Moreover, the correspondence P + P® is isometrically isomorphic
and lattice homomorphic between the Banach lattices P"(™E, F) and E’"(@;’jﬂE JF).
For more details see [6, 8]

We continue to provide many standard notations. Let £7(X) be the Banach
space of all absolutely p—summable sequences (x;)!" ; in X with the norm

1
n P
||<xi>y:1||p:(2||xiu§() L if 1<p<+oo,
=1

I(zi)iilloo = suplail[x, if p=+oo
(2

We denote by £} ,,(X) the Banach space of all weakly p—summable sequences
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()", in X with the norm

1
n P
I(za)izaller .., = sup (ZK%@*V’) , if 1<p<+oo,

z*EB x*

=1
(i) [l sup supl(zi, z")], if p=-+o0
oo, weak
T*EBx* 1

Consider the case where X is replaced by a Banach lattice E, and define
EZJweak\(E) = {(xl)?:l : (|xl|)?:1 € Enweak( )}

Moreover, if BE* = Bp« N E*T = {£ € Bp+,£ > 0}, we have

¢eBf. \i=1

1
H($i)?=1||zgﬁ‘wwkl(E) = sup <Z))<|~"32’\a§>p) , if 1< p<+oo,

I(zi)izillen gy = sup sup (|zi, &), it p=-+oo
prlweakd ¢eBt, 1<isn

Before we start, let us recall some fundamental definitions that will be employed
throughout this paper.

Suppose that 1 < p < oo and that u : F — F a linear operator between Banach
lattices. We say that u is positive Cohen p—nuclear if there is a positive constant C'
such that for all (z;)?_; C E and any (y;)!"; C F*, we have

n »
D u(w), )l <€ sup <§j (o >> 1@l ey (23)
T GBE*JF i1 p*,|lweak|

The least constant C' for which this inequality 2.3 holds is denoted by n;;(u)
We use Np+(E , ) to denote the set of all positive Cohen p—nuclear operators from
FE into F.

Let X be a Banach space and F' be a Banach lattice. We say that a polynomial
P : X — F is called positive Cohen strongly p—summing (1 < p < co) if there is a
constant C' > 0 such that for any (z;)]"; C X and any (y})?_, C F*, we have

1
P

Z\ (1), 55 |<0<Zux ||mp) Il oy (24)

=1 '

The least constant C' for which this inequality (2.4) holds is denoted by d;** (u).
We shall write P.op,+_p, (" X, F') for the set of all positive Cohen strongly p—summing
m—homogeneous polynomials from X into F. For m = 1, it is the space of positive
strongly p-summing linear operators (Puop+—p(' X, F) = D (X, F)).
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3 Positive Cohen p—nuclear m—homogeneous polynomials

In the linear case, the notion of positive Cohen p—nuclear operators has been
studied by Bougoutaia and Belacel in their work [5]. In this section, we present the
definition of positive Cohen p—nuclear m—homogeneous polynomials.

Definition 1. We say that an m—homogeneous polynomial P : E — F is positive
Cohen p—nuclear, 1 < p < oo, if there is a constant C > 0 such that

1
n »
! (zi),y;)) < C sup (lzil, 2™ ) 18 )iza llen, P (3.1)
o Jweak] (F7)

z*€BL. \i=1

for every (z;)?_; C E and (y})?_, C F*.
The class of all positive Cohen p—nuclear m—homogeneous polynomials from E
nto F', 1s denoted by P]C\f_p(mE, F). Our space is a Banach space with the norm

n'(.), which is the smallest constant C' such that the inequality (3.1) holds. For

p = oo, we have Pﬁ_w(mE, F)=P.nt—o(ME,F).
Below, we provide an example of a positive Cohen p—nuclear polynomial:

Example 2. Let 1 < p < oo and let u : E — F be an positive Cohen p—nuclear
operator, where FE, F' are two Banach lattices. For ¢ € E* the mapping

P:E-—F
z +— P(z) = " (z)u(z),

is positive Cohen p—nuclear polynomial, moreover ny'*(P) < n.f (u Ylel™ L.
Indeed, for z1,...,2, € E and yj, ...,y,, € F'*, we have :

Z| (z), yi* |—Z‘ mlxl )yz>‘
— Z | (u(e™ (i) (), wi™)|

<) sup (Z<|som—1<xi>|r:ci\,x*>mp)p sup (Z vi19™) )

z*eBh. \i=1 y**€Bf ..

3=

<y (u) sup. (leﬁm ) [ (i)™ ) sup <Z il v )p

z*€B} y**€B} .

< ny ()| sup <Z<\xil,x*>mp>p sup <

z*eBf, \i=1 y**EBf ..

