REPUBLIQUE ALGERIENNE DEMOCRATIQUE ET POPULAIRE

=

MINISTERE D’ENSEIGNEMENT SUPERIEUR ET DE RECHERCHE SCIENTIFIQUE
UNIVERSITE MOHAMED BOUDIAF - M’SILA

FACULTE DE MATHEMATIQUES ET DE L’INFORMATIQUE pE——
aluuall - walbgs 2040 dnola
Université Mohamed Boudiaf - M'sila

DEPARTEMENT DE MATHEMATIQUES

N° d’ordre: ..............

THESE

Présenté pour [’obtention du diplome
de Doctorat troisiéme cycle
Spécialité:
Mathématiques
Option:

EDPs et Optimisation
Par:

BiLAL BASTI
Theme

Existence et unicité de solutions auto-similaires
générales pour certaines équations fractionnaires
non-linéaires

"Existence and uniqueness of general self-similar solutions for some nonlinear fractional

equations"

Soutenu publiquement le : 04/05/2019, devant le jury :

Benabderahmane Benyettou Prof. Université Mohamed Boudiaf - M’sila Président

Benhamidouche Noureddine Prof. Université Mohamed Boudiaf - M’sila Rapporteur

Arioua Yacine M.C.A. Université Mohamed Boudiaf - M’sila Co-Rapporteur
Hachama Mohamed Prof. Université de Khemis Miliana Examinateur
Benbachir Maamar Prof. Université de Khemis Miliana Examinateur
Nouiri Brahim M.C.A. Université Mohamed Boudiaf - M’sila Examinateur.

Promotion 2018/2019.



Acknowledgments

Above all, my praise and gratitude is due to Allah the almighty who granted me strength
and patience to complete this thesis. I would like to express my sincere gratitude to everyone
who has been part of this journey. First and foremost, I am indebted to my supervisor
Prof. BENHAMIDOUCHE NOUREDDINE for his patience, valuable advice and guidance and
consistent encouragement that he provided throughout this research. T am also deeply grateful
to Dr. ARIOUA YACINE who introduced me to this field. Furthermore, I would like to
extend my thanks and appreciation to the panel of examiners, Prof. BENBACHIR MAAMER,
Prof. HACHAMA MOHAMED, Dr. NOUIRI BRAHIM, and president of the committee Prof.
BENABDERAHMANE BENYETTOU. My journey has been made more endurable with the
help and thoughtful encouragement I have received from my family and friends, and so my

greatest thanks go to them.



Notation

N Natural numbers {0,1,2,3,...}.

N* Nonzero natural numbers {1,2,3,...}.

7 Integers {...,—3,—-2,-1,0,1,2,3,...}.

Ly Negative integers {...,—3,—2,—1,0}.

R Real numbers (—o0, 00).

Ry Positive real numbers (0, 00) .

R* Nonzero real numbers (—oo,0) U (0, 00) .

C Complex numbers, z € C, then z = x + iy, where x,y € R, and 2 = —1.

Re(a)  Real part of complex a.
Q Finite closed interval of the real axis R.

L' (Q)  Space of LEBESGUE complex-valued measurable functions u on , for which
[ull = Jo lu(s)]ds < oo.

LP(92)  Space of all measurable functions u, for which |ul’ € L' (Q), for any 1 < p < occ.
L*>(Q) Space of all measurable functions u on 2, for which 3C' > 0, |u (t)| < C, p.p. t € Q.

X?(€2)  All measurable functions u on § for which ||ul| x» = (fo, Iscu (s)[” %)% < 00.
ceR, 1<p<oco

X2 (©2) All measurable functions u on 2 for which ||ul| y. = ess sup [t°|u(t)]] < oo.
as<t<b  ceR

C(Q) The BanacH space of all continuous functions from 2 into R.
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Notation

Mu MELLIN transform of a function wu.
M1y Inverse of MELLIN transform of a function v.

() EULER gamma function.

|
—

n

(a), POoCHHAMMER symbol, where (a), =1, (a), = || (@ +1i),a € C, n € N*.

~
Il
o

B (-,-) Beta function.

E, ()  Standard MITTAG-LEFFLER function.

E.p(-) MITTAG-LEFFLER function in two arguments, a and f.
ODE Ordinary Differential Equation.

FDE Fractional Differential Equation.

PDE Partial Differential Equation.

FPDE  Fractional-order’s Partial Differential Equation.

BVP Boundary Value Problem.

IVP Initial Value Problem.

ICP Problem With an Integral Condition.

T'u Primitive of LEBESGUE summable function wu.

" Caucny formula for the n'* integrals, n € N.

AT RiEMANN-LIOUVILLE’s fractional integral of order a.
RLD;, RIEMANN-LIOUVILLE’s fractional derivative of order .

D>y CapuTo’s fractional derivative of order a.
HToy  HADAMARD’s fractional integral of order a.
HDey  HADAMARD's fractional derivative of order .
PT% KaTtucampoLA’s fractional integral of order a.

D%y KaATtucaMpPoLA’s fractional derivative of order «.
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Introduction

Our understanding of some real-world phenomena and technology today is largely based
on partial differential equations, which will be abbreviated as PDE in what follows. It is
indeed thanks to the modeling of these phenomena through PDE that we have been able
to understand the role of certain parameters, and especially to obtain sometimes extremely
precise forecasts.

One major consideration when dealing with PDEs is that there is usually no way of getting
their solutions out explicitly. What mathematics can do, however, is to determine whether
one or more solutions exist, and sometimes very precisely describe some properties of these
solutions.

Fractional-order’s partial differential equations (FPDEs) are generalizations of classical
partial differential equations. They have been of considerable interest in the recent literature.
They have received a great deal of attention in many fields.

The origin of the fractional calculus dates back to the end of 17" century, the era when
NewToN and LeiBNI1z developed the foundations of differential and integral calculus. But dur-
ing the last three centuries, the fractional calculus has been a subject of interest to scholars,
and the application of fractional derivatives have developed and become more diversified.

In this thesis we recall a class of solutions to the radially symmetric FPDE that are
invariant under a scaling group of the variables, and, therefore, we take the so-called self-
similar form.

A time-dependent phenomenon is called self-similar if the spatial distributions of its vari-
ables at different times can be obtained from one another by a similarity transformation [10],
[11], [I7], [18], [27], [32], [34]; a transformation that maintains certain features of a function

or curve. A particular similarity transformation is a scale-invariant transformation where the



Introduction

variables are scaled by powers of a common factor .

Self-similarity occurs when the solution of the problem (as opposed to the FPDE) is
invariant under the scaling transformation and is a property of the FPDE which moving
mesh method preserves [27]. We obtain a self-similar solution of the FPDE by assuming
that there is a functional relationship w (z,t) = t“u (2t“?) between the similarity variables
C; and Cy, based on our rescaling. The self-similar solution is then dependent only on the
solution to a fractional differential equation (FDE).

The theory of fractional differential equations, the second key notion on which this thesis
is based, have emerged as an interesting area to explore in recent years. Note that this theory
has many applications in the description of various phenomena in the real world, (SAMKO et
al. 1993 [35], Poprusny 1999 [33], KiLBAS et al. 2006 [23], DieTHELM 2010 [13]).

The fixed-point methods play a particularly major role in solving the problems of frac-
tional differential equations. They are essential mathematical tools that show the existence
of solutions in various kinds of equations. A fixed point theory is at the heart of nonlin-
ear analysis since it provides the apparatus necessary to prove theories of the existence of
solutions in various nonlinear problems.

Recently, other results dealing with the existence, uniqueness and multiplicity of real
or positive solutions of nonlinear fractional problems have appeared. They use nonlinear
analysis techniques such as the fixed point theorems.

It can be noted here that most of the literature on fractional calculus was devoted to
solving boundary or initial value problems, or those with an integral conditions, generated
by nonlinear fractional differential equations at the base of special functions [2], [3], [6]-[9],
[20], [23], [26], [29], [37].

This thesis will use the documentations [7], [8] to give a progress report on all these
studies by giving several existence and uniqueness results of generalized self-similar solu-
tions for certain classes of FPDESs, thus, realizing the fractional derivative of KATuGAMPOLA
in BanacH spaces. These studies will be done mainly using BANAcH’s contraction princi-
ple, SCHAUDER’s and GUo-KRASNOSEL'SKII’s fixed point theorems, and the technique of the
nonlinear alternative of LERAY-SCHAUDER’s type (see [15], [25]).

