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ABSTRACT
In this manuscript, we carried out a thorough analysis of the general 
SIR model for epidemics. We broadened the model to include 
vaccination, treatment, and incidence rate. The vaccination rate is 
a testament to the alternatives made by individuals when it comes 
to receiving vaccinations and merging with the community of the 
recovered. The treatment rate measures how often people who 
have contracted a disease are able to transition into the recovered 
category. The continuous Galerkin-Petrov method, specifically the 
cGP(2)-method, is employed to calculate the numerical solutions of 
the models. The cGP(2)-method imperative to analyse two 
unknowns over every time interval. The unknowns can be deter
mined by solving a block system of size (2 × 2). This approach 
demonstrates a strong level of precision throughout the entire 
time interval, with an impressive rate of convergence at the discrete 
time points. In addition, the article investigates the concept of the 
basic reproduction number (R0) and explores the intricacies of 
conducting sensitivity analysis of the developed system.
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1. Introduction

It is frequently identified that when there is an upsurge in the number of casualties caused 
by infectious diseases in humans, they actively search for remedies. They are dedicated to 
understanding the origins of infections and taking the appropriate medical measures. 
When a new infectious disease emerges, the options for treatment are often scarce and 
come with an exorbitant cost. Consequently, people are constantly searching for efficient 
and reliable control techniques that can be immediately put through behaviour. 
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Specifically, it demonstrates a strong curiosity in areas where the standard of living is 
below average. Several experiments have been conducted for the treatment, such as 
vaccinations, antibiotics, and increasing awareness. The improvements that were made 
in sanitation, antibiotics, and vaccination policies culminated in a notable enhancement in 
public health during the latter half of the previous century. This advancement led to the 
possibility of eliminating viral diseases. Due to this rationale, diseases like cancer and 
cardiovascular conditions are given more prominence. Nevertheless, viral diseases have 
evolved into different manifestations, leading to the emergence of novel illnesses and the 
alteration of current epidemics. Other approaches, aside from these, are of great impor
tance when it comes to taking precautions. In developed countries, there has been an 
evolution from non-communicable diseases (NCDs) to communicable viral diseases 
(CVDs) (Parkin et al. 1999; WHO 2003). In tropical and subtropical regions, The 
human immunodeficiency virus (HIV) is a major epidemic that poses significant chal
lenges in terms of economics, health, and social impact (See Aron and Robert 1982; 
Attaullah Sohaib and Sohaib 2020; Attaullah Jan et al. 2021; Attaullah Alyobi et al. 2022; 
Attaullah et al. 2022, 2023) for detail information). Jan et al. (2023) explored the 
optimization of the fractional-order parameter and conducted an error analysis for 
human immunodeficiency virus under the Caputo operator. Dhahbi et al. (2022) dis
cussed the spread of the coronavirus disease 2019 (COVID-19) pandemic in Saudi Arabia 
by utilizing a simplified discrete version of the Gompertz model. Attaullah et al. (2023) 
have created an innovative mathematical model of COVID-19 and successfully solved it 
using a higher order Galerkin time discretization scheme. These types of diseases trans
mitted by vectors pose significant risks to regions around the Mediterranean. Elbasha and 
Galvani (2005) investigated the development of vaccination strategies to tackle various 
types of Human infection virus. Prevention is crucial in the fight against AIDS, as there is 
currently no vaccine available for its complete elimination. The Dengue virus has affected 
warm regions across the globe, such as India, Sri Lanka, Central Asia, China, Central 
America, and Pakistan. The occurrence of AIDS in urban areas varies from that in rural 
areas. It has been observed that dengue has become widespread in more than a hundred 
countries worldwide in the last years. The unfavourable environmental conditions and 
inadequate sanitation contribute to the spread of disease (Rodrigues et al. 2013). 
Mathematical models provide a strong framework for studying infections. Anderson 
et al. (1992) conducted a study on infectious diseases using mathematical models. The 
early vector-borne diseases reviewed by Rogers et al. (1988). Jan et al. (2023) presented 
a fractional model that explains the dynamics of transmission in dengue infection when 
vaccination is involved. Sabir et al. (2022) conducted a numerical study on a fractional 
nonlinear dengue model, employing artificial neural networks. The further research on 
Dengue Fever (DF) explored (Esteva and Vargas 1998). Derouich et al. (2003) gave his 
views when he studied the dynamic of DF caused by two different type of vectors. Dengue 
caused by four different serotypes distinguished as DEN1, DEN2, DEN3, DEN4 
(Classification, Medical Microbiology 1996; Ryan et al. 2004; Tomashek 2011). It is 
noted that a person caught once by one of the serotype cannot be infected again by the 
same serotype. This is due to homologous immunity but due to loose immunity known as 
heterologous immunity the individual becoming more susceptible for other three sero 
types. This should lead to the DHF. The second type of infection is more dangerous and 
may lead towards death. Consequently, mathematical modelling became an interesting 
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and beneficial way for the control of such epidemic diseases. Better strategies can propose 
for understanding illness by using mathematical models. Favier et al. (2005) discovered 
the effects of multi-breed entity on advent of some disease. Focks et al. (1995) proposed 
the stochastic models to stimulate the infection. Degallier et al. (2009); Kongnuy et al. 
(2011) checked the time evolution of dengue infection with the application of statistical 
methods by collecting data from Brazil and Thailand. Primary prevention depends upon 
the two states of vectors adult mosquito and larva control according to the intended target 
(Natal 2002). Mathematical modelling for the treatment of vector-borne ailment plays a 
vital role and gave proper way of cure. In parallel to mathematical models simpler 
approaches like local screening, air-filtring and other ways are effective to resist dengue 
(Dat and Lesser 2013). Vector borne diseases range from childhood disease small pox to 
diseases that cause death, such as acquired immune deficiency syndrome. The research of 
Feng and Hernandez (1997) investigated into the intricate dynamics of vector–host 
interactions within a two-strain epidemiological system. They focused on determining 
the basic reproduction number of the model in a population where all hosts are suscep
tible. Kermack and Anderson (1932) introduced the Susceptible Infected Removed (SIR) 
model for a fixed population, which encompasses individuals who are susceptible, 
infected, and recovered. The host population is organized into compartments, where 
each compartment is made up of individuals who have the same disease. Throughout 
history, a range of numerical techniques have been utilized to solve epidemic models. 
Laarabi et al. (2014) conducted a study on the SIRS model, exploring the effects of 