N
§
QE
\/
Sl

=1
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Then, P is positive Cohen p—nuclear, moreover nf'*(P) < nf (u)l|¢[™ .

Proposition 3. Let P € P("E,F) and let v : ty — F™ be positive linear operator.
Then the polynomial P is positive Cohen p—nuclear if

S P ele) < ClElE el (3:2)
=1

Proof. Let v : £ — F* be positive linear operator such that

n
vzzei®y2‘
=1

where e; is the canonical base of /.. Since there is an isometric between the spaces
(F) and L7(£5, F*), and [[v]] = [[(y])]en O

p*,|weak]

n
p* [weak|

We present our main results. The following theorem investigates the relationship
between positive Cohen p—nuclear m—homogeneous polynomials and m—linear positive
Cohen p—nuclear operators.

Theorem 4. Let P be an m—homogeneous polynomial between Banach lattices E
and F'. P is positive Cohen p—nuclear if, and only if, its associated symmetric
m—linear operator P € L(™E; F) is positive Cohen p—nuclear, and

n"* (P) = n"t(P).

Proof. Let P be positive Cohen p—nuclear m—homogeneous polynomial, and let
(2:); C B such that [[(2:)7y |up,jweary < 1 and y} € F*(1 <7 < n)

(exzi + -+ ema?) il wear S 1) izl pear T I Em @Vl uvcars < ™

for every €1, - -, €y, = £1
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Using the polarization formula 2.1, we obtain

n n m
ZKﬁ(az},,xfn)?y:‘H Z <m'12m Z €1...€o P Zejxg ,y:‘>
i=1 ’

=1 €1,..,€m==F1 7j=1

1 n .
o 3 Sl (5)

€1,...,ca=*+1 i=1 7j=1
1 "
< (P) )] Z €] 1G5 )i=1 e Juvean
) €1,...,e2==£1 [ i=1 mp,|weak|
1 m+ P m *\ 7L
= m'anp ( ) Z m H(yz)z: p*,|lweak|
’ €1,...,ec2==%1
1_q m
)
*®\ T
< A PNl s

J
and for (xi)?:]_ € EZJweak\

(E) with xf #0and j=1,....m

n 1_1 m

;p.l x;n * 2 m m—i—(P)H( *)n

yorey s Y S ——n Y; ) . k|-
i=1 H z i= 1Hmp,|weak| H(x%m)?ﬂ”mp,meam ? m! D i p*,|lweak|
Then
n (25‘1 )m m
et < & o T et il
; ‘< (:Bz x@ ) y’L — m‘ np ( )Jr:[l (1‘7,)271 mp,\weak|||(yz )zfl”p ,|weakz|
At last, P is Cohen p—nuclear and
1 9 m
m+(p (2p ) m+ m”
mp ) S S (B) < S ().

Conversely. Suppose that P is Cohen p—nuclear m—linear operator by definition
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we have: For all z1,...,xz, € E and yj,...,y;, € F’* then

i=1

=1

n m P
< ng"(P) sup <ZH<|CIJ1"=JC*>I’> H(yf)?zlup*,\wem

z*eBf, \i=1

-

1
n P
< ny"(P) sup <§ <\iﬁz‘|7$*>mp> |’(y;)?=1Hp*,lweak\

z*€Br. \i=1

This implies that P is positive Cohen p—nuclear polynomial, and n;** (P) < nj** (P).
O]

We can obtained the next result as an application of Theorem 4 and [5, Proposition
2.3].

Corollary 5. Let P € P(™E, F), then P is positive Cohen p—nuclear m—homogeneous
polynomial if, and only if, there is a constant C > 0, for all (z;)", C Et and
(yH), C F**, we have

ST Py <O sup <Z<xi,x*>mp>p||<y:>?:1||z;*7mk (3.3)

i=1 z*€BL. \i=1

Our next result establishes that in the case of positive Cohen p—nuclear polynomials,
the ideal property also holds.

Proposition 6. Let P € P("™E,F), R an operator in L(F,G) and S a positive
operator in L(G, E).

