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Abstract: In our present work, we thoroughly examine and provide analytical insights into a math-
ematical models for infectious diseases as COVID-19, employing the Caputo-Katugampola derivative.
Numerous stability results are meticulously computed based on well-de�ned parameters, ensuring com-
pliance with conditions that e�ectively impede pandemic occurrences. Furthermore, the paper rigorously
investigates the critical aspect of the existence and uniqueness of solutions for the SIRD model, leverag-
ing the robust properties inherent in Schauder's and Banach's �xed point theorems. This multifaceted
analysis not only enhances our understanding of the intricate dynamics of COVID-19 but also contributes
valuable knowledge to the broader �eld of mathematical epidemiology.
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1 Introduction

A better understanding and evaluation of the existence, stability and control of infectious diseases can
be acquired through modeling them mathematically. However, mathematical models' classical approaches
are not highly accurate in modeling such diseases; hence, the introduction of fractional di�erential equa-
tions for handling these problems.
Recently, [Hasan et al.(2020)] proposed a new compartmental SIRD model of COVID-19, which is rep-
resented as follow: 

d
dtS (t) = −βS(t)I(t)

N ,
d
dtI (t) = β I(t)S(t)

N − (γ + κ) I (t) ,
d
dtR (t) = γI (t) ,
d
dtD (t) = κI (t) .

t ≥ 0. (1.1)

This model requires the division of the total population N into four epidemiological classes:

S : Susceptible class, I : Infected class, R : Recovered class, and D : Death class.

The parameters could be described as follows:
◦ β is the average number of contacts per person per time t,
◦ γ is the recovery rate,
◦ κ is the death rate.
For 0 < α < 1 and ρ > 0, and by considering the positive vaccination factor υ, we put

CDα,ρ
0+ S (t) = −υS (t)− β I(t)S(t)

N0
,

CDα,ρ
0+ I (t) = β I(t)S(t)

N0
− (γ + κ) I (t) ,

CDα,ρ
0+ R (t) = υS (t) + γI (t) ,

CDα,ρ
0+ D (t) = κI (t) .

(1.2)

along with the positive initial conditions

S (0) = S0, I (0) = I0, R (0) = R0, D (0) = D0, (1.3)

where β, γ and κ are positive parameters, N0 > 0 is the initial total population at the moment t = 0,
with 0 ≤ t ≤ T < ∞.
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2 De�nitions and preliminary results

The Banach space of continuous functions from [0, T ] into R is denoted by C ([0, T ] ,R) , with the
norm:

∥φ∥∞ = sup
t∈[0,T ]

|φ (t)| .

Recently, Katugampola proposed a generalized derivative. It reads

CDα,ρ
0+ φ (t) = I1−α,ρ

0+

(
τ1−ρ d

dτ
φ

)
(t) =

ρα

Γ (1− α)

∫ t

0

φ′ (τ)

(tρ − τρ)
α dτ, (2.1)

where α ∈ (0, 1) , ρ > 0 and

Iα,ρ
0+ φ (t) =

ρ1−α

Γ (α)

∫ t

0

τρ−1

(tρ − τρ)
1−αφ (τ) dτ, with φ ∈ C ([0, T ] ,R) . (2.2)

A decomposition formula for Caputo-Katugampola operators could be obtained as follows:

Iα,ρ
0+

CDα,ρ
0+ φ (t) = φ (t)− φ (0) , for φ ∈ C ([0, T ] ,R) . (2.3)

3 Main results

Here, we present the feasibility region's discussion and equilibrium points' analysis.

Lemma 3.1. The solution of the model under consideration is restricted to the feasible region given by

u =
{
(S, I,R,D) ∈ R4

+, 0 ≤ N (t) ≤ N0

}
,

and the pandemic will occur if S0 > γ+κ
β N0, where γ+κ

β is called threshold phenomenon or critical
community size for the pandemic.

Theorem 3.1. The disease-free equilibrium point of (1.2) is

u∗ =

(
γ + κ

β
N0, 0,R0, 0

)
.

Theorem 3.2. If the susceptible class S (t) < S∗, the pandemic free equilibrium point of (1.2) is locally
asymptotically stable and is unstable if S (t) > S∗.

Let u = (S, I,R,D) ∈ E, where E = [C ([0, T ] ,R+)]
4
is a Banach space equipped with the norm

∥u∥E = ∥S∥∞ + ∥I∥∞ + ∥R∥∞ + ∥D∥∞
and let f = (f1, f2, f3, f4) , be such that

f1 (t, u (t)) = −υS (t)− β I(t)S(t)
N0

,

f2 (t, u (t)) = β I(t)S(t)
N0

− (γ + κ) I (t) ,

f3 (t, u (t)) = υS (t) + γI (t) ,
f4 (t, u (t)) = κI (t) ,

it is clear that the function f ∈ ([0, T ]× E)
4
is continuous.

By applying the fractional integral to both sides of the system (1.2), we get

S (t) = S0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f1 (τ, u (τ)) dτ,

I (t) = I0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f2 (τ, u (τ)) dτ,

R (t) = R0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f3 (τ, u (τ)) dτ,

D (t) = D0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f4 (τ, u (τ)) dτ,
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By choosing u0 = (u1, u2, u3, u4) = (S0, I0,R0,D0) , we get

u (t) = u0 +
ρ1−α

Γ (α)

∫ t

0

τρ−1

(tρ − τρ)
1−α f (τ, u (τ)) dτ. (3.1)

In what follows, we present the principal theorems:

Theorem 3.3. Let β, υ, γ, κ, α, ρ, T ∈ R+, be such that α ∈ (0, 1) and

T <

(
ραΓ (α+ 1)

4 (β + υ + γ + κ+ 3)

) 1
ρα

, (3.2)

then, there is at least one solution of the problem (1.2)�(1.3) on [0, T ] .

Theorem 3.4. Let α ∈ (0, 1) and β, γ, κ, ρ, µ ∈ R+, be such that

µ = max {β + υ + 2, β + γ + κ+ 2, υ + γ + 3, κ+ 3} .

If
4µT ρα

ραΓ (α+ 1)
< 1, (3.3)

then the problem (1.2)�(1.3) admits a unique solution on [0, T ] .

4 Conclusion

Our work have discussed some analytical studies for a modi�ed fractional-order SIRD mathematical
model of the COVID-19 disease, with Caputo-Katugampola's fractional derivative being used as the
di�erential operator, which uni�es the Hadamard and Caputo fractional derivatives into a single form.
Using real data, the feasibility region of the proposed solution and the equilibrium points' stability analysis
were derived. The behavior of these solutions depends on some symmetrical parameters that satisfy some
conditions which prevent the pandemic from occurring. The existence of one solution, at least, in addition
to its uniqueness, requires some essential conditions derived from the Banach contraction principle and
Schauder's �xed point theorem.
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