vaccination and treatment control. Dengue has been investigated by using numerous 
mathematical models, and a number of models are source of population explicitly (Esteva 
and Vargas 2000; Wearing and Rohani 2006; Medlock et al. 2009). Alongside explicit 
formulation, some of the models present mosquito population in implicit form in the 
transmission term (Cummings et al. 2005; Adams et al. 2006; Nagao and Koelle 2008). 
Khalid et al. (2015) studied the susceptible, infected, recovered model of Dengue by using 
the technique of Perturbation Iteration Algorithm (PIA). By using this method it has been 
shown that solution can be determined in the form of convergent series. Yusuf and 
Benyah (2012) proposed SIR model by considering variable population and further 
developed a problem with vaccination and treatment strategies as a tool of control. The 
analysis of this model ensures that epidemic free balance point is universally asymptoti
cally stable until the value of the threshold parameter remains below unity. Optimal level 
of both control strategies presented by using Pontryagin’s maximum principle (PMP). 
The transmission model of dengue with constant human population discussed by 
Kongnuy and Pongsumpun (2011). The disease-free equilibrium state determined by 
a threshold parameter known as the basic reproduction number. Fathalla and Rihan 
(2012) investigated the delayed SIR model qualitatively and found the conditions to 
ensure the stability of the corresponding steady state. Altaf et al. (2015) proposed the 
epidemic model by including non-linear saturated incidence rate and discussed the 
stability of both endemic and disease free equilibrium points. They also found the thresh- 
hold parameter for analysis of stability. Naz et al. (2015) analysed exact as well as integral 
solutions of epidemiology models using partial Lagrangian approach. They replaced three 
first order nonlinear differential equations into a system of one first order and a second 
order equation. The complex dynamics induced by antibody-dependent enhancement 
taking human population as variable whereas vector population constant explored by 
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Wan and Cui (2009). They also calculated basic reproduction for stability endemic 
equilibrium point. Kongnuy et al. (2011) investigated the transmission of dengue in 
pregnancy and infancy by using mathematical models simulations. Samat and Percy 
conducted a study on numerical solutions of the SIR model for epidemic transmission, 
which is described by a non-linear ordinary differential equation. A technique is presented 
for solving the SIR model, which involves converting the continuous time scale into 
a discrete time scale that is densely populated. The data was collected from Kuala Lumpur 
Malaysia. Dietz et al. (1993) explored that basic reproduction commonly used to calculate 
the worth of epidemic. Wang et al. (2024) applied the SIR model to analyse the transmis
sion of influenza A in Ningbo, covering the period from 1 January 2023 to 30 June 2023. 
The available data only includes the daily newly confirmed cases, while information about 
the daily number of infected individuals and recovered individuals remains undisclosed. 
The exact number of individuals who are susceptible to exposure risk remains uncertain. 
Due to the limited data available, the parameter estimation problem of the SIR model is 
converted into an optimization problem. The Particle Swarm Optimization algorithm is 
employed to tackle the optimization problem. The model accurately captures the patterns 
and dynamics of the widespread transmission of influenza A, aligning closely with real- 
world observations in the post-COVID-19 era. Kalachev et al. (2024) developed a simple 
modification to the SIR model to estimate the percentage or ratio of reported infection 
cases. The proposed modification entails adjusting the classical SIR model to produce 
a mathematically equivalent version that explicitly incorporates the reporting parameter. 
They showcased the validation of the proposed method by employing simulated data with 
known disease cases. Subsequently, they applied the method to two real-world data sets to 
estimate the proportion of reported cases in Missoula County, Montana, U.S.A. The data 
sets used were the flu data for 2016–2017 and the COVID-19 data for the autumn of 2020. 
Olu et al. (2024) analysed the dynamics of the SIR model in the context of the COVID-19 
outbreak in Nigeria during the year 2020. The model is validated by fitting it to data on 
the prevalence and active cases of COVID-19, sourced from a government agency 
responsible for disease control. They utilized the Sumudu Decomposition Method 
(SDM) to numerically solve the model and then compared its results with the commonly 
used Runge-Kutta fourth-order method. Kumar and Abbas (2022) initiated a detailed 
conversation about an age-structured SIR model, exploring how the transmission of 
disease occurs not only through direct person-to-person interactions but also through 
indirect contacts. The model was formulated as an abstract semi-linear Cauchy problem 
in a suitable Banach space to demonstrate the existence of a solution. Additionally, the 
existence of steady states was also established. They also numerically solved the model to 
analyze the impact of indirect contacts on the density of infected individuals. Centres et al. 
(2024) conducted a study on the spread of an epidemic using a model of agent diffusion. 
They applied the SIR model and examined two potential contagion mechanisms. The first 
mechanism involved a susceptible agent becoming infected if it came into contact with an 
infected agent, with a certain probability. The second mechanism involved a group of 
susceptible agents within a specific radius of an infected agent, where each susceptible 
agent had a probability of becoming infected. Ma et al. (2024) carrying out a thorough 
analysis of the stability of the SIRS model, implementing the effects of pulse vaccination 
and elimination disturbance. The findings indicate that in order to halt the spread of the 
disease, it is crucial to carefully select the optimal vaccination rate, elimination rate, and 
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impulsive period. Marca et al. (Ma et al. 2024) derived the SIR model by analyzing a multi- 
agent system, where individuals are categorized based on their epidemiological compart
ment and viral load. They applied the microscopic dynamics to the appropriate kinetic 
equations, which ultimately lead to the derivation of the macroscopic equations for the 
densities and viral load momentum of the compartments. They thoroughly examined the 
scenario where the transmission rate is linked to the viral load and compared it to the 
traditional case with a constant transmission rate. Romanullah and Islam (2013) proposed 
the general SIR model and discuss the stability. They also found the basic reproduction 
number and found the numerical solution by using RK-4 method. Hu et al. (2012) 
proposed SIR model with non linear incidence and treatment rate. Zaman et al. (2008) 
proposed SIR model with vaccination control and determined the stability. We studied 
SIR model of epidemics in general form and found the solution by using cGP(2)-method 
(Schieweck 2010; Hussain 2011; Hussain et al. 2011). The model is extended by using 
vaccination, treatment and incidence rates. The vaccination and treatment rate are very 
effective on susceptible and infected individuals population. These rates effects signifi
cantly susceptible and infected individuals converge to recovered population. Both of the 
models solved by using RK-4 method and cGP(2) methods.