The first chapter, entitled "Basic Concepts and Elements of Fractional Calculus", will be
devoted to the elements of fractional calculus. We introduce the history of integration and
derivation of non-integer orders, and then some definitions and results that are basic for the

study.
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The second chapter will be devoted to the different basic definitions and results (lemmas,
theorems) crucial to self-similar form in relation to the theory of partial differential equations
with fractional operators, and we present the main results of this work.

We will discuss in the third chapter, the existence and uniqueness of generalized self-

similar solutions for the following nonlinear FPDE:
PDivw + Bf (z,t,w) =0, (x,t) € (0,X) x [0,77],
supplemented with the boundary conditions:
w(0,t) =0, w(X,t) =0,

where 8 € R, and £Dg, for p > 0, presents the KATuGAMPOLA’s space-fractional derivative
of order 1 < o <2, and f:[0,X] x[0,7] x R — R for some X, T € R, is a given function.
In the fourth chapter, we are interested in the existence and uniqueness of generalized

self-similar solutions for the following implicit problem of nonlinear FPDE:
PDgw = f (.t w, D), 0< a <1, (a,8) € (0,X] x [0,7],
with the initial condition:
w (0,t) =0,

where f:[0,X] X [0,7] x R x R — R, with X, T € R, is a given function.
The fifth chapter, entitled "Nonlinear Fractional Equations With an Integral Condition",
will be devoted to the existence and uniqueness in a general manner of generalized self-similar

solutions for the following nonlinear FPDE:
D w = f <:L‘,t,w, gD{;w) L0<B<a<l, (1) el0,X]x[0,T],

with the integral condition:

(V7 w) (0%, ¢) = 0.

Here f: [0, X] x [0,7] x R x R — R with X, T € R, is a given function.



Chapter 1

Basic Concepts and Elements of

Fractional Calculus

This chapter will be devoted to the primary definitions and basic concepts related to fractional
calculus such as the EULER gamma, Beta and MiTTaG-LEFFLER functions, and the MELLIN
transform. In addition to that, it will also present other elements of functional analysis,
such as the fractional derivation, fractional integration, relative definitions of operators of

fractional order, among others, which will all be at the core of this work.

1.1 Historical Overview

On the topic of fractional integrals and derivatives, we cite a particular date as that of the
first appearance of the so called "Fractional Calculus". In a letter dated September 30,
1695, L’HOSPITAL wrote to LEIBNIZ asking him about a particular notation he had used in

drt

, G- L’HOsPITAL wondered

his writings for the n'*-derivative of the linear function u (t) =t
what the result would be if n = 1/2. LEmBNIz’s response was: "An apparent paradox, from
which one day useful consequences will be drawn." In these words fractional calculus was
born.

Following L’HOsPITAL’s and LEIBNI1Z’s first inquisition, fractional calculus was primarily a

study reserved for the best minds in mathematics. FOURIER, EULER and LAPLACE are among

the many who tackled the fractional calculus and the mathematical consequences [31].

4



1.2. Background Materials of Functional Analysis

Several mathematicians used their own notation and methodology to introduce definitions
that fit the concept of an integral or derivative non-integral order. The most famous of these
definitions in the world of fractional calculus are R1IEMANN-L1OUVILLE and CAPUTO definitions.
The sheer numbers of actual definitions are no doubt as numerous as the scholars in this field,
and they are addressed in detail in this thesis.

Most of the mathematical theory applicable to the study of fractional calculus was de-
veloped prior to the turn of the twentieth century. However, it is only during the last
century that the most intriguing advances in engineering and scientific application have been
achieved. Mathematics had in some cases to change in order to meet the requirements of
physical reality.

Capruto reformulated the more classic definition of the RiEMANN-L1OUVILLE’S fractional
derivative in order to use integer order initial conditions to solve his fractional order dif-
ferential equations [33]. In 1996, KoLowaNKAR reformulated again RIEMANN-LIOUVILLE’S

fractional derivative [24].

1.2 Background Materials of Functional Analysis

Let 2 = [a,b] (—o0 < a < b < 00) be a finite closed interval of the real axis R = (—o00, 00) .

We denote by L' (Q) the space of those LEBESGUE complex-valued measurable functions u on

lull 2 = /Q lu (s)|ds.

Let 1 < p < 00, we denote by L? (Q2) the space of those LEBESGUE complex-valued measurable

Q for which ||ul|,;, < oo, where

functions u on Q for which |ulf € L' (Q).

For the case p = 0o, we denote by
L (Q) = {u: Q — R; that u is measurable, and 3C' > 0 such that |u(t)| < C p.p. on Q},

the space of those bounded LEBESGUE complex-valued measurable functions u on 2. We note

1
lll = ( / |u<s>|ﬁds) and Jull o = ess sup [u(t)].
Q

a<t<b

Here ess sup |u (t)| is the essential maximum of the function |u ()| [see, for example, NIKOL’SKIT
a<t<b

[30], p. 12-13].
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As in [23], consider the space X? (), of those complex-valued LEBESGUE measurable

functions u on €2 for which ||u[| x» < 0o, where the norm is defined by:

ds\ »
= (/ |s“u (s)]” —S) < 00,
(& Q 8

for 1 < p < o0, ¢ € R. For the case p = oo;

[l

|l yoo = €ss sup [t|u ()], c € R.
¢ a<t<b

By C (2) we denote the BAnacH space of all continuous functions from € into R with the

norm:

Jull, = sup [u(?)].
a<t<b

1.3 Special Functions of Fractional Calculus

In this section, we present the functions EULER gamma, Beta and MI1TTAG-LEFFLER. These

functions play an important role in the theory of fractional calculus.

Euler Gamma Function

As we will explain later, the EULER gamma function is intrinsically tied to fractional calculus
by definition (see the sections . The simplest interpretation of the EULER gamma
function is simply the generalization of the factorial for all real numbers.

Firstly, we give the MELLIN transform definition, which has an important role in the

definition of EULER gamma function.

Definition 1.1 (Mellin transform [23]) The MELLIN transform of a function u (t) of a
real variable t € R = (0,00) is defined by:

(Mu) (s) = Mu(t)] (s) =u"(s) = /000 tlu () dt, Re(s) >0,

and the inverse of MELLIN transform is given for t € R* by the formula:
1 y+ioco
(M) (1) = M ()] (1) = —— / £-%u* (s)ds, v = Re (s).
270 )y —ioo
The direct and inverse of MELLIN transforms are inverse to each other for "sufficiently good"

functions u and v,

M IMu=u, and MM v =0,
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The definition of the EULER gamma function is given as follows:

Definition 1.2 ([23]) The EULER gamma function is defined by the so-called EULER integral

of the second kind and is given with a direct MELLIN transform formula, as follows:

I'(a) =M [e] (a) = /000 s le5ds, (1.1)

1 _ 6(ozfl) In(s

where s*~ ). This integral is convergent for all complex Re () > 0, with T' (1) = 1,

['(07) = +oo, I' («) is a monotonous and strictly decreasing function for 0 < a < 1.

The "beauty" of the EULER gamma function can be found in its properties. First, as seen
in property this function is unique in that the value for any quantity is, by consequence
of the form of the integral, equivalent to that quantity o minus one times the EULER gamma

of the quantity minus one.

Property 1.1 ([23]) An important property of the EULER gamma function I' («) is the fol-

lowing recurrence relation:
I'(a+1)=al (a), Re(a)>0, (1.2)
when we can demonstrate by an integration by parts, as follows:
Fa+1)= /OO s%e ds = [—so‘e_s}zo + a/oo s le *ds = al' ().
0 0

Definition 1.3 ([23]) The PocuuaMMER symbol («), is defined for complex o € C and

non-negative integer n € N by
()g=1, and (o), =a(a+1)---(a+n—-1), ne N (1.3)
Note that (1), = n!.

Property 1.2 ([23]) Using the last definition and relation (L2) , the EULER gamma function
is extended to the half-plane Re (a)) <0 by

I'(a+n)
(@),

Here (), is the POCHHAMMER symbol.

I'(a) = , Re(a) > —n, forne N, Re(a) ¢ Zy ={...,—3,-2,—1,0}. (1.4)

For a better understanding, the graph of the EULER gamma function y = I"(¢) for real

values of ¢ is given in figure (1).
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Figure 1 Approximation of Euler gamma function

Figure (1) demonstrates the EULER gamma function at and around zero. Note that at

negative integer values, the EULER gamma function goes to infinity.

Property 1.3 ([23]) The EULER gamma function generalizes the factorial because
F'n+1l)=nl'(n)=n(n—-1)---T'(1) =nl, Vn €N,

also, from ([L3)) and ([L4), we get

F'(n+1)

=T

, which implies that T (n 4+ 1) = n!,

for any n € N.