1. If P is positive Cohen p—nuclear, then Ro P is positive Cohen p-nuclear from
E to G and ny* (Ro P) < n*"(P)||R]|.

2. If P is positive Cohen p—nuclear, then Po S is positive Cohen p-nuclear from
G to F and n*t (P o S) < nJ'"(P)[|S|™.
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Proof. Let P € Pﬁ_p(mE, F). Let (z;)", C E and (y)", C F**, we have

n

Y Ro P(xi),yi) =Y [(Pla:), R (y))]
1=1

=1

1 1

n P n . p*

< ng"(P) sup <Z(\xi\,x*>m”> sup <Z<R*(yf)7y**>p>
e*€BL. \i=1 y*€Bfu \i=1

1 1
.

n ) n R**(y**) P*\ p

*\ M, *

<ap (PRI sup | D7 (il )™ ) sup Z<yﬂ,,RM, >
z*eBg* i=1 y**GB;** i=1

1
*

<ny " (P)||R|| sup (Z <|xi],:c*)mp> ’ sup (Z <yj7¢>p*> !
%)

x*EBE* i=1 EBg** i=1

So, Ro P € P§_,("E,G) and ni"*(Ro P) < n'*(P)||R|.

Y [P oS(x),y)| < nyt(P) sup (Z((IS%I)J*W’)I) sup [y (¥™)llgn,
=1

a*eBL, \i=1 y*eBl.,

1
n P
<npt(P) sup [ D (S(jwil), )™ | sup |y ) pn,
x*eB‘EF* i—1 y**GB;** P
1

m m . S*(x* TP\ P T
<ug(P)S|™ sup <Z<\xir,,,g”)> ) sup 57 (™) o,

z*eBh. \i=1 y**EBf ..
. :
<y (P)IS|™ sup (Z(liﬂi’@)m”) sup ly; (™)l n, -
‘PGBZ;_* i—1 y**EB;** P

Which means that P o S is positive Cohen p—nuclear m—homogeneous polynomial
and

ny' (P o S) < npt (P)|S||™.
O

Next, we present a version of Pietsch’s domination theorem, for positive Cohen
p—nuclear polynomials. We can proved it by applying of Theorem 4 and [5, Theorem
2.6].
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Theorem 7. Let 1 < p < oco. The following are equivalent for a polynomial P €
P(ME,F):

(a) P is positive Cohen p—nuclear.

(b) There exists a positive constant C > 0 and regular Borel probability measures
U1 on BE*, b2 on B;** and C > 0 such that, for all v € ET and y* € F*T,
we have

4 Kwapien’s Factorization Theorem

The main objective of this section is to demonstrate that a polynomial P is
positive Cohen p—nuclear if, and only if, it can be expressed in the form P = Q) o u,
where @ is a positive Cohen strongly p—summing m—homogeneous polynomial and
u is a positive mp—summing operator.

In order to prove this result, we will need to utilize the following lemma, which
is stated below.

Lemma 8. [3] The operator Jyooip: E — ig(E) — Lh(p) is positive p—summing,
and ) (Jpo 0ig) <1, such that for all x € E

1@, Mg = 19p.0 2 iell Ly -

Where p is a probability measure on the set BE*.

Theorem 9. Let 1 < p < 0o. A polynomial P : E — F is positive Cohen p—nuclear
if, and only if, there exist Banach space G, positive mp—summing linear operator
u € L(E,G) and a Cohen positive strongly p-summing m-homogeneous polynomial
Q € P("G,F) such that P = Q o u, (i.e. Pﬁ_p = Peoht—p © H:rnp, isometrically)

nZH'(P) = inf {dg”(@)(mfw(u))m . P=Qo u}
Proof. Suppose that P € P]C\;lp(mE, F). Then, through Theorem 7, there exist
Radon probability measures p on BE* and \ on B;E** such that for all x € E and
y* e F*t.

[(P(z),y")| < C |||$|||Tmp(B§*,u) H?/*HLP*(BJr )

¥

And we consider the diagram
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L
ip(E)
1

— 0 Ly ()

C(BE")

Where ig : E — C(B}.) is the canonical injection. If we denote the range of
Jp00ig by G, and the closure of G by L{" (i), the map G — F : Jyp 00ig(z) — P(z)
is well defined operator. So, we apply the Lemma 8, we find that the operators
U= Jmpooip: E—ip(E) — Ly*(u) are positive mp—summing, and 7}, (u) < 1.

The polynomial @ is defined on u(E), where u(x) = (Jmpo 0 ig)(x), by

Q(u()) == P(x)

this definition makes sense because

1
pT

Q). 5 < C Ju@IE, 0 ( / ) <y*,y**>p*cu<y**>>

FE*

Then, from [10, Theorem 1] we deduce @ is a Cohen positive strongly p—summing
polynomial and d;**(Q) < ny**(P).

1
p*

Q@) ) < w2 (Pl ( /. <y*,y**>p*dA<y**>>
Conversely, let z € FE and y* € F**, we have
{Q(u(x)),y")| < dy™(Q)]|u(z)|™ </+ <y*,y**>p*d)\(y**)>

Rk

, <\x\,x*>mpdu<:c*>> ,, ( L.