2. Mathematical model of epidemic

This section explores the general SIR model for epidemics proposed by 
Romanullah and Islam (2013). In the model, the entire population is divided 
into three compartments: susceptible individuals SðtÞ, infected individuals IðtÞ, 
and recovered individuals. The model consists of a complex system of ordinary 
differential equations that categorized the population into three distinct compart
ments. Here is the SIR model: 

dS
dt ¼ μ � λS tð ÞIðtÞ � μS tð Þ;
dI
dt ¼ λS tð ÞI tð Þ � γ1I tð Þ � μI tð Þ;
dR
dt ¼ γ1I tð Þ � μR tð Þ:

(1) 

The initial conditions and detailed information of all the parameters used in the model 
are visualized in Table 1.

2.1. Basic reproduction number ðR0Þ

In this section, we find the basic reproduction number, for this we will put the 
right hand side of equation (1) equals to zero. Also, put S ¼ S0 and I ¼ I0 and this 
leads to: 

μ � λS0 tð ÞI0ðtÞ � μS0 tð Þ ¼ 0; (2) 

λS0 tð ÞI0 tð Þ � γ1I0 tð Þ � μI0 tð Þ ¼ 0: (3) 

Equation (2) yields 
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S0ðtÞ ¼
μ

λI0ðtÞ þ μ
: (4) 

If we put I0 ¼ 0 in Equation (2) then we will get the disease free equilibrium 
point Eð1; 0Þ.

For endemic equilibrium point EðSe; IeÞ, put S ¼ SeðtÞ and I ¼ IeðtÞ in equation (3). 
We obtain, 

μ � λSe tð ÞIeðtÞ � μSe tð Þ ¼ 0;
λSe tð ÞIe tð Þ � γ1Ie tð Þ � μIe tð Þ ¼ 0;
ðλSe tð Þ � γ1 � μÞIeðtÞ ¼ 0;
ðλSe tð Þ � γ1 � μÞ ¼ 0;
SeðtÞ ¼

γ1þμ
λ :

(5) 

By putting value of SeðtÞ from Equation (5) into Equation (2), we obtained 

μ � λ γ1þμ
λ IeðtÞ � μ γ1þμ

λ ¼ 0;
μ � ðμþ γ1ÞIeðtÞ �

μðμþγ1Þ

λ ¼ 0;
ðμþ γ1ÞIeðtÞ ¼ μ � μðμþγ1Þ

λ ;

IeðtÞ ¼ μ
ðμþγ1Þ

�
μðμþγ1Þ

λðμþγ1Þ
;

IeðtÞ ¼ μ
μþγ1
�

μ
λ ;

IeðtÞ ¼ μ
λ ½

λ
μþγ1
� 1�;

IeðtÞ ¼ μ
λ ½R0 � 1�:

(6) 

The value of R0 ¼
λ

μþγ1 
is often recognized as the basic reproduction number. The basic 

reproduction number is of great importance in mathematical epidemiology, as it plays 
a critical role as a threshold parameter. The basic reproduction number is a measure that 
quantifies the average number of offspring produced by an individual in a population of 
susceptible individuals. The spread of an infectious disease among a population is a vital 
aspect of these types of illnesses. This can be accomplished by delving into the core concept 

Table 1. The detail explanation and values of the parameters used in the model.
Variables Description Values Ref.

Sð0Þ Susceptible (individuals who can contract the 
disease)

120 peoples (Romanullah and Islam  
2013)

Ið0Þ Infected (individuals capable of transmitting the 
disease to others)

80 peoples (Romanullah and Islam  
2013)

Rð0Þ Recovered (individuals who have acquired 
immunity)

40 peoples (Romanullah and Islam  
2013)

μ Natural death rate of population 0:1 UT� 1

λ Effective contact rate between susceptible and 
infected individuals

0:0098 people� 1 (Romanullah and Islam  
2013)

γ1 The recovery rate of infected individuals 0:5 people� 1 (Romanullah and Islam  
2013)

β Transmission rate 0:0001people� 1UT� 1 (Romanullah and Islam  
2013)

α Mortality rate caused by illness 0:01UT� 1 (Kongnuy et al. 2011)
u1 Effectiveness of vaccination 0 � 1 (Kongnuy et al. 2011, 

Natal 2002)
u2 Effectiveness of treatment 0 � 1 (Kongnuy et al. 2011, 

Natal 2002)
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of the reproduction number. If the value of R0 is less than 1, then the average number of 
infected individuals produced by each infected individual over the entire period of infection 
will be less than one. When the disease free equilibrium is achieved, it signifies that the 
system is locally asymptotically stable, suggesting that the disease has been completely 
eliminated from the population. If the value of R0 exceeds 1, then each infected individual 
will produce multiple infections when interacting with susceptible individuals during the 
entire period of infectivity. This leads to the spread of illness among the population. Now, 
by applying Lyapunov function theory, we can conclude that the epidemic model proposed 
in is globally asymptotically stable.

Theorem 1. If the value of R0 is less than or equal to 1, the disease free equilibrium E0 of 
the system is globally asymptotically stable on the given domain Ω.

Proof: In order to confirm the global stability of the disease-free equilibrium, we 
establish the Lyapunov function. 

V : Ω! R : 

VðS; IÞ ¼ IðtÞ

Deriving the time derivative of V along the proposed system solution (Romanullah and 
Islam 2013). 

dV
dt
¼

dI
dt
: (7) 

Putting the value of dI
dt from Equation (1) in 

dV
dt ¼ λS tð ÞI tð Þ � γ1I tð Þ � μI tð Þ;
dV
dt ¼ γ1 þ μ

� � λ
γ1þμ S tð Þ � 1
h i

I tð Þ;
dV
dt ¼ γ1 þ μ

� �
R0S tð Þ � 1½ �I tð Þ:

(8) 

From Equation (8) it is clear that
dV
dt is non-positive that is dV

dt � 0 for R0 < 1.
If R0 < 1 then dV

dt ¼ 0 if and only if IðtÞ ¼ 0.
Suppose IðtÞ ¼ 0 then by plugging value in we obtained dV

dt ¼ 0
Conversely,
Suppose dV

dt ¼ 0 ) ðγ1 þ μÞ½R0SðtÞ � 1�IðtÞ ¼ 0,ðγ1 þ μÞ�0, since γ1�0 and μ�0
½R0SðtÞ � 1��0 since R0SðtÞ�1
Hence IðtÞ ¼ 0.
If R0 ¼ 1, then dV

dt ¼ 0 if and only if SðtÞ ¼ 1. We will prove this necessary and sufficient 
condition.
Suppose R0 ¼ 1 and SðtÞ ¼ 1 We have to prove dV

dt ¼ 0.
In view of our supposition right hand side of equation of dV

dt ¼ 0 yields dV
dt ¼ 0.