Beta Function

Beta function, also known as the EULER integral of the first kind, is an important relationship

in fractional calculus.

Definition 1.4 ([23]) The Beta function is a type of EULER integral defined by:

1
B (p.q) / & (1= 5 ds, p,q e C\Z;, (1.5)
0

Property 1.4 ([23]) For all p,q € C\Z,, we have:

I'(p)T (q)

Ttq) (1.6)

B(p,q) =
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Equation (L6]) provides the analytical continuation of the Beta function to the entire
complex plane via the analytical continuation of the EULER gamma function. It should also

be mentioned that Beta function is symmetric, i.e.,

B(p,q) = B(q,p), Vp,q € C\Z; .

Mittag-Leffler Function

The MiTTAG-LEFFLER function is an important function that is widely used in the field of
fractional calculus. Just as the exponential naturally arises out of the solution to integer
order differential equations, the MiTTAG-LEFFLER function plays an analogous role in the
solution of non-integer order differential equations. The generalization of the single-parameter
exponential function has been introduced by G. M. MiTTAG-LEFFLER [2§] and is designated

by the following definition:

Definition 1.5 ([23]) The standard definition of the MITTAG-LEFFLER function is given by

Ea (t) = kz_o m, a > 0. (17)

It is also common to represent the MITTAG-LEFFLER function in two arguments, o and (3.

Such that

+o0 k
t
E.53(t) = —, a, 3> 0. 1.8
0= gy o (1.9
The last relation is the more generalized form of the function. For f = 1, we find the

relationship (L) .

Example 1.1 From the relation (L), we find that

+0o0 tk; +Ootk: .
Eii(t) = ST =) =
+o0 k +o0 k oo k+1
t t 1 t 1
Eia(t) = 3 = =2 i@t
12 (1) k:or(k+2) kz_%(lﬁ—l)! tkz_;(k+1)! t(@ ),

1.4 Basic Fractional Integrals and Derivatives

Our goal in this section is to introduce the methods and results used in our work. We begin

by giving the definitions of the fractional integrals and then fractional derivatives. Following
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that, we observe that - only - certain properties of classical derivatives can be generalized to
the fractional case. The majority of the definitions in this chapter are taken from [23] and

[35], which we refer to for a thorough analysis of the subject.

1.4.1 Riemann-Liouville Fractional Integrals and Derivatives

As is the case with the majority of introductory works on fractional calculus, we will follow
RIEMANN’s approach to propose a first definition of fractional integral. We will see that all
the definitions we have given are left definitions, and there are symmetrical versions on the
right. These are rarely used because they are anti-causal (they depend on the nature of the

functions).
I. The Riemann-Liouville Fractional Integral Operators

I.1 Functions defined on a bounded interval

Let [a,b] be a finite closed interval of the real axis R = (—o0,00), and let u be a measurable

continuous function on [a, ] in R. Let’s start by noting 7, the primitive of u, and we give

T (t) / w(s) ds. (1.9)

The iteration of Z}, allows to obtain the primitive second of u. Moreover, according to the

theorem of FUBINI,

T2ou(t) = z;+ozg+u(t):/: (/:u(T)dT> dSZ/:u(T) </Ttds)d7'
- /:(t—f)umdf.

The RIEMANN-LIOUVILLE’s approach is based on the Caucny formula (ILI0) for the n'” integral

which uses only a simple integration so as to provide a good basis for generalization.

I;‘+u(t):/at/:l.../atn_lu(tn)dtndtn1...dt1: ﬁ/t (t— )" Vu(s)ds. (1.10)

Now it is clear how to get an integral of arbitrary order. We simply generalize the CaucHy
formula (LI0) , the integer n is substituted by a positive real number « and the EULER gamma

function is used instead of the factorial:

1

T&u(t) = m/ (t —s)* " u(s)ds.

10



1.4. Basic Fractional Integrals and Derivatives

This formula represents the integral of arbitrary order o > 0, but it does not permit the
order o = 0 which formally corresponds to the identity operator. This expectation is fulfilled
under certain reasonable assumptions at least if we consider the limit for o — 0 (see [33]).

Hence, we extend the above definition by setting:
Tou(t) =ult).

Definition 1.6 (Left-sided Riemann-Liouville fractional integral [23]) The left-sided
RIEMANN-LIOUVILLE ’s fractional integral of order o > 0 of a continuous function u : [a,b] —
R s given by:

1

Tou(t) = m/ (t—5)* "u(s)ds, t € [a,b]. (1.11)

1.2 Functions defined on R and R*

It is natural to extend the definition ((ILITI) to the axes R and R*. Let us note these operators
7¢ and I resp.,
1 t

Tou (1) = m/_ (t— )" u(s)ds, t € R,

we give u : R — R is a continuous function, and

0w (t) = ﬁ/o (t— )" Tu(s)ds, t >0,

where v : RT™ — R is a continuous function.

1.3 Right-sided fractional integral

If we go back to the starting relationship (L9) for a function w : [a,b] — R, we can notice

that the integral
t b
Tru(t) :/ u(s)ds = —/ u(s)ds,
b t
is also a primitive of u, which this time involves the values to the right of w.

From the relationship:

/ (= s u(s)ds = (~1)" / (s =ty () ds,

we could define in the same way the right-sided integral of order n of u by:

VYt € [a,b], T u(t) = (7(1__1)17;! /1t (s — )" " u(s)ds.

11
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Definition 1.7 (Right-sided Riemann-Liouville fractional integral [23]) The right-sided
RIEMANN-LIOUVILLE ’s fractional integral of order o > 0 of a continuous function u : [a,b] —
R s given by:
Tru(t) = =—— /b (s —t)* Tu(s)ds, t € la,b]. (1.12)
t

The extension on [a,+00) and R is noted I¢ :
) = i [ G0t ) d
“u(t) = =—— s — u (s) ds.
I'(a) J;

II. The Riemann-Liouville Fractional Differential Operators

The definition of fractional integrals is very straightforward and there are no complications.
A more difficult question to deal with is how to define a fractional derivative. There is no
formula for the n'* derivative analogous to (LI0) so we have to generalize the derivatives
through a fractional integral.

If & > 0, we denote [a] the integer part of «, [«] is the unique integer satisfying

[a] <a<[a]+ 1.

2 .
4> 0 T!, we can define a fractional

Let u : [a,b] — R. From the classic relationship % = £

derivative of order 0 < o < 1 by:

da d 11—«
- = — 0 .
dte— dt T
More generally, if & > 0 and if n = [a] 4+ 1, we can put:
d“ d\"
— = = nre. 1.13
dte (dt) ©Far (1.13)

We obtain exactly the left-sided RiIEMANN-LIOUVILLE’s fractional derivative.

Definition 1.8 (Left-sided Riemann-Liouville fractional derivative [23]) The left-sided
RIEMANN-LIOUVILLE s fractional derivative of order o > 0 of a continuous functionu : [a,b] —

R s given by:

n—a)

RLDS o (£) — (%)n o T (1) = r(; <%)n/at (t— )" Vu(s)ds, n = [a] + 1.

As n = [a] 4+ 1, this formula includes even the integer order derivatives. If « = k € N,

then n = k + 1, and we obtain:

RLDE  (t) = % (%) /a u(s)ds = d;—tlgt), Vit € [a,b]. (1.14)
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1.4. Basic Fractional Integrals and Derivatives

If we note that #2D 7 = T u(t), we get #2DY, u (t) = u(t). We can write both fractional
integral and derivative using one expression and formulate the definition of the RiEmaNN-
LiouviLLE’s differ-integral.

Moreover, we saw that the definition (L) of integrals on the right was associated with

—d%. The preceding reasoning thus leads to the following definition:

Definition 1.9 (Right-sided Riemann Liouville-fractional derivative [23]) The right-
sided RIEMANN LIOUVILLE-fractional derivative of order o > 0 of a continuous function
w: [a,b] — R is given by:

e d\" n—ao (_1)” d\" ’ n—a—1
BLDe o (t) = (_E) oI u(t) = Tnoa) (E) /t (s — 1) u(s)ds, n= o]+ 1.

Now, if u : R — R, the preceding definitions are generalized directly and are called

L1oUVILLE derivatives.

Definition 1.10 (Left-sided Liouville fractional derivative [23]) Let o > 0, and n =
[a] + 1. The left-sided L10UVILLE fractional derivative of order o of a continuous function

u: [a,b] — R is given by:

1 d\" [*
teR, FEDoy(t) = ——— | — / T ds.
eR WD) = o (5) [
Definition 1.11 (Right-sided Liouville fractional derivative [23]) Leta > 0, andn =
[a] + 1. The right-sided LIOUVILLE fractional derivative of order o of a continuous function

u: [a,b] — R is given by:

vt € R, BEDY (t) = % (%)n/tm (s — )" u(s)ds.

