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Abstract. In this paper, we discuss and provide some analytical studies for

a mathematical model of fractional-order SIRD for COVID-19 in the sense of
the Caputo-Katugampola derivative. We compute and derive several stability

results based on some parameters that satisfy some conditions that prevent

the pandemic from occurring. The paper also investigates the problem of
the existence and uniqueness of solutions for the SIRD model. It does so by

applying the properties of Schauder’s and Banach’s fixed point theorems.

1. Introduction

The coronavirus pandemic was a major worldwide challenge in 2020. The severe
acute respiratory syndrome coronavirus 2 (SARS-CoV-2) is the virus responsible
for COVID-19 infection. Wuhan city in China is reported to be where this virus
originated; it then spread throughout the rest of the world, leading to a pandemic
outbreak that persisted throughout 2020.

COVID-19 was declared to be a global threat, following its spread outside China
as far as we know, and it affected 212 countries around the world. The available
antivirals and vaccines at that point in time were ineffective against the new virus,
while the new vaccines currently reached the final stage of development and are
being tested on larger populations.

A better understanding and evaluation of infectious diseases’ existence, stability,
and control can be acquired through modeling them mathematically [1, 2]. How-
ever, mathematical models’ classical approaches are not highly accurate in modeling
such diseases; hence, introducing fractional differential equations for handling these
problems becomes necessary. We mention optimization problems, artificial intel-
ligence, medical diagnoses, and their various applications in applied fields. For
further reading on the subject, readers can refer to the following books (Samko et
al. 1993 [3], Podlubny 1999 [4], Kilbas et al. 2006 [5], Diethelm 2010 [6]).

Our model requires the division of the total population N into four epidemio-
logical classes:

S : Susceptible class, I : Infected class, R : Recovered class, and D : Death class.
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The parameters are positive and could be described as follows:
◦ β is the average number of contacts per person per time t,
◦ γ is the recovery rate,
◦ κ is the death rate.
For 0 < α < 1 and ρ > 0,

(1.1)


CDα,ρ

0+ S (t) = −βS(t)I(t)
N0

,
CDα,ρ

0+ I (t) = β I(t)S(t)
N0

− (γ + κ) I (t) ,
CDα,ρ

0+ R (t) = γI (t) ,
CDα,ρ

0+ D (t) = κI (t) ,

along with the positive initial conditions

(1.2) S (0) = S0, I (0) = I0, R (0) = R0, D (0) = D0,

where N0 > 0 is the initial total population at the moment t = 0, with 0 ≤ t ≤
T < ∞.

It is essential to find the solution of (1.1) with an efficient technique. Considering
this point, our main goal in this work is to determine the main properties of the
solution for the system of nonlinear fractional differential equations (1.1), checking
the considered model’s stability necessitates establishing some existence results.

2. Preliminary and necessary definitions

The essential definitions from the fractional calculus theory are introduced in
this section. Banach space of continuous functions from [0, T ] into R is denoted by
C ([0, T ] ,R) , with the norm:

∥φ∥∞ = sup
t∈[0,T ]

|φ (t)| .

Recently, Katugampola proposed a generalized derivative in [7, 8, 9, 10]; more-
over, he demonstrated the existence of solutions of Caputo-Katugampola fractional
differential equations in [9]. It reads

(2.1) CDα,ρ
0+ φ (t) = I1−α,ρ

0+

(
τ1−ρ d

dτ
φ

)
(t) =

ρα

Γ (1− α)

∫ t

0

φ′ (τ)

(tρ − τρ)
α dτ,

where α ∈ (0, 1) , ρ > 0 and

(2.2) Iα,ρ
0+ φ (t) =

ρ1−α

Γ (α)

∫ t

0

τρ−1

(tρ − τρ)
1−αφ (τ) dτ, with φ ∈ C ([0, T ] ,R) .

At this point, it is worth mentioning that a fractional Cauchy-type problem was
solved for an existence and uniqueness theorem in [11], a decomposition formula
for the derivative of Caputo-Katugampola among others could, thus, be obtained
as follows:

(2.3) Iα,ρ
0+

CDα,ρ
0+ φ (t) = φ (t)− φ (0) , for φ ∈ C ([0, T ] ,R) .

It follows from (2.1) that if ρ = 1, Caputo-Katugampola derivative is found to be
the well-known Caputo fractional derivative [4, 5]. On the other hand, by applying
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the L’Hôspital rule, when ρ → 0+, we have

lim
ρ→0+

ρα

Γ (1− α)

∫ t

0

φ′ (τ)

(tρ − τρ)
α dτ =

1

Γ (1− α)

∫ t

0

lim
ρ→0+

ραφ′ (τ)

(tρ − τρ)
α dτ

=
1

Γ (1− α)

∫ t

0

φ′ (τ)

(ln t− ln s)
α dτ,

which is Caputo-Hadamard fractional derivative [12, 10, 8].

3. Main Results

Lemma 3.1. The solution of model (1.1) is restricted to the feasible region given
by

u =
{
(S, I,R,D) ∈ R4

+, 0 ≤ N (t) ≤ N0

}
,

and the pandemic will occur if S0 > γ+κ
β N0, where

γ+κ
β is called threshold phenom-

enon or critical community size for the pandemic.

Theorem 3.2. The disease-free equilibrium point of (1.1) is

u∗ =

(
γ + κ

β
N0, 0,R0, 0

)
.

Theorem 3.3. If the susceptible class S (t) < S∗, the pandemic free equilibrium
point of (1.1) is locally asymptotically stable and is unstable if S (t) > S∗.

Let u = (S, I,R,D) ∈ E, where E = [C ([0, T ] ,R+)]
4
is a Banach space

equipped with the norm

∥u∥E = ∥S∥∞ + ∥I∥∞ + ∥R∥∞ + ∥D∥∞
and let f = (f1, f2, f3, f4) , be such that

f1 (t, u (t)) = −βS(t)I(t)
N0

,

f2 (t, u (t)) = β I(t)S(t)
N0

− (γ + κ) I (t) ,

f3 (t, u (t)) = γI (t) ,
f4 (t, u (t)) = κI (t) ,

it is clear that the function f ∈ ([0, T ]× E)
4
is continuous.

By applying the fractional integral to both sides of the system (1.1), we get

S (t) = S0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f1 (τ, u (τ)) dτ,

I (t) = I0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f2 (τ, u (τ)) dτ,

R (t) = R0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f3 (τ, u (τ)) dτ,

D (t) = D0 +
ρ1−α

Γ(α)

∫ t

0
τρ−1

(tρ−τρ)1−α f4 (τ, u (τ)) dτ,

By choosing u0 = (u1, u2, u3, u4) = (S0, I0,R0,D0) , we get

(3.1) u (t) = u0 +
ρ1−α

Γ (α)

∫ t

0

τρ−1

(tρ − τρ)
1−α f (τ, u (τ)) dτ.

In what follows, we present the principal theorems:
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Theorem 3.4. Let β, γ, κ, α, ρ, T ∈ R+, be such that α ∈ (0, 1) and

(3.2) T <

(
ραΓ (α+ 1)

4 (β + γ + κ+ 3)

) 1
ρα

,

then the problem (1.1)–(1.2) has at least one solution on [0, T ] .

Theorem 3.5. Let α ∈ (0, 1) and β, γ, κ, ρ, µ ∈ R∗
+, be such that

µ = max {β + γ + κ+ 2, γ + 3, κ+ 3} .
If

(3.3)
4µT ρα

ραΓ (α+ 1)
< 1,

then the problem (1.1)–(1.2) admits a unique solution on [0, T ] .
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