Conversely,
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Suppose dV
dt ¼ 0 and R0 ¼ 1. We have to prove SðtÞ ¼ 1. Putting dV

dt ¼ 0 and R0 ¼ 1 in 
last equation of we obtain ðγ1 þ μÞ½SðtÞ � 1�IðtÞ ¼ 0, ðγ1 þ μÞ�0. Therefore, IðtÞ ¼ 0 
or SðtÞ � 1 ¼ 0.

Hence SðtÞ � 1 ¼ 0 ) SðtÞ ¼ 1 and this complete the proof.
In view of LaSalle’s invariant principle (Romanullah and Islam 2013) the disease 

free point E0 is globally asymptotically stable on Ω.                                     □

3. Time discretization of SIR model using cGP(2)-method

In this section, we provide a comprehensive overview of the time discretization scheme. 
We delve into the mathematical foundations of the cGP(2)-method and demonstrate its 
implementation for solving the SIR model proposed by Romanullah and Islam (2013). 
The system of ordinary differential equations for the SIR model can be illustrated as 
follows: Consider the time interval I ¼ ½0;`� with the final time ` that is greater than 
zero. We identified a function v : I!W such that 

vðtÞ ¼ ðSðtÞ; IðtÞ;RðtÞÞ;
vð0Þ ¼ ðSð0Þ; Ið0Þ;Rð0ÞÞ;
v0 ðtÞ ¼ Gðt; vðtÞÞ"t 2 ð0;`Þ;
vð0Þ ¼ v0;

(9) 

where the derivative of vðtÞ with respect to time is denoted as v0 ðtÞ and the initial value at 
time t ¼ 0 is represented by v0 2W. The vector vðtÞ belongs to the set W, where W is 
defined as RαI . It represents the nodes of the semi-discrete finite element solution vIðtÞ for 
a parabolic differential equation: 

vIðtÞ ¼
XαI

j¼1
vjðtÞcj and WI ¼ spanfcj : j ¼ 1; . . . ; αIg: (10) 

The function G : I�W!W is almost nonlinear and can be regarded as appropriately 
smooth. Here, we provide the notations utilized for the time discretization of problem 
(2). To analyze the smoothness of the function t! vðtÞ, we will carefully examine 
a subinterval of J � I. We are exploring a space known as CnðJ;WÞ, which encompasses 
functions on J that possess n levels of continuous differentiability and have values in 
W. This space is defined by the utilization of semi-norm and norm. 

jjvjjcnðJ;WÞ ¼ max supjjvðkÞðtÞjjW ;
jvjcnðJ;WÞ ¼ sup jjvðnÞðtÞjjW :

(11) 

Consider establishing the subintervals by dividing I into N subintervals, denoted as 
In ¼ ðtn� 1; tnÞ. This will result in a set of subintervals known as the time-mesh. The 
value of Rτ ,where τ represents the time discretization parameter, which is chosen as the 
maximum value. It is defined as follows: τ ¼ max1�n�Nτn and τn ¼ tn � tn� 1. Let Rτ be 
the set consisting of I1; I2; I3 � � � IN represents the interval ðtn� 1; tnÞ: For n ¼ 1; 2; 3; � � � ;N 
and 0 ¼ t0 < t1 < � � � < tN ¼ T. We will utilize the space L2ðI;WÞ which is defined as 
follows: L2ðI;WÞ consists of functions v that map from I to W and satisfy the condition 
jjvjjL2

ðI;WÞ
. The set of all functions v in L2ðI;WÞ such that the L2 norm of v is finite, where 
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the L2 norm of v is defined as the square root of the integral of the squared norm of v over 
I. In order to approximate the solution v : I !W. In our approach, we consider 
a piecewise polynomial vτ : I !W transform into W within a time t of magnitude k, 
meaning that we are searching for vτ in either continuous time-discrete space 

M c
kðRτÞ ¼ fv 2 CðI;WÞ : vjIn

2 M kðIn;WÞ;"In 2 Rτg; (12) 

or in discontinuous time discrete space 

M αc
k ðRτÞ ¼ fv 2 L2ðI;WÞ : vjIn

2 M kðIn;WÞ;"In 2 Rτg: (13) 

For discrete function v : I !W, which are not continuous at the right and left end points 
of time subintervals, we define the right and left sided values vþn and v�n and the jumps 
½vτ�n respectively as:

vþn ¼ limt!tnþ vτðtÞ, v�n ¼ limt!tn� vτðtÞ, ½v�n ¼ v�n � vþn .
We also define the function values on vτðtÞ with n � 1 the interval In ¼ ðtn; tn� 1Þ will 

be vτðtnÞ ¼ v�n , vτð0Þ ¼ v0.
At this point, we use M c

k� 1ðRτÞ as our discrete test space, while the space M c
kðRτÞ is 

used as the solution space for time discretization. Given the initial conditions in Equation 
(4), the discrete solution vτ has a considerable number of degrees of freedom, referred to 
as N.k. The test space has a dimension of N:k. To determine the unknown coefficients of 
vτ , we need to initially transform Equation (9) into integral form, commonly known as 
variational or weak form. In order to address this issue, we can multiply the provided 
equation by a suitable test function and integrate it over the domain I. This process will 
lead to a specific issue referred to as a time-discrete global problem. It is essential that 
a test function satisfies the necessary requirements of having a valid integral.

Find vτ 2
c
k ðRðτÞ such that vτð0Þ ¼ vo and 
ð

I
< v

0

ðtÞ; ντðtÞ> dt ¼
ð

I
<Gðt; vτðtÞÞ; ντðtÞ> dt;"ντ 2 M αc

k� 1ðRτÞ; (14) 

where < :; :> denotes the standard inner product in W ¼ Rα. This specific discretization 
is known as the exact continuous Galerkin-Petrov method of order k, or just the exact 
cGP(k)-method. The Galerkin-Petrov name was determined because the test space 
M αc

k� 1ðRτÞ is different from the ansatz space M c
kðRτÞ. Be sure to carefully determine the 

time integral on the right side of Equation (14). Given that the discrete test space 
M αc

k� 1ðRτÞ is not continuous, a possible approach to solving problem (14) is by employing 
a time-marching process. This involves solving local problems on the time intervals 
sequentially. In order to accomplish this goal, we decide a test function vτðtÞ ¼ νΩðtÞ, 
where ν is a constant from the set of real numbers and Ω is a scalar function defined on 
the interval I. The function Ω is zero on the subinterval IjIn and a polynomial of degree 
less than or equal to k � 1 on the subinterval In. Then, we can derive the problem of exact 
cGP(k)-method from Equation (1), which is referred to as: 
ð