E*

< Q) (mhy ()™ ( /

This implies that Q o u € Py_,("E, F) and ny*(Q o u) < dj*H(Q)(mf, (u)™. O

Theorem 9 yields the following proposition immediately.
Proposition 10. For 1 < p < oo.
Ps_p("E,F) C P§_,("E, F).
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Proof. Suppose that P € chv_p(mE, F). It is well-known [5, Proposition 3.4] that
there exists Banach space G such that P = Q o u where Q € Pop+_,("G, F') and
u € Iy (E, G). Tt follows from [10, Proposition 4] that Q € Pyt ("G, F) and it
follows from [4, Proposition 3] that u € II,}, ,(E, G). Theorem 9 clearly implies that

PeP§_("E,F). O

5 Relationships between some classes

Theorem 11. Let 1 < p < o©o. Let E and F be Banach lattices such that F is
Dedekind complete. If P € P"(™E, F) is positive Cohen p—nuclear polynomial, then
their linearization operator P® belongs to N;(@ZﬁﬂE, F).

Proof. Let P € P("E, F). By Theorem 7 we obtain that

(P(@), g < ng PVl e o 19 n 55

For all x € E* and y* € F*', we take z € @gﬂE, for all € > 0, z admits a

. L (m)
representation z = Y x;® - -+ ®x; such that
i=1
n
|| <z .t € 5.1
; ” ZHme(BE*“u,) - || ||Lp(B(—~_®Z}|ﬂE)*7#) ( )

—~ (m)
where i = pu® - -+ @u. Then

‘<P®(z),y*>‘ = ‘<P® (sz(g) (m) ®$i> ,y*>
i=1

Z <P®(ﬂfi® (m) ®;), y*>

i=1

<3 [Py
=1

n
<npt(P) Yl *
SSCALCED DU T PO
1=

s\

Jr
<n, " (P) (”ZHLP(B(%m e ) -1—6) ||y*\|Lp*(B;**,,\)

Thus, P® € N;(@ZWE, F) and nj'*(P) < nj (P%). O

Problem 12. Does P® € £’”(®Z?|7T|E, F) positive Cohen p—nuclear imply P €
Pr(ME, F) is positive Cohen p—nuclear polynomial?
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Proposition 13. Let m € N. Assume that P, ("E,F) C Pﬁ_’"p(mE, F). Then
DI (ME,F) C N (E, F).
Proof. Letu € D" (E, F), we show that u € N,/"(E, F). Fix e € Bp+ and x5 € BJ.
such that z(j(e) = 1. Define, see [9], the operator

P ~ :

Kj : ®S7|W|E — ®s,|ﬂ-\E (1 <j7<m-— 1)
by

n n

R i A

K; < E T G+l ®xi> = g ¥ (x)x;® o ;.
i=1 =1

Let @p(x) = 2® ) ®z. It follows from [10, Proposition 6], we obtain

P::uo[/(\'lo-uof/(\'m_lo@m:E—)F
Then, P is positive Cohen strongly p—summing, it follows from this and our hypotheses
that , P € Pf\f_rp(mE, F). By the decomposition P = P?® o ®,, we obtain P® =

uo Kqio---0K,, 1 is positive Cohen p—nuclear.

Now, as it has been proven in the proof of [9, Theorem 4.1 |, that there are
operators J; : <§A©;|7F|E — @iTAE (1 <j<m—1) defined in terms of zj and e such
that K jo jj is the identity map on ®i,|7r|E . We obtain

u=uoKjo---oKy 10Jp 10---0J1: FE—F

Thanks to the ideal property, u is positive Cohen p—nuclear. O

Theorem 14. An m—homogeneous polynomial P € P"("E, F) is positive Cohen
p—nuclear polynomial imply the adjoint P* : F* — PT(™E) is positive Cohen
p*—nuclear operator.

Proof. Assume first that P : E — F' is positive Cohen p—nuclear polynomial. By
Theorem 11, the linearization P® : @Z?WE — F' is positive Cohen p—nuclear, then
its adjoint P®* : F* — (<§>ZL|W|E)* is a positive Cohen p* —nuclear operator. Consider
the isometric isomorphism A, : P"(™E) — (@:lﬂE)* given by A,,,(P) = P*. Since
P = P?® 0 ®,,, by duality we get P* = ®%, o P®* = A1 o p®*,

F* P pr (mE)

The ideal property ensures that P* is positive Cohen p*—nuclear.
O
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Problem 15. Does the adjoint P* € L"(F*, L"(™FE)) positive Cohen p*—nuclear
operator imply P € P"("™E, F') is positive Cohen p—nuclear polynomial 7
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