According to (LI3) and (ILI4)), all these derivatives coincide with the usual derivatives
for integer orders:
RLpDn 4 — RLpn,, — u(n)7
Vn €N, o N
RLDn 4 = REDry = (—1)" u(™.

Property 1.5 ([23]) If a,5 > 0, then

o (t—a)’t = % (t —a)’ (1.15)
RLpe (t — )Pt = % (t—a)’ ", (1.16)

In particular, if B = 1 and o > 1, then RIEMANN-LIOUVILLE s fractional derivatives of a

constant are, in general, not equal to zero:

1

RLTy
DY l=—
T (1 - )

(t—a) .

13



1.4. Basic Fractional Integrals and Derivatives

1.4.2 Caputo-Type Fractional Derivatives

Moreover, if we go back to [a, b], the inversion of the compositions in the right side of (I.I3])

seems also reasonable to define a fractional derivative:

d® d\"
— =T — | . 1.1
dia ~ Tat ° (dt> (L1.17)

It should be noted, however, that this definition is less natural than the previous one, since
LoTlu(t)=u(t), while I}, o Lu (t) = u(t) —u(a),
This problem of terms of border (here u (a)) is in fact very often found in the fractional

calculation. The definition given by (IIT) is called the CapuTo’s derivative.

Definition 1.12 (Left-sided Caputo fractional derivative [23]) The left-sided CApUTO s
fractional derivative of order o > 0 of a function u € C™ ([a,b] ,R), where n = [a] + 1 is
given by:
A AN 1 t a1 AN\
“Deu(t) =1%o (E) u(t) = m/a (t —s) ! (E) u(s)ds,

also

Vi € R, OD%u(f) = ﬁ / L gt (%)nu(s) ds.

— 00

Let’s also define its analog on the right.

Definition 1.13 (Right-sided Caputo fractional derivative [23]) The right-sided CAa-
PUTO’s fractional derivative of order a > 0 of a function v € C™([a,b],R), where n =

[a] + 1 is given by:

CDE u(t) = T o (_%YU (1) = PE;—l_)na) /t (s gyran (%)nu (s) ds,

also

Vi € R, CD%u(f) = F((;—l_)na) /;oo (s —t)" ! (%)nu (s)ds.

Fortunately, the following result shows that they approach classical derivatives by lower

bound.

Lemma 1.1 ([35]) Let a € RT\N, be such that n = [a]+1. If u™ is a continuous function,

so almost everywhere
lim D% u(t) = u (),

a—n-—

lim D¢ wu () = (—1)"u™ ().

a—n-—
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1.4. Basic Fractional Integrals and Derivatives

Proof. As u(™ is a continuous function, according to [35], by posing 8 = n — «, we have:

5hm+ If+u(”) = o™,
—0

almost everywhere. The same reasoning applies for CD;‘,U. The proof is complete. m
If o« ¢ N and u (t) is a function for which the CApuTO’s fractional derivatives “D% u (t) and
“De u(t) of order v > 0 exist together with the RIEMANN-LIOUVILLE’s fractional derivatives

RLD 4 (t) and #FDg u (t), then, in accordance with (LII) and (LI2), they are connected

with each other through the following relations:

D (t) = BED o (t) — (t —a)* ™, where n = o] + 1,

T (k—a+1)
then
DY (t) = BED2u(t) | ifu(a) = (a) = - = u" Y (a) = 0.
Also
ol ) (p
CDIC;:U (t) = RLDgiU (t) — 1_‘(]:_—(5{_)*_1) (b — t)k_a s where n = [Oé} + ]_7
k=0
then
D (t) = LD (t) , if u(b) =/ (b) =---=u""V(b) =0

Property 1.6 ([23]) If o, 5 > 0, then
“pe (t—a)’ ! = -Elgil—-(t-a)ﬂ—a—l.

In particular, if 5 =1, we get
“Do1=0.

1.4.3 Hadamard-Type Fractional Integrals and Derivatives

In this part we present the definitions and some properties of the HADAMARD-type fractional
integrals and fractional derivatives. Some of these definitions and results were presented in
SamKo et al. [35].

Let [a,b] (0 < a < b < o0) be a finite or infinite interval of the half-axis RT. We consider

the left-sided and right-sided integrals of fractional order v > 0 defined by:

15



1.4. Basic Fractional Integrals and Derivatives

Definition 1.14 (Left-sided Hadamard fractional integral [23]) The left-sided
HADAMARD ’s fractional integral of order a > 0 of a continuous function u : [a,b] — R is

given by:

ey (1) — ﬁ/t (log é)alu(s)%, telab. (118)

Definition 1.15 (Right-sided Hadamard fractional integral [23]) The right-sided

HADAMARD ’s fractional integral of order a > 0 of a continuous function u : [a,b] — R is

given by:

ATou(t) = ﬁ/tb <10g %)alu(s) %, t € la,b].

Respectively. When a = 0 and b = oo, these relations are given by:

1 t A ds
He (1) = — 4 >0
T =i [ (022) 0D >0

and
1 o syt ds
Hra _ _ —
I_u(t)_F(a)/t <10gt> u(s) ) t > 0.

Definition 1.16 (Left-sided Hadamard fractional derivative [23]) The left-sided
HADAMARD’s fractional derivative of order a > 0 of a continuous function u : [a,b] — R is

given by

Doy (1) = ﬁ (t%)n/: (logé)nalu(s)%, telab], n=la]+1. (L19)

Definition 1.17 (Right-sided Hadamard fractional derivative [23]) The right-sided
HADAMARD’s fractional derivative of order a > 0 of a continuous function u : [a,b] — R is

given by

ADe () = ﬁ (—t%)n/tb <log ;)nalu(s) %, t €la,b], n=[a]+ 1.

Respectively. For n = [a] + 1, when a = 0 and b = oo, these relations are given by:

1 A\" [t t\" L ds
Hpae = —|t— / log — —, t>0
o+ (¢) I'(n—a) ( dt 0 %8 u(s) S

1 d\" [ s\n—a-1 ds
HDa — —t— / log — —, t 0.
Zut) I'(n—a) ( dt) ’ (Ogt> u(s) st

and
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1.5 Generalized Fractional Integrals and Derivatives of
Katugampola

A recent generalization in 2011, introduced by Upita Katucampora [22], combines the
RIEMANN-LIOUVILLE’s fractional integral and the HApAMARD’s fractional integral into a sin-
gle form (see [23]). The generalized fractional integral #Z% u of order o > 0 of a function
u € XPa,b] for —oo < a < b < +00, is now known as KATucAMPOLA’s fractional integral, it

is given in the following definition.

Definition 1.18 (Katugampola fractional integral [22]) The left-sided (resp. right-sided)
generalized fractional integral of KATUGAMPOLA of order a > 0 of a function u € XP? [a,b] is

defined by:

1—a  pt o1
/ 5 Lu(s)
T t) = d >0, t b 1.20
( a+U)( ) F(Oé) /a' (tp _ Sp>1_a 57 p ) e [CL7 ]7 ( )
respectively
11—« b p—1
/ 5 u (s)
PIu) (t) = ds, p>0,té€la,b. 1.21
ez 0 = foy | ot 0> 0 e o (121
These are the fractional generalizations of the n-fold left-sided and right-sided integrals
of the form
t S1 Sn—1
/ st / sht / w(8y) dspds,_1 ... dsy,
and

b b b
1 1
/ st / s / u(8y) dspds,_1 ... dsy,
t S1 Sn—1

for n € N, respectively.
When b = 0o, the generalized fractional integral of Katucampora is called a L1oUVILLE-
type integral and the case a = oo is referred to as the WevL-derivative [36].

Now, consider the generalized fractional derivatives of KaATucampora defined below.

Definition 1.19 (Katugampola fractional derivatives [19]) Let a,p € RT, and n =

[a]+1. The KATUGAMPOLA ’s fractional derivative corresponding to the KATUGAMPOLA'’S frac-

tional integral (L20) (resp. (L21) are defined by:

o pd ! n—ao painJrl _,d "t s~y (S)
D (t) = (tl p%) (PZru) (t) = T (tl p£> / (tp—a_nﬂds, (1.22)

_ SP)

respectively
. DAY (e P (AT P ()
’Dy-u(t) = (_tl p%) ("Zy=u) () = T(n—a) (_tl p@) /t md&

17



1.5. Generalized Fractional Integrals and Derivatives of Katugampola

When p = 1 we arrive at the standard RIEMANN-LIOUVILLE’S fractional integral (resp.
derivative) definition [1.6] (resp. [L.§).
Using L’HOsPITAL’S rule to the KaATuGAMPOLA’S fractional integral (L20), when p — 0

we have:

l—a  pt  op-1
lim (PZwu)(t) = lim P /(: u(s)

p—0t p—0t I’ (OZ) p— Sp)lia

1 t— 5o\
- - : p—1
B F(oz)/a plif(I]lJr( p > S u(s)ds

[ et)

This is the famous HaADAMARD’s fractional integral (ILI8)). Similarly, when p — 07, we find

the HADAMARD'’s fractional derivative (LI9) . (For more explanations see [19]-[22]).