In

< v
0

ðtÞ; ν > ΩðtÞdt ¼
ð

In

<Gðt; vτðtÞÞ; ν > ΩðtÞdt;"ν 2W;"Ω 2 Mk� 1ðInÞ: (15) 

For any given value n � 2, v�n� 1 ¼ vτjIn� 1ðtn� 1Þ and for n ¼ 1, v�n� 1 ¼ v0.
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In order to solve the integral on the right hand side of equation (15) numerically, we 
need to consider non-linear functions. If the integrated function is a polynomial with 
a degree of less than or equal to ð2k � 1Þ, then the ðkþ 1Þ-point Gauss-Lobatto formula 
is exact. This represents why we use this formula on the left-hand side of equation (15) to 
calculate the exact value. Now, we will examine the reference interval Î ¼ ½� 1; 1�. 
Consider the values of Î ¼ ½� 1; 1�. Let tj;j ¼ 0; . . . ; k, and let μ̂ represent the nodes and 
weights on Î. This leads to the In-problem of numerically integrated cGP(k)-methods, 
where we must determine vτjIn

2 M kðIn;WÞ, such that 

Pk

j¼0
ρ̂jv

0

τðtn;jÞΩðtn;jÞ ¼
Pk

j¼0
ρ̂Gðtn;j; vτðtn;jÞÞΩðtn;jÞ;

vτðtn� 1Þ ¼ vn� 1"Ω 2 M k� 1ðInÞ:

(16) 

We obtain vτjIn 
by using the polynomial ansatz which is 

vτðtÞ ¼
Xk

j¼0
Vj

nϕn;jðtÞ"t 2 In: (17) 

The functions ϕn;j represent the Langrange basis functions with kþ 1 nodal points 
tn;j 2 ~In. The functions ϕn;j fulfil the specified conditions: 

ϕn;jðtn;jÞ ¼ δi;j where i; j ¼ 0; 1; � � � ; k; (18) 

In the present instance, the symbol δi;j is used to represent the Kronecker symbol, which 
is known for satisfying certain axioms. One of these axioms states that δi;j is equal to 1. 
When i is equal to j, and δi;j is equal to zero,For i�j

We select the nodes tn;j in a manner similar to the approach described in reference 
(Laarabi et al. 2014). These nodes serve as quadrature points for the ðkþ 1Þ Guass 
Lobatto formula on In. Specifically, this yields tn;0 ¼ tn� 1 and tn;k ¼ tn. Next, the starting 
conditions for equation (15) can be seen as the same as the requirement,

V0
n ¼ vjIn� 1ðtn� 1Þ if n � 2 or V0

n ¼ v0 if n ¼ 1
The remaining points tn;1, tn;2 � � �, tn;k are selected as the quadrature points of a k-point 

Gaussian formula on In. This formula is precise when the function being integrated is 
a polynomial with a degree that is less than or equal to 2k � 1, as shown in representation 
(16). Now, we establish the basis function φn;j using an affine reference transformation, 
i.e. Tn : Î ! In with Î ¼ ½� 1; 1� and 

t ¼ Tnð̂tÞ ¼
tn� 1 þ tn

2
þ

τn

2
t̂ 2 In " t̂ 2 Î; n ¼ 1; . . . ;N: (19) 

Let ϕ̂j 2 M kð̂IÞ denote the basis functions which satisfying the following 
conditions 

ϕ̂jð̂tiÞ ¼ δi;j;"i; j ¼ 0; . . . ; k;

where t̂i represents the quadrature points for Î.
Using this, we establish the fundamental functions on In through the standard 

mapping 
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ϕn;jðtÞ ¼ ϕ̂jð̂tÞ with t̂ ¼ T � 1
n ðtÞ ¼

2
τn
ðt �

tn� 1 þ tn

2
Þ 2 Î:

By the same way, we define the test basis function Ωn;i by employing an appropriate 
reference basis function Ω̂i 2 M k� 1ð̂IÞ; i.e. 

Ωn;iðtÞ ¼ Ω̂iðT � 1
n ðtÞÞ ¼ Ω̂ið̂tÞ; "t 2 In; i ¼ 1; . . . ; k:

From Equation (17), we get for v0τ , 

v0τðtÞ ¼
Xk

j¼0
Vj

nϕ
0
n;jðtÞ; "t 2 In; (20) 

which leads, for each test basis function Ω and " ν 2 V to a formula 
ð

In

hv0τðtÞ; νiΩðtÞdt ¼
Xk

η¼0
ρ̂η

Xk

j¼0
hVj

n; νiϕ̂
0
jð̂tηÞΩ̂0ð̂tηÞ: (21) 

At last, we arrive at the specific formulation of the numerically integrated In-problem of 
cGP(k) when we choose a test function Ωn;i 2 M k� 1ðInÞ such that 

Ω̂ið̂tηÞ ¼ ðρ̂ηÞ
� 1δi;η; "i; η ¼ 1; . . . ; k:

The result of the above computation is a non-linear (k� k)-block system with V0
n ¼ v�n� 1 

as the initial value to find the solutions Vj
n 2 V , j ¼ 1; . . . ; k which is, 

Xk

j¼0
γi;jV

j
n ¼

τn

2
fGðtn;i;Vi

nÞ þ βiGðtn;0;V0
nÞg;"i ¼ 1; . . . ; k: (22) 

where γi;j and βi are defined as: 

γi;j ¼ ϕ̂j
0
ð̂tiÞ þ βiϕ̂j

0
ð̂t0Þ; βi ¼ ρ̂0Ω̂ið̂t0Þ: (23) 

The importance of utilizing Lagrange basis function ϕn;j in relation to certain points 
tn;j 2 ~In is that the coefficients Vj

n 2 V have the meaning Vj
n ¼ vτðtn;jÞ:

Now, we will explore the approach for the cases k = 1 and k = 2 in the following two 
subsections:

3.1. cGP(1)-method

We utilize the 2-point Gauss-Lobatto formula, employing equal weights ρ̂0 ¼ ρ̂1 ¼ 1 and 
quadrature points tn;0 ¼ tn� 1; tn;1 ¼ tn that are positioned next to one another. This 
formula leads to the Trapezoidal rule. Upon careful analysis, it is determined that 
γ1;0 ¼ � 1, γ1;1 ¼ 1, and τ1 ¼ 1: This problem results in the following block-equation 
for the single coefficient. V1

n ¼ vτðtnÞ 2 V 

V1
n � V0

n ¼
τn

2
fGðtn;V1

nÞ þ Gðtn� 1;V0
nÞg: (24) 
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3.2. cGP(2)-method

We now apply the appropriate weights to the 3-point Gauss-Lobatto formula. All three of 
the values of ρ̂0, ρ̂2, and ρ̂1 are exactly fractions. Using the same values, the quadrature 
points tn;0, tn;1, and tn;2 are also found. In this particular arrangement, Simpson’s rule is 
applied. We then computed the coefficients. 

