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Abstract

This paper discusses and theoretically studies the existence and uniqueness of radially
symmetric solutions for a multidimensional nonlinear time and space-fractional reaction-
diffusion/wave equation that enables treating vibration and control, signal and image
processing, and modeling earthquakes, among other physical phenomena. Additionally,
applying Schauder’s and Banach’s fixed point theorems facilitates identifying the existence
and uniqueness of solutions for the selected equation.
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1 Introduction and statement of results

In this work, we shall give an example of a class of fractional-order’s PDEs, which helps
to describe various complex phenomena; it is a multidimensional nonlinear time and space-
fractional reaction-diffusion/wave equation and is written as follows:

∂αt u− κ2∆u = F
(
t, x, u, ∂βt u, (−∆)s u

)
, for 0 < s ≤ 1 < β ≤ α ≤ 2, (1)

where u = u (t, x) is a scalar function of the time t ≥ 0 and space variables x ∈ Rm, with
m ∈ N∗. Also F : [0,∞) × Rm × C × C × C → C is a nonlinear function, κ ∈ R∗ is a real
constant the symbol (−∆)s defines the fractional Laplacian operator [2].

1.1 The significance of the equation

Equation (1) is a representation of a large class of linear and nonlinear equations. Note
that, for F ≡ 0 and α = 1 (resp. α = 2), the PDE (1) represents the standard heat equation
(resp. the wave equation). In addition to that, it becomes the Klein-Gordon equation when we
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choose F = κu, |κ| = 1 and α = 2. All these equations fall under the name of the fractional
reaction-diffusion/wave equation (see table 1).

Obviously, the development of accurate mathematical models for the description of complex
anomalous systems depends on swapping the fractional Laplacian with integer-order Laplacian,
e.g.

Fractional equation Formula
Reaction-diffusion/wave [3, 4, 5, 7, 8, 9, 10] ∂αt u+ κ2 (−∆)s u+ c (t, x)u = 0
Quasi-geostrophic [11] ∂tv + θ.▽ v + κ (−∆)s v = f
Cahn-Hilliard [12, 13, 14] ∂tw + (−∆)s (−ε2∆w + f (w)) = 0

Porous medium [12, 13, 14, 15] ∂tu+ (−∆)s
(
|u|m−1 signu

)
= 0

Schrödinger [16] iℏ∂tψ = ∂αt (−ℏ2∆)
s
ψ + c (t, x)ψ

Ultrasound [17, 18] 1
c20
∂2t θ = ▽2θ −

{
τ∂t (−∆)s + η (−∆)s+

1
2

}
θ

Table 1: Significant equations involving fractional Laplacian

1.2 Problem statement and main results

Let 0 < s ≤ 1, 1 < β ≤ α ≤ 2, ε, ℓ > 0, and Tε = ℓε
2
α be such that Ω = [0, Tε] ×

[ε/
√
m,+∞)

m
. We consider:{
∂αt u− κ2∆u = F

(
t, x, u, ∂βt u, (−∆)s u

)
, (t, x) ∈ Ω, κ ∈ R∗,

u (0, x) = |x|δ u0, ∂u
∂t

(0, x) = 0, δ, u0 ∈ C,
(2)

where F : Ω× C× C× C → C is a nonlinear function.
This paper’s contribution regards determining the existence, uniqueness, and main proper-

ties of the general solution of stability problems obtained through replacing classical rules with
fractional quadrature rules of the radially symmetric solution (see [6, 3, 4, 5, 7, 19, 20, 21]),

u (t, x) = |x|δ f
(
|x|−

2
α t

)
, for |x| =

√
x21 + · · ·+ x2m, and δ ∈ C, (3)

the basic profile f is not known in advance and is to be identified.
For the forthcoming analysis, we impose the following hypotheses:
(hyp.1) F : Ω×C×C×C → C is a continuous function that is invariant by the change of

scale (3). It gives us:

F
(
t, x, u, ∂βt u, (−∆)s u

)
= |x|δ−2

(
J
(
η, f (η) , f ′ (η) , CDβ

0+f (η)
)
− 4κ2

α2
η2f ′′ (η)

)
, (4)

where η = |x|−
2
α t and J : [0, ℓ]× C× C× C → C is a continuous function.

(hyp.2) There exist three positive constants ω1, ω2, ω3 > 0 so that the continuous function
J given by (4) satisfies:∣∣∣J (η, f, g, h)− J

(
η, f̃ , g̃, h̃

)∣∣∣ ≤ ω1

∣∣∣f − f̃
∣∣∣+ ω2 |g − g̃|+ ω3

∣∣∣h− h̃
∣∣∣ ,

for any f, g, h, f̃ , g̃, h̃ ∈ C.
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(hyp.3) There exist four positive functions a, b, c, d ∈ C ([0, ℓ] ,R+) such that the continuous
function J given by (4) satisfies:

|J (η, f, g, h)| ≤ a (η) + b (η) |f |+ c (η) |g|+ d (η) |h| ,

for any f, g, h ∈ C and η ∈ [0, ℓ] .
λ denotes the positive constant defined by

λ = max

{
αℓβ−1 (|q|+ c∗) + d∗

ℓβ−αΓ (α− β + 1)
,
αℓβ−1 (|q|+ ω2) + ω3

ℓβ−αΓ (α− β + 1)

}
,

where q = −2κ2

α2 (α (2δ +m+ 2) + 2) and

a∗ = sup
η∈[0,ℓ]

a (η) , b∗ = sup
η∈[0,ℓ]

b (η) , c∗ = sup
η∈[0,ℓ]

c (η) and d∗ = sup
η∈[0,ℓ]

d (η) .

Now, we give the main theorems of this work.

Theorem 1. Assume the hypotheses (hyp.1)–(hyp.3) hold. If we put λ ∈ (0, 1) and

Tα
ε (|δκ2 (δ +m− 2)|+ b∗)

Γ (α + 1) (1− λ)
< ε2, (5)

then, there is at least one solution to the problem (2) on Ω in the radially symmetric form (3).

Theorem 2. Assume the hypotheses (hyp.1) , (hyp.2) hold. We give λ ∈ (0, 1) and

K =

(
Γ (α + 1) (1− λ)

|δκ2 (δ +m− 2)|+ ω1

) 1
α

.

If we put
Tε < ε

2
αK, (6)

then the problem (2) admits a unique solution in the radially symmetric form (3) on Ω.
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