This could all be summed up in the following theorem:

Theorem 1.1 ([19]-[22]) Let o, p € RT, then

i (230 (1) = T () = = [ (=97 u)ds

lim (T2 () = T = s / (1og§)aluf>ds,

t (30 () = gl = i (1) [ s
i (D0 () = D) = o (1) [ (logé)n_a_l““)d

Remark 1.1 we have the same result for the right-sided case.

1.5.1 Properties and Preliminary Results on Half-Axis R"

Let [a,b] C R, be a finite closed interval on the half-axis R*.

Remark 1.2 ([7], [8]) As an example, for a,p >0, and > —p, we have:
a—1 ®
p— T (1 + p)

_ H
F(l oz+p>

DY =

T (1.23)

In particular

ngJP(a_m) =0, foreachm=1,2,...,n.

18



1.5. Generalized Fractional Integrals and Derivatives of Katugampola

Stmilarly, we have:

—a ©
P F(l—l—p

) P Y > —p. (1.24)

PO ph
o+
F(l—l—oz—k%)

Remark 1.3 When p = 1 and p > —1, we obtain the RIEMANN-LIOUVILLE’S fractional
integral (resp. derivative) of the power function given by [35], [33], 23], [13],

1z'a = r (1 + M) pta
otv — )
Fl+a+pup)
respectively
r
1D8+tu — ( + ILL) b—o
L(l—a+p)

Lemma 1.2 ([7], [8]) Letp > 1, ¢ > 0. Then
C'la,b] — XP[a,b],
and far all uw € C'la,b], we get

1
xr < ulleg s V0 < (pe)re

[[ul
In the sequel, a, b, o, n, p, and c are positive real constants such that
p>1, n=[a] +1, anda<b§(pc)?lc.

We express some properties of KATucAMPOLA’s fractional integral and derivative in the

following results.
Theorem 1.2 (Index property [19]) Let o, 5,p > 0. Then for any u € C'|a,b], we have:
P2 0T u(t) = PTut)

and

DY, pr+u(t) = pDZ‘f’Bu (t), forall0 < a,f <1.
Theorem 1.3 (Inverse property [19]) Let o, p > 0. Then for any u € C'a,b], we have:
PDe PTu(t) = u(t), foralla € (0,1). (1.25)

Theorem 1.4 (Linearity property [19]) Let a € (0,1), and p > 0. Then for any u,v €
C'|a,b], we have:
PDY (u+v) () = PD%u(t) + PD:o(t),

(1.26)
Ly (u+w) () = PIvu(t) + L v (1) -
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Remark 1.4 ([7], [8]) Let o, p > 0. Then for any u € C[a,b], we have:

PTL, (tl_p%) u(t)=u(t)—ul(a), (1.27)
and
PTu(t) = (tlpi) PTO (1) . (1.28)

Theorem 1.5 (Mellin transforms [21]) Let o, p > 0. Then for any u € C'[a,b], we have:
p°T (1 — i + a)
r(1-3)

Remark 1.5 ([23]) When p =1 and o = m € N, we obtain the arbitrary MELLIN transform

MPDu ()] (s) =

(Mu) (s — pa), s < p. (1.29)

of the usual deriwative of a function u,

M {%u (t)] (s) = % (Mu) (s — m) . (1.30)

This equation is valid for u € C™ (R*), such that u(™ (t) € L' (R*).

1.6 Studies and Results of FDE’s Solutions

Recently, some results dealing with the existence, uniqueness and multiplicity of real or
positive solutions of nonlinear fractional problems have appeared. Quoting on this subject
the work [6], Bar and Lt used some fixed point theorems on a cone to show the existence

and multiplicity of positive solutions for a DIRICHLET-type problem of the nonlinear FDE:

Dgu(t)+ f(t,bu(t) =0, 0<t <1,
u(0) =wu(l) =0,

where D, u is the standard RiEMANN-LIOUVILLE’s fractional derivative of order 1 < o < 2
and f:[0,1] x [0,00) — [0, 00) is a continuous function.

In [9], BENcHOHRA and LAZREG applied the BANACH’s contraction principle, SCHAUDER’S
fixed-point theorem and LERAY-SCHAUDER type to show the existence and uniqueness of

solutions for an initial value problem of the nonlinear implicit FDE:

“Doiu(t) = f(t,u(t), °Dsu(t)), t€[0,A], A>0, 0 <a <1,
u (0) = uyp,
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1.7. Fixed Point Theorems

where CD(‘)Eru is the CApUTO’s fractional derivative, f : [0, \] x R xR — R is a given function,
and ug € R.
In a recent work [20], KaTucampora studied the existence and uniqueness of solutions

for the following initial value problem:

¢Diru(t) = f(tu(t), a>0,
DFu(0)=ul? k=1,2,..,m—1

Y )

where m = [o], .D§, is the CapuTO-type generalized fractional derivative, of order «,

and f: G — R is a given continuous function with:
m—
k=

In [29], MurAD and HaDID, by means of SCHAUDER’s fixed-point theorem and the BaNaAcHs

G:{(t,u) t€0,h"],

<K, K,h*>0}.

contraction principle, considered the boundary value problem of the FDE:

D u(t) = f( u(t), D0+u()>,te(0,1), l<a<2 0<f<1
uw(0) =0, u(l)= Zju(s), 0 <y <1,

where D, u [resp. Z¢u] is the RIEMANN-LIOUVILLE’S fractional derivative (resp. fractional

integral), and f : [0,1] x R x R — R is a continuous function.

1.7 Fixed Point Theorems

In the remainder of this section, we introduce the notations, definitions and theorems neces-

sary for this study.

Definition 1.20 ([I]) Let E be a real space. Then the set of all convex combinations of
u,v € F is the set of points

{w, € E:w, =(1—0)u+ov, 0<o<1}. (1.31)

Also, P C E is said to be convex provided that the given two points u,v € P; the set (L31))
1s a subset of P.

Definition 1.21 ([14]) Let E be a real BANACH space. A nonempty closed convex set P C E
18 called a cone of E if it satisfies the following conditions:

(i) w € P, 0 > 0, implies ou € P.

(ii)) uw € P, —u € P, implies u = 0.
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1.7. Fixed Point Theorems

Definition 1.22 (Equicontinuous [6]) Let E be a Banacu space. A part P in C (E) is

called equicontinuous if
Ve>0, 30 >0, Vu,v e E, VA€ P, |lu—v||<d=|A)—AW)| <e.

Theorem 1.6 (Ascoli-Arzela [1]) Let E be a compact space. If A is an equicontinuous,

bounded subset of C' (E), then A is relatively compact.

Definition 1.23 (Completely continuous [14]) We say A : E — E is completely con-
tinuous if for any bounded subset P C E, the set A (P) is relatively compact.

Definition 1.24 ([1I5]) Let E be any space and A a map of E, or of a subset of E, into E.
- The map A is called a contraction mapping if there exists k € (0,1) such that

Vu,v € B, ||Au— Av|| < k|lu—v|.
- A point uw € E is called a fixed point for A if Au = u.

Lemma 1.3 (Gronwall [16]) Let u(t) and v (t) be nonnegative, continuous functions on

0 <t <\, for which the inequality:
t
u(t) < ,u+/ v(s)u(s)ds, 0 <t <A,
0

holds, where 11 is a nonnegative constant. Then:

w(t) < pexp (/Otv(s)ds>, 0<t<A

For subsequent applications, the following fixed-point theorems are fundamental in the

proofs of our main results.