γi;j ¼
� 5
4 1 1

4
2 � 4 2

� �

; βi ¼
1
2
1

� �

; i ¼ 1; 2; and j ¼ 0; 1; 2: (25) 

We must figure out two unknown functions Vj
n ¼ vτðtn;jÞ on the time interval 

In ¼ ðtn� 1; tn� with tn;j ¼ Tnð̂tjÞ for j ¼ 1; 2: We will get the following coupled ð2� 2Þ- 
block system for V1

n;V2
n 2 V which is, 

V1
n þ

1
4 V2

n ¼
5
4 V0

n þ
τn
2 fGðtn;1;V1

nÞ þ
1
2 Gðtn;0;G0

nÞg;

� 4V1
n þ 2V2

n ¼ � 2V0
n þ

τn
2 fGðtn;2;V2

nÞ � Gðtn;0;G0
nÞg:

(26) 

3.3. Numerical results

Here, we utilized the cGP(2)-method for determining the numerical solution of the SIR 
model. We demonstrate the effect of altering the values for different model parameters while 
keeping the values for other parameters constant. We comprehended the behaviour and 
consequences of the various factors by visualizing the information. From graphs, it can be seen 
that dynamical behaviour of SðtÞ, IðtÞ, RðtÞ has been changed with the change in the values of 
parameters. The analysis is based on how does the behaviour of an equilibrium solution 
change when the value of parameters are changed. We notice only the cases when value of 
a single parameter is changed and other keep fixed. Analysis of model is made numerically 
which is based on the previous results. For the numerical solutions of model we used the 
standard values of parameters given in the Table 1. The effects of μ (natural death rate) of 
population on susceptible, infected and recovered individuals are represented in Figures 1–3. 
Figure 1 shows that when we increase the natural death rate, susceptible individuals decrease 
and become stable after three weeks approximately. The behaviour of infected individuals 
shown in Figure 2. From Figure 2 we observed that increase in the value of μ has a significant 
decline in infected individuals population graph. For different values of μ clear change 
appeared in the infected population and became stable at different stages. Similar effects of 
μ on recovered individuals shown in Figure 3. The parameter λ denotes the rate of effective 
contact between susceptible and infected individuals. This represents how fast susceptible 
become infected. It could be seen by comparison of Figures 4 and 5 that susceptible individuals 
decrease while infected individuals increase when we increase the value of λ. The effects of λ 
on recovered individuals shown in Figure 6, recovered individuals increase by increasing the 
value of λ. For different values of λ, this part of population becomes stable after the second 
week approximately. The parameter γ1 shows the recovery rate of infected individuals. 
Variational effects of γ1 shown in the Figures 7–9 for susceptible, infected and recovered 
individuals, respectively. This parameter has worthy effect on infected and recovered indivi
duals as compared to susceptible. It can be seen from Figure 8 that increase in the value of γ1 
decreases the infected individuals and they become recovered sharply. Based on the data 
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Figure 1. The impact of μ on the overall dynamics of susceptible individuals.

Figure 2. The significance of μ on the population dynamics of infected individuals.
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Figure 3. The implications of μ on the population dynamics of recovered individuals.

Figure 4. The effect of λ on population dynamics of susceptible individual.
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Figure 5. The effect of λ on population dynamics of infected individual.

Figure 6. The effect of λ on population dynamics of recovered individual.
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presented in Figure 8, it is clear that there is a significant rise in the number of infected 
individuals within the initial five days approximately as the value of γ1 increases. The 
increment in the value of γ1 decreases the infected individuals and they become stable earlier. 

Figure 7. The influence of γ1 on susceptible individual.

Figure 8. The influence of γ1 on infected individual.
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Consequently, recovered individuals got individuals from infected part of population due to 
higher recovery rate and increased their population significantly. This observation guides that 
high level of recovery rate would decrease the infection. Biologically, such type of medicines 
can be helpful infected individuals whose recovery rate is high. This type of medication 
immunes the infected individuals to become recovered.

4. The solution of SIR model with vaccination, treatment and incidence 
rates

In this section, we intend on examining the enhancement of the SIR model introduced by 
Romanullah and Islam (2013). The numerical solutions are obtained using the cGP(2)- 
method. The graphs of the model for susceptible, infected, and recovered individuals have 
been displayed to provide insight into the impact of various parameters and to better under
stand the behaviour of the model.

4.1. Modified model

This section deals with the development of the novel model by including nonlinear 
incidence rate βSI

1þαI considered by Altaf et al. (2015). We also introduced vaccination u1ðtÞ
and treatment u2ðtÞ rates (for more details see (Cebeci et al. 2005; Zaman et al. 2008; Wan 
and Cui 2009; Hussain 2011; Kongnuy and Pongsumpun 2011; Kongnuy et al. 2011; 
Fathalla et al. 2012; Yusuf and Benyah 2012; Altaf et al. 2015; Khalid et al. 2015; Naz et al.  
2015). The extended model is as follows: 

Figure 9. The influence of γ1 on recovered individual.
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dS
dt ¼ μ � λS tð ÞI tð Þ � μS tð Þ � u1 tð ÞS tð Þ � βSI

1þαI ;
dI
dt ¼

βSI
1þαI þ λS tð ÞI tð Þ � γ1I tð Þ � μI tð Þ � u2 tð ÞI tð Þ;

dR
dt ¼ γ1I tð Þ � μR tð Þ þ u1 tð ÞS tð Þ þ u2 tð ÞI tð Þ:

(27) 

The disease-free equilibrium points are characterized by the absence of any disease. To 
achieve disease-free equilibrium points, we established the initial conditions as follows: 
Sð0Þ ¼ S0 and Ið0Þ ¼ 0, Rð0Þ ¼ 0. To examine the dynamic behaviour of the equations 
(27), we formulate the right-hand side of each equation equal to zero. We may formulate 
the first equation from (27) as follows: 

μ � λS tð ÞI tð Þ � μS tð Þ � u1 tð ÞS tð Þ �
βSI

1þ αI
¼ 0: (28) 

By using initial conditions, we obtained by direct calculations a disease free point which 
is S0 ¼

μ
μþu1

:

4.2. Sensitivity analysis

We perform a sensitivity analysis of the reproduction number in order to ascertain the 
effect of the incorporated parameter on R0. We use well-known methods such as Partial 
Rank Correlation Coefficient (PR CC) and Latin Hypercube Sampling (LH S) to ascertain 
the impact of the associated characteristics. Using this procedure, we obtain PR CC and 
p-values for every variable and perform a significance assessment. Regardless of the sign, 
lesser p-values and higher PR CC values indicate the more sensitive aspects of the system.

