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Abstract

This paper investigates the problem of the existence and uniqueness of one
solution under the traveling wave form for a free boundary problem of a space-
fractional wave equation with an inverse source term. It does so by applying
Banach’s fixed point theorem.
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1 Introduction

In this work, we shall give an example of a class of well-known fractional-
order’s PDEs; such the equation which is the space-fractional wave equation
and is written as follows:

∂2u

∂t2
= c2

∂αu

∂xα
+ v (x, t) , c ∈ R∗, 2 ≤ α < 3, (1)

where u = u (x, t) and v (x, t) are scalar functions of space variables x ∈ [ct,X]
and time t ∈ [0, T ] , for T > 0 and X > |c|T. With

∂αu

∂xα
=

{
∂mu
∂xm , α = m ∈ N,
∂αu
∂xα =

∫ x

ct
(x−τ)m−α−1

Γ(m−α)
∂m

∂τmu (τ, t) dτ, m− 1 < α < m ∈ N∗.

The symbol Iα
∗ presents the Riemann-Liouville’s fractional integral of order α.

Our main goal in this work is to determine the existence, uniqueness and
main properties of solutions of the space-fractional PDE (1), under the traveling
wave form:

u (x, t) = exp
(
−c2t

)
f (x− ct) , with c ∈ R∗, (2)

the basic profile f is not known in advance and is to be identified.
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2 Main results

Throughout the rest of this paper, we have:

2 ≤ α < 3, T > 0 and X > |c|T for some c ∈ R∗. (3)

We discuss the existence and uniqueness of solutions to the following free
boundary problem of the space-fractional wave equation:{

∂2u
∂t2 = c2 ∂αu

∂xα + v (x, t) , (x, t) ∈ [ct,X]× [0, T ] , 2 ≤ α < 3, c ∈ R∗,
∂u
∂x (ct, t) = ∂2u

∂x2 (ct, t) = 0, and u (x, 0) = f (x) , f ∈ C ([0, λ] ,R) ,
(4)

under the traveling wave form (2).

Theorem 1 Let α, c, T,X ∈ R, be the real constants given by (3) which satisfy
the following inequality:

0 < X + |c|T <
(
c−2Γ (α+ 1)

) 1
α .

If
α (X + |c|T )α [2 (X + |c|T ) |c|+ α− 1]

Γ (α+ 1)− c2 (X + |c|T )α
< (X + |c|T )2 , (5)

then the problem (4) admits a unique solution in the traveling wave form (2).
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