Theorem 1.7 (Guo-Krasnosel’skii fixed point [25]) Let E' be a BANACH space, P C E
a cone, and 1, Qs two bounded open balls of E centered at the origin with Oy C . Suppose
that A : PN (Qg\Ql) — P 15 a completely continuous operator such that either

() [|Aull < ||u||, w € PN OQ and || Aul| > ||u]|, w € P NN, or

(i) || Aul| > |||, v e PN Oy and || Aul| < ||u|l, v € PN 0Oy,

holds. Then A has a fized point in PN (QQ\Ql) )

Theorem 1.8 (Banach’s fixed point [15]) Let P be a non-empty closed subset of a Ba-

NACH space E, then any contraction mapping A of P into itself has a unique fized point.
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Theorem 1.9 (Schauder’s fixed point [15]) Let E be a BANACH space, and P be a closed,
convexr and nonempty subset of E. Let A: P — P be a continuous mapping such that A (P)

is a relatively compact subset of E. Then A has at least one fixed point in P.

Theorem 1.10 (Nonlinear Alternative of Leray-Schauder type [15]) Let E be a Ba-
NACH space with P C E be closed and convex. Assume U is a relatively open subset of P with
0€U and A:U — P is a compact map. Then either,

(i) A has a fized point in U; or

(ii) there is a point uw € OU and p € (0,1) with u = pA (u).
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Chapter 2

Partial Differential Equations With

Fractional Operators

In this chapter we will introduce some notions of fractional differential equations and fractional-
order’s partial differential equations. We will as well present the notions of the self-similar so-
lution and apply them to the fractional-order’s partial differential equations, then we present
some principles to calculate generalized self-similar solutions, and we give the main theorems

of our work.

2.1 Introduction to Fractional-order’s PDEs

Fractional-order’s partial differential equations (FPDEs) are generalizations of classical par-
tial differential equations. They have been of considerable interest to the recent literature. A
considerable attention has been especially devoted to these topics in the fields of viscoelastic-
ity materials, electrochemical processes, dielectric polarization, among others. Increasingly,
these models are used in applications such as fluid flow and finance.

The solutions of FPDEs play an important role in the proper understanding of qualitative
features of many phenomena and processes in various areas of natural sciences. Furthermore,
simple solutions are often used in teaching many courses as specific examples which illustrate

basic tenets of a theory that admits mathematical formulation.
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2.2 Definitions and Properties

What is a fractional-order’s partial differential equation?
To answer this question, we first recall some notions related to fractional differential

equations.
Definition 2.1 (FDEs [23]) A fractional differential equation is a relationship of the type
F(n,u(n),Du(n),Du(n),...) =0, a1,aq,...>0,

between the variable n € R, and the fractional derivatives of order ay, ao, ... of the unknown

function u at the point n. Here D®u presents a fractional differential operator of order o > 0.

Definition 2.2 (FPDEs) A fractional-order’s partial differential equation for the function
w is a relationship between w, the independent variables (ny,15,...,n,) € R™ and one or

more fractional derivatives Djlw, Dp2w, . ... ,Df;;Dg:w ..., that we can write in the form:
[e%] [65) a3z g —
F (w,nl,...,Dnlw,D%w,...,D%me...) —0, a1, q9,... > 0.

The symbol Dy w presents a fractional differential operator of order o at m;, 1 =1,2,...,n.

2.2.1 Self-Similar Solutions of Fractional Equations

In general, for some FPDEs which have the characterization of symmetries, (see for example
18], [32], [34]), we can determine the exact solutions with certain (finite or infinite) trans-
formations. Here, a FPDE becomes a FDE, in this case the solutions are called "self-similar
solutions" ([I0], [I7]), which often play a central role in the study of a FPDE, since it is
equivalent to these solutions to solve locally or globally.

Let

Diw = f(x,t,w,D*w, DPw,...), a>a; >ay>...>0, (2.1)

be a FPDE, and w = w (z, ) is a scalar function of space and time variables (z,t) € R?. The
symbol Dw presents a space-fractional differential operator of order «.

Self-similar solutions are very important in physics because they model phenomena that
are independent of the scale of measurement. We suggest finding the solution of the equation

(27)) in the following "self-similar" form:
w(z,t) = Nw Nz, A\t), (z,t) e Rx Ry, A >0. (2.2)
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On the basis of this consideration, we search the values of p,y € R, for which Aw (A\7z, At)
is a solution of the equation (21, for all A > 0 knowing that w is a solution of the same

equation.

Definition 2.3 (Self-similar [10], [17], [27]) A function which is invariant by a change
of scale in time is called "self-similar". The principle of the search for self-similar solutions

consists in replacing the form (2.2) in the equation (Z1)) , which makes it possible to transform
the FPDE (1)) in a FDE.

Remark 2.1 ([10], [11], [I7], [27]) In general, several forms of self-similar solutions exist.

To admit such solutions of the equation [2.JI) must check the so-called "similarity” conditions.

If we take for example A = 1 > 0, the self-similar solution (Z2) equivalent to

1
w(z,t) = —w (t%’ 1> =t""u(n), where n = t%’ (x,t) eRX Ry, p,vy€R. (2.3)

=
In this case, the function u, called the "basic profile," is not known in advance and is to be

identified.
To discuss the self-similar solutions, we should first deduce the equation satisfied by the

function u () in (Z3)) used for the definition of self-similar solutions.
Theorem 2.1 Let p,q,r,u,v € R, be such that
[ (z,t,w, D w, DS2w, ...) = t¥7 f (n,u, D*u, D*?u, .. .). (2.4)

If the similarity condition
¢+ p+(r—py=0, (2.5)

is satisfied. Then, the self-similar form (2Z3) is a solution of the fractional equation (2.1]), if
the basic profile u is a solution of following FDE:

D = f (n,u, D"u, D*u,...), where o > oy > g > ... > 0.
Proof. Let p,q,7, u,v € R, be such that the self-similar form (2.3]) satisfies (2.4]) . Then
Dow = Dot Hu (%) =P D (), (2.6)

where D*u presents a fractional differential operator of order a.

If we replace (2.6]), and (2.4) in the FPDE (21]) , we have:
DY (n) = Y f (), u, D u, D%, )

26
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then
D (,’7) — t(‘I"rl)N"F(T—p)’Yf (777 u, Doqu’ DOQU, N ) .

If the similarity condition (25 is satisfied, then the transformation:

we,t) = tu (), withn = .

reduces the fractional-order’s partial differential equation (2.I]) to the ordinary differential

equation of fractional order of the form
Dau <77) = f (777 u? Dalu’ Da2u, .. .) .

The proof is complete. m

2.2.2 Generalized Self-Similar Solutions of Fractional Equations

In the general case, we consider the FPDE (1) of space and time variables (z,t) € R x R, ,
which is

Diw = f(x,t,w, D*w, DPw,...), a>a; >ay>...>0. (2.7)

On the basis of this consideration, our main goal in this part is to determine the main
properties of the solution of the FPDE (27) , under the generalized self-similar form which
is:

w(x,t) =1 t)u(n), withn = (r,t) e R x R,. (2.8)

x
P (t)
The functions ¢ (t) and ¢ (t), depend on time ¢ and the "basic profile" u, are not known in
advance and are to be identified.

To discuss the generalized self-similar solutions, we should first deduce the equation sat-

isfied by the function u () in ([2:8)) as it is used for the definition of self-similar solutions.

Theorem 2.2 Let ¢ (t),v (t) € Ry are continuous functions, and p,q,r € R, be such that
the generalized self-similar form ([2.8]), satisfies

v ()
Diw = —=D%u(n), 2.9
) (29)
and
a1, a2 _ v (@) o, Ty
f(z,t,w, Df*w, DXw, . ..) = 0 f(n,u, Du, D*u,...). (2.10)
(pT
Then the transformation
w e, t) =¥ () ul), withn =~ for any (5,1) €R x Ry,
@
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reduces the fractional-order’s partial differential equation (21) to the ordinary differential

equation of fractional order of the form:
D% (n) = f (n,u, Du, D%u,...),
if and only if the generalized similarity conditions
g=-1, andp=r, orlp(t):gof;% (t) forq# —1, (2.11)
are satisfied.

Proof. Let p, g, € R, be such that the self-similar form (28], satisfies (2.9) and (210 .
If we replace (29), and (2.10) in the FPDE (27)) , we have:

L1 P ) B YR
¢p(t)D u(n) = ¢T(t)f(na , D u, D*u,...).

Consequently

D% (n) = %f (n,u, D**u, D%, ...).

From the condition (ZIT]), we get easily that the transformation (2.8) reduces the fractional-
order’s partial differential equation (27) to the ordinary differential equation of fractional

order of the form

D% (n) = f (n,u, Du, D%u,...).