The PR CC test results are illustrated in the Figure 10. The PR CC values are 
μ ¼ � 0:8941, λ ¼ 0:9277, γ1 ¼ 0:8171, β ¼ � 0:0269, α ¼ 0:0749, μ1 ¼ � 0:0527, 

Figure 10. Plotting sensitivity ratings versus parameters in a histogram.
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μ2 ¼ 0:0304, while the p values are μ ¼ 0:0000, λ ¼ 0:0000, γ1 ¼ 0:0000, β ¼ 0:3970, 
α ¼ 0:0182, μ1 ¼ 0:0965, μ2 ¼ 0:3389. We noticed that the parameters μ, β, and μ1 are 
the most sensitive factors of the basic reproduction number R0. It is therefore advised that 
health professionals consider these worries. The PR CC findings are represented in Figure 10.

4.3. Numerical simulations and discussions

In this section of the manuscript, we utilize the cGP(2) method to analyse the SIR model 
described by Equation 27 to acquired the numerical solutions for the innovative SIR model. 
The values of different parameters and variables are listed in Table 1. In order to analyze the 
impact of different parameters, we make adjustments to certain variables while keeping the 
rest constant. Figure 14 demonstrates the effects of vaccination on individuals who are 
susceptible. This figure illustrates the correlation between the rate of vaccination and the 
ability of susceptible individuals to combat diseases. Throughout time, this capability gradu
ally diminishes. From Figure 12, it is visible that in the initial ten days, there is a noticeable 
decline in the number of susceptible individuals, reaching its lowest point. As time goes by, the 
immune system becomes more active and resilient, leading to a stronger chance of recovery. 
Figure 12 illustrates that the rate of vaccination does not have an impact on the number of 
infected individuals. The reason for the infected individual’s lack of vaccination resulted in 
their current condition. In addition consequence, they did not receive vaccination and the 
vaccination rates stayed unchanged. Figure 13 demonstrates the impact of vaccination on 
individuals who have recovered. The figure shown in Figure 13 illustrates how an increase in 
vaccination rates leads to a higher number of individuals recovering from the illness. This is 
because vaccinations help protect susceptible individuals and reduce the overall number of 
infections. These findings indicate that a higher number of individuals can be successfully 

Figure 11. The concentration of u1 on susceptible individual.
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Figure 12. The concentration of u1 on infected individual.

Figure 13. The concentration of u1 on recovered individual.
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recovered as a result of an increase in the vaccination rate. Figure 14 illustrates the impact of 
treatment rate on the susceptible population. Since the treatment rate has changed, the results 
remain unaffected even though the susceptible population is not receiving treatment. From 
Figure 15, it can be observed that an increase in the treatment rate leads to a sharp decrease in 
the infected population, eventually converging to the number of recovered individuals. It is 

Figure 14. The influence of u2 on the amount of susceptible individual.

Figure 15. The influence of u2 on the amount of infected individual.
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evident that the number of infected individuals decreases during the first week for various 
treatment rates. As the treatment rate increases, the infected population rapidly decreases and 
eventually converges to the recovered population. Figure 16 illustrates the positive impact of 
treatment on the infected individuals, leading to their prompt recovery. Meanwhile, the 
population is experiencing a rapid increase. By comparing Figures 15 and 16, it can be 
deduced that changes in the vaccination rate result in the emergence of new individuals 
who have recovered.

4.4. Combined vaccination and treatment strategy

The effects of vaccination and treatment are observed in both individuals who are susceptible 
to infection and those who are already infected. Figures 11–16 demonstrate the vaccination 
and treatment strategy, where we employ a combination of vaccination and treatment 
controls with varying values to reduce the number of susceptible and infected individuals. It 
is evident that there has been a significant reduction in the number of susceptible and infected 
individuals through the implementation of a combined vaccination and treatment strategy.

4.5. Only treatment control u1 ¼ 0

Figures 17–19 illustrate the effects of treatment control on individuals who are susceptible, 
infected, and recovered. For this, we set the vaccination control u1 to zero while taking into 
account the incidence rate. Figure 18 depicts a significant decrease in the number of infected 
individuals. Figure 18 illustrates a slight influence on the number of individuals who are 
susceptible. Based on Figure 19, there has been a significant increase in the number of people 
who have made a recovery.

Figure 16. The influence of u2 on the amount of recovered individual.
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Figure 17. The impact of u2 with u1 ¼ 0 on susceptible individual population.

Figure 18. The impact of u2 with u1 ¼ 0 on infected individual population.
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4.6. Only vaccination control u2 ¼ 0

Figures 20–22 provide a detailed explanation of how vaccination control impacts the popula
tion of susceptible, infected, and recovered individuals. By employing this strategy, the priority 
is solely on utilizing vaccination control to reduce the number of susceptible individuals and 

Figure 20. The effect of u1 with u2 ¼ 0 on susceptible individual population.

Figure 19. The impact of u2 with u1 ¼ 0 on recovered individual population.
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Figure 21. The effect of u1 with u2 ¼ 0 on infected individual population.

Figure 22. The effect of u1 with u2 ¼ 0 on recovered individual population.
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the incidence rate. Meanwhile, treatment control u2 is set to zero. In Figure 20, there is 
a noticeable reduction in the number of individuals susceptible to the disease following 
vaccination. We have noticed a slight decline in the number of people who have been infected, 
along with a notable rise in the number of individuals who have recovered.