The proof is complete. =

For a special case, if we choose
W (t) =t and p(t) =t7, for some pu,vy € R,
we have the classical self-similar solution (23], which is given by the following form:
w(x,t) =t *"u(n), where n = t%’ (x,t) eRx Ry, pu,v €R.
The condition (2ZIT]) is equivalent to the condition (23], which is:

(q+1)p+(r—p)y=0.
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2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

2.3 Generalized Self-Similar Solutions for Katugampola

FPDEs

Many problems and models in physics, chemistry, biology and economics are modeled by
partial differential equations of fractional order. We shall give in this part a basic example
of a class of nonlinear fractional equations (see [I1], [27], [32]), (which we are going to tackle

in this thesis), and they are written as follows:
"Dyrw = f (x,t,w, 'Diw D0+w ) ,a>f03>...>0, (2.12)

where w = w (z,1) is a scalar function of space variables z > 0, and time ¢ € R. The symbol
PDgw is the linear generalization of KATUGAMPOLA’s space-fractional derivative, that is given

in the following definition.

Definition 2.4 (Katugampola’s space-fractional derivatives [19]) Leta,p € RT, and
n = [a] + 1. The space-fractional derivative of KATUGAMPOLA for a scalar function w (z,t)

of space variable x > 0, and time t € R, is defined by:

" w(z,t) B .
o a=nc N
iDgew =9 (2.13)
0 P~ n+1 1-p d p— 1 p n—a—1 d
I'(n—a) ( ) f s ) w(syt) S, n—1<a<n.

The used differential operator of Katugamprora for a FPDE, generalizes the RIEMANN-
LiouviLLE’s and the HADAMARD’s fractional derivatives into a single form.
When p = 1, we arrive at the standard RIEMANN-LIOUVILLE’s fractional derivative (see

[T1]), which is:

ow mng(ff’t), a=n¢c N,
a n oro n—a—1
Oz F(nlfa) (%) fO (I - S) w (Sa t) dS, n—1<a<n.

When p — 07 we have the famous HADAMARD'’s fractional derivative for a scalar function w
of several independent variables (1, 7,,...,n,) € R", (see [23]).
Our main goal in this work is to determine the existence, uniqueness and main properties

of the solution of the FPDE (ZI2), under the generalized self-similar form (2.8]) .

Theorem 2.3 Let ¢ (t),1 (t) € Ry are continuous functions, and p,q € R, be such that

f (x t,w, YDirw D0+w > = Zﬁj ng< , "Dy u PD ) , (2.14)
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2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

for any (x,t) € R3. Then the transformation:

o)

reduces the fractional-order’s partial differential equation (212) to the ordinary differential

w(x,t) =1 (t)u(n), withn =

equation of fractional order of the form:
D U= f <77,u, *Deu, "Dl .. ) > 0. (2.15)
If and only if the generalized similarity conditions

p=1, and q=pa, or ¢ (t) =1 (t) forp#1, (2.16)

are satisfied.

Proof. The fractional equation resulting from the substitution of expression ([2.8)) in the
original PDE (2I2), should be reduced to the standard bilinear functional equation (see

[34]). First, for s = o We get:

e = S () [ ()

o (1)1 (1) p-mh1 Lod Y
T(n—a) ((W“” s@(t)dn)

/0 " (s ()7 (@ — (s (£)))" ™ u (s) ds

SO () [t
¥ (t)

= oy Poru(n). (2.17)
If we replace (Z14) and ([2I7) in (212]), we get easily
;fa(t(i) "Dgru(n) = :ﬁq—gtt;f (n,u (n), Dgu(n) , Do (n) ) .

If the condition (2I6) is satisfied, we get easily (ZI%]) . The proof is complete. m

2.3.1 Generalized Self-Similar Solutions for Nonlinear BVP

In this section, we study the existence and uniqueness of solutions of the following problem

of the nonlinear partial differential equations of space-fractional order [7], [12]:
PDw+ Bf (z,t,w) =0, BER, 1 <a<2, (z,t) € (0,X) x[0,7], (2.18)

30



2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

with the boundary conditions:
w(0,t) =0, w(X,t) =0, (2.19)
under the generalized self-similar form which is:
x
(1)

where f: [0, X] x [0,7] xR — R is a given function which satisfies the hypotheses of theorem

and ¢, € C'[0,7] — Ry, (2.20)

2.3 with finite positive constants X, T.

Existence of positive solutions

Let o, B, p,h, 7, T, L, X, A € Ry, be such that 1 < a < 2,0 < p < 1. We define the function:

bl (77)7 for ne [077_7]:

bn) =
"7 b, forne A,

where

(= (1) b = 22NN,

and 7 € (0, A) is the unique solution of the equation by () = by (7).
Also, we define Green’s function associated with the boundary value problem (2I8)-

(ZI9), (see lemma which is:

pl-agr—1 [ )\p _ Sp a— 1 P a—1 7 0<s<p< )\7
O G S AR
P [ W =) <n<s< A
and the constants:
Py, 1) 8> — (8 — 1)
. $L o+ 1) [ — (3~ 1)

h(8 —1)"[8 (a+ 1)+ 81 (a—1) (8 —1)]’
wp = / G (s,s)ds,
we = /Gss s)ds, where b = b (7).

We suggest some conditions on f, which allow us to obtain some results on the existence
of positive solutions to the boundary value problem (ZI8)-(219), under the generalized
self-similar form (220 .
Let f :]0,X] x [0,7] x [0,00) — [h,00) be a continuous function, with finite positive
constant h. We define
fr@) =@ () lim min L& o) = oo (f) lim min {@bw)

w—0t 0<z<X W > w——too 0<z<X W

* pa flztw) * — (AP 3 f(z.tw)
(0= (@) lm max S5, Fo () =@ Jim max 555
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2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

Theorem 2.4 (Existence of positive solutions) Let X, T € R, and let 1 < o < 2.
1) If wo f2 (t) > w1 F (t) holds for any t € [0,T], then for each:

Be (wafl )" (wiFy )71,

the boundary value problem (ZI8)-(2ZI9) has at least one positive solution under the gener-

alized self-similar form:

.
v (1)
2) If wafg (t) > wiFE (t) holds for any t € [0,T], then for each:

w(x,t):¢(t)u( ), forx € [0,X], and p,¢ € C[0,T] — R,. (2.21)

B ((wafs (1) (@1Fx (1))

the boundary value problem [2I18)-2I9) has at least one positive solution under the gener-
alized self-similar form (221 .

3) Suppose there exists ro > 11 > 0, such that

sup  max f(z,t,w) < M, vt € [0,7T],

0<w<p(t)r, 0=T<X = Bwipr (t)

and

in iy () ( x >
ocobbion T 0 2 rerm i o ) 701 € 0TI

Then, the boundary value problem (ZI8)-(2ZI9) has at least one positive solution under the

generalized self-similar form ([221) , with r; < % <7y

The proof of theorem is studied in detail in the third chapter.

Existence and uniqueness of real solutions

In this part, we assume that 5 € R and p >0, and f: [0, X] x [0,T] x R — R.

Theorem 2.5 (Existence and uniqueness of real solutions) Let o, X, T € R, , be such
that 1 < o < 2. Suppose that f (x,t,w) is a continuous function with respect to w on R, and
a LEBESGUE measurable function with respect to x on [0, X], Vt € [0,T]. If there ezists a

constant & > 0, such that

If (z,t,wy) — f (2, t,we)| < —wy|, for any (x,t) € [0,X] x [0,7T],

> |w1
P (t)
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2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

and there exists a constant p = 01<ni<nTg0 (t) > 0, such that
<t<

(o) T (0 +1)

81 < P

Then, there exists a unique solution of the boundary value problem (2I8)-@2I9) under the

generalized self-similar form:

w(x,t) :7#(@“(%)7 forz €[0,X], and ¢,v € C[0,T] — R,.

The proof of theorem is studied in detail in the third chapter.

2.3.2 Generalized Self-Similar Solutions for Nonlinear IVP

In this section, we study the existence and uniqueness of solutions of the following implicit

problem of the nonlinear partial differential equations of space-fractional order [§], [34]:
PDirw = f(z,t,w, ’Dyrw), 0 <a <1, (x,t) € (0,X] x[0,1], (2.22)

with the initial condition:

w(0,t) =0, (2.23)

under the generalized self-similar form ([2Z20) , where f : [0, X] x [0,7] x Rx R — R is a given
function which satisfies the hypotheses of theorem [2.3] with finite positive constants X, 7.
Now, we give our existence and uniqueness results of the initial value problem (2:22)-
[223) . We suggest the following hypotheses:
(H1) f:[0,X] x [0,7] x R x R — R is a continuous function.

(H2) There exist two constants o, 5 > 0, where < 1 such that:
]f(:v,t,w,z) - f(%,t,ﬁ),gﬂ < 0'|’LU —’LZ}’ +B‘z_§’7

for any w, z,w, 2 € R and (x,t) € [0, X] x [0,7T] .