5. Evaluation of the RK-4 approach and the cGP(2) strategy for extended 
model

In this section, we delve into the solution of the extended SIR model using the Runge- 
Kutta method of order, specifically, the RK-4 method. Furthermore, it involves 
a thorough analysis of the findings in relation to the results achieved through the cGP 
(2)-method. The cGP(2) method has been widely recognized for its exceptional effec
tiveness and precision. The computer code is written in MATLAB for the determination 
of results. According to the data provided in the Tables 2–5, it is noticeable that the 

Table 4. Comparison of the RK4 and cGP(2) methods for R(t)..
ti cGP(2)-Method RK4-Method

0.0 0.400000000000000E + 02 0.400000000000000E + 02
0.1 0.597116405226449E + 02 0.597115985826534E + 02
0.2 0.752827843346401E + 02 0.752826793855411E + 02
0.3 0.873222875866729E + 02 0.873221131490695E + 02
0.4 0.963763931193727E + 02 0.963761533806518E + 02
0.5 1.029282426920555E + 02 1.029279482678023E + 02
0.6 1.073997964470370E + 02 1.073994608791523E + 02
0.7 1.101556279218708E + 02 1.101552652175664E + 02
0.8 1.115078862013488E + 02 1.115075093237783E + 02
0.9 1.117218026790171E + 02 1.117214227634941E + 02
1.0 1.110212824486184E + 02 1.110209085127312E + 02

Table 3. Evaluation of the cGP(2) and RK4 methods for I(t).
ti cGP(2)-Method RK4-Method

0.0 0.800000000000000E + 02 0.800000000000000E + 02
0.1 0.728448292670138E + 02 0.728445016464407E + 02
0.2 0.649634477930045E + 02 0.649629965414385E + 02
0.3 0.570059403325728E + 02 0.570054849128594E + 02
0.4 0.493954672300226E + 02 0.493950683657630E + 02
0.5 0.423775211548057E + 02 0.423772031779310E + 02
0.6 0.360705853367663E + 02 0.360703519256894E + 02
0.7 0.305084726764595E + 02 0.305083168761523E + 02
0.8 0.256722128964564E + 02 0.256721231099928E + 02
0.9 0.215125574052038E + 02 0.215125207903048E + 02
1.0 0.179651145390871E + 02 0.179651188112565E + 02

Table 2. Comparison of the RK4 and cGP(2) methods for S(t).
ti cGP(2)-Method RK4-Method

0.0 1.200000000000000E + 02 1.200000000000000E + 02
0.1 0.959365757903899E + 02 0.959369480963414E + 02
0.2 0.772862610235222E + 02 0.772868213043125E + 02
0.3 0.627627291277093E + 02 0.627633634772335E + 02
0.4 0.513715650321100E + 02 0.513722080035038E + 02
0.5 0.423609844964566E + 02 0.423616008811086E + 02
0.6 0.351688696717114E + 02 0.351694421657838E + 02
0.7 0.293763585519745E + 02 0.293768801236524E + 02
0.8 0.246708050443067E + 02 0.246712744007013E + 02
0.9 0.208176387017762E + 02 0.208180576435043E + 02
1.0 0.176395520373138E + 02 0.176399239258400E + 02
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results obtained from the cGP (2)-method were closely comparable to those of the RK-4 
method. There is a slight variation between the solutions obtained by both schemes, with 
the results being approximately the same up to eight digits. Figures 23–25 display the 
graphs of three compartments: SðtÞ, IðtÞ, and RðtÞ. The figures clearly show the over
lapping of the solutions obtained by both methods. We also determined the absolute 
error between the solutions of both schemes. The mesh grid graphs of Galerkin and RK4 
schemes are presented in Figures 26–27. By evaluating the outcome of both methods, it 
becomes inescapable that the proposed scheme is both reliable as well as effective in 
revealing solutions for real-world problems.

Table 5. The variation between the solutions obtained by the cGP(2)-method and RK4-method 
based on absolute errors.

ti S(t) I(t) R(t)

jcGPð2Þ � RK4j jcGPð2Þ � RK4j jcGPð2Þ � RK4j
0.0 0.000000000000000E-03 0.000000000000000E-03 0.000000000000000E-03
0.1 0.372305951557905E-03 0.327620573116860E-03 0.041939991469064E-03
0.2 0.560280790296019E-03 0.451251566005340E-03 0.104949098997054E-03
0.3 0.634349524183619E-03 0.455419713432548E-03 0.174437603376987E-03
0.4 0.642971393737923E-03 0.398864259601339E-03 0.239738720921423E-03
0.5 0.616384652033730E-03 0.317976874704584E-03 0.294424253169723E-03
0.6 0.572494072429208E-03 0.233411076926870E-03 0.335567884690136E-03
0.7 0.521571677840171E-03 0.155800307226173E-03 0.362704304407657E-03
0.8 0.469356394557252E-03 0.089786463600916E-03 0.376877570488432E-03
0.9 0.418941728078437E-03 0.036614899034504E-03 0.379915522998431E-03
1.0 0.371888526160546E-03 0.004272169320529E-03 0.373935887282073E-03

Figure 23. Graphical comparison between cGPðkÞ-method and RK-4 method for SðtÞ.
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Figure 24. Graphical comparison between cGPðkÞ-method and RK-4 method for IðtÞ.

Figure 25. Graphical comparison between cGPðkÞ-method and RK-4 method for RðtÞ.
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Figure 26. The mesh grid graph of Galerkin method.

Figure 27. The mesh grid graph of RK4-method.
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6. Conclusions and future recommendations

In this study, we delved into two different variations of SIR models. The model 
was analysed using numerical methods for determining the population of suscep
tible, infected, and recovered individuals for different values of the parameters 
involved in the model. Implementing on the widely used SIR model, an innovative 
approach has been developed to integrate components such as vaccination, treat
ment, and incidence rates. We identified the basic reproduction number, denoted 
as R0, using a feasible in biology approach. We also delved into the sensitivity 
analysis of R0. The solutions of both models are illustrated visually and presented 
in numerical representation. Based on these findings, it can be concluded that 
implementing vaccination and treatment control measures can effectively combat 
epidemics within a population. The primary objective of the current study was to 
establish a straightforward mathematical model that provides feasible and depend
able solutions for addressing the core challenges in epidemic control. It is noted 
that the impact of vaccination on the population of susceptible individuals results 
in their exemption from their current state, leading them to converge with the 
recovered population. It has been determined that treatment has an impact on the 
population of infected individuals and leads to the recovery of individuals. The 
numerical solutions demonstrated the superior effectiveness of the combined 
vaccination and treatment control strategy. In this dissertation, the cGP(2)- 
method is employed to solve coupled non-linear differential equations. In terms 
of efficiency and precision, the present system outperforms the RK4 approach. 
Furthermore, the cGP(2)-method continuously outperforms the RK4-method in 
terms of accuracy as the number of mesh points increases. The present approach 
has a numerical cost similar to the RK-4 method, but it provides a greater degree 
of precision. Considering both approaches have the same amount of iterations in 
numerical solutions. The findings show that the present technique is a very 
effective tool for time-dependent issues, regularly producing improved 
approximations.

In future, we plan to implement the suggested schemes to fractional mathematical 
models (Ali et al. 2022; Alharbi et al. 2022; Jleli et al. 2023).
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