(H3) There exist three positive continuous functions a, b, ¢ such that:

Pl so () w5 lul+ e ()14,

for any (z,t) € [0, X] x [0, 7] and w, z € R, where

o (t) > @>0, for any t € [0,T].
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We denote:
a* b*
My= — M = —
0 1— C*’ and 1 1 C*’

where

x x
a* = sup maxa|—— ], b*= sup maxb (—) ,
€[0,X] t€[0.T] <90 (t) ) veo.x 071 \ @ (t)

¢ = sup max c (L) , with ¢ < 1.
z€[0,X] t€[0,T] ¥ (t)

Theorem 2.6 (Existence and uniqueness of solutions) Let a,p, X, T € R,, be such
that 0 < a < 1.

1) Assume that hypotheses @—@ hold. Then, the initial value problem ([222))-(223) has
at least one positive solution under the generalized self-similar form:

w(x,t):w(t)u(ﬁ

2) Assume that hypotheses (H1)-(H3) hold. If we put

) , forz €[0,X], and ¢,v € C[0,T] — R,. (2.24)

My XP
(p?)*I' (4 1)
Then, the initial value problem (2.22)-2.23) has at least one positive solution under the
generalized self-similar form ([2.24) .

3) Assume the hypotheses (H1), (H2) hold. If

<1

o XPr
=B (e Ta+1) -
Then, there exists a unique solution of the initial value problem ([222)-([223)) under the gen-
eralized self-similar form (2.24)) .

1.

The proof of theorem is studied in detail in the fourth chapter.

2.3.3 Generalized Self-Similar Solutions for Nonlinear ICP

In this section, we study the existence and uniqueness of solutions of the following problem

of the nonlinear partial differential equations of space-fractional order [29], [34]:
"Dyrw = f <$,t,w, §D5+w> , (z,t) € ]0,X] x 0,77, (2.25)

with the integral condition:

(92,7 %w) (07,t) =0, (2.26)

34



2.3. Generalized Self-Similar Solutions for Katugampola FPDEs

under the generalized self-similar form (2.20) . Here 0 < f < a < 1, f : [0, X] %[0, T|xRxR —
R is a given function which satisfies the hypotheses of theorem with finite positive
constants X, T

Now, we give our existence and uniqueness results of the problem (2:25]) with the integral
condition (2.26) . We suggest the following hypotheses:

(H1) f:[0,X] x[0,7] x R x R — R is a continuous function.

(H2) For all 0 < < a < 1, there exist two constants o,y > 0, where v < %
such that:

]f(x,t,w,z)—f(a:,t,zb,%)] SU”(U—’LD|—|—’)/|Z—2|7

for any w, z,w, 2 € R and (x,t) € [0, X] x [0,7T] .

(H3) There exist three positive continuous functions a, b, ¢ such that:
x x x
Pt <a ) w0 ()l e (5 )
(1) (1) (1)
for any (z,t) € [0, X] x [0, 7] and w, z € R, where

o (t) > @>0, forany t € [0,T].

We denote: s
v ) Tsa-pa
(p@p)a*ﬁ pre= AT (1+a—p) — cx X pla=B)’
and y
YA Ui M U ) L

()" T (1+a = ) — e Xl
where 0 < f < a <1, and

| (7)) v ' (50)
a® = sup maxa|—— |, b" = sup max —,
x€[0,X] t€[0,T] @ (t) x€[0,X] t€[0,T] e (t)
(pp")* T (1+a—p)
X rla—B) ’

¢* = sup max c (L) , with ¢* <
z€[0, X tEOT]  \ (t)

Theorem 2.7 (Existence and uniqueness of solutions) Let o, 3,p, X, T € R, be such
that 0 < B < a < 1.
1) Assume that hypotheses (H1)-(H3) hold. Then, the problem (2.28) with the integral con-

dition (2.208) has at least one positive solution under the generalized self-similar form:

xz

w(x,t):w(t)u(m

) , forz €]0,X], and ¢,v € C[0,T] — R,. (2.27)
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2) Assume that hypotheses (H1)-(H3) hold. If we put

M, Xre
(ppr)* T (a+1)

Then, the problem (Z25]) with the integral condition (Z26]) has at least one positive solution

<1

under the generalized self-similar form (227)) .

3) Assume the hypotheses (H1), (H2) hold. If
oXPT (14 a — f)
T(a+1)|(p2?) T (1+a— B) — 7 (ppr)” Xela—s)

< 1.

Then, there exists a unique solution of the problem (Z25) with the integral condition (2.20])
under the generalized self-similar form ([227) .

The proof of theorem is studied in detail in the fifth chapter.
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Chapter 3

Existence of Solutions to a Nonlinear

Boundary Value Problem

This chapter has been published in: Journal of Mathematics and Applications 42 (2019), (see [7]).

3.1 Introduction

This chapter deals with the existence and uniqueness of generalized self-similar solutions for a
boundary value problem of nonlinear FPDE with generalized fractional derivative. The main
results are proved by means of GUO-KRASNOSEL'SKII's (theorem [1.7) and Banaci’s (theorem
fixed point theorems. The used differential operator is developed by Katucampora. For
application purposes, some examples are provided to demonstrate the applicability of our
main results.

This chapter will be dedicated to the existence and uniqueness of solutions of the following

problem of the nonlinear FPDE [7], [12]:
PDew + Bf (z,t,w) =0, 1 <a <2, (z,t) € (0,X) x[0,T7], (3.1)
with the boundary conditions:

w(0,t) =0, w(X,t) =0,

37



3.2. Definition of Integral Solution

under the generalized self-similar form which is:

w(x,t) =9 (t)u(n), with n = and p,¢ € C[0,T] — Ry, (3.2)

x
m7
where § € R, and f:[0,X] x [0,7] x R — R for some X,7T € R,, is a given function which
satisfies the hypotheses of theorem

Then the transformation (B.2)) reduces the fractional-order’s partial differential equation

B) to the ordinary differential equation of fractional order of the form:
"Doru(n) + Bf (n,u(n) =0, 0<n <A, (3.3)
supplemented with the boundary conditions:
u(0) =0, u(\) =0, (3.4)

where f : [0,A\] x R — R is a continuous function, with finite positive constant A\ = X@~1,

with @ = Oglti<nTg0 (1).

According to chapter [2| (subsection [2.3.1]), we discuss the existence and uniqueness of
solutions of nonlinear FDEs (B3) , with the boundary conditions (8.4 .

We obtain several existence and uniqueness results for the problem (B.3)-(34]) .

3.2 Definition of Integral Solution
In the sequel, A\, p,n and c are real constants such that
p>1,¢>0, n=[a]+1, and0<)\§(pc)ﬁ.

Now, we present some important lemmas which play a key role in the proofs of the main

results.

Lemma 3.1 ([7]) Let a,p € RT. Ifu € C'[0, )], then:

(i) The fractional equation *D§ u(n) = 0, has a solution as follows:
w(n) = CinP @V + ConP @™ 4. 4 O™ where Cp, € R, withm =1,2,...,n.
(ii) If PDy,u € C'[0,N] and 1 < o < 2, then:

PTS DSy u(n) = u(n) + Ci” @Y + Con? @2 for some Cy,Cy € R. (3.5)
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3.2. Definition of Integral Solution

Proof. (i) Let a, p € R*. From remark [1.2] we have:
ﬂDg“mP(a—m) =0, foreachm=1,2,...,n.
Then, the fractional equation *Dg, u (1) = 0, admits a solution as follows:
u(n) = C? ™V 4 Conf @™ ... CpP @™, C €R, m=1,2,.

(ii) Let #Dg.u € C'[0, A] be the fractional derivative (L22)) of order 1 < a < 2. If we apply the

operator *Z¢, to #D§ u (n) and use definitions 1.19, theorems , , and property
[28), we get

Te D) = (n d%) Te PDgu ()
- () [ [ [ )
- () e [ ff) e
- () [ (Lo = () o
+ ap / ! o1 (nf —s")* " (sl_p%) PIZu(s) ds)} .

From (L2]), we have
_ d —Q —
(sl p@) P2 %u(s) = P u(s) . (3.6)
On the other hand, from (L22), we have

d d\" (o
(s”@) YT u(s) = (S%) *TysVus) = DG tus) (3.7)

B d plfa n . d B pl—a pl-lJ:au(O+) B
D — [l p_ gp\eTl L pp2-a ds | — 0 pla—1)
utn = (104 ) (Fog [ 0 =t omeu sy as )T e,
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3.2. Definition of Integral Solution

where
Q = (771 d%) 1':) @ ([(77 — )P (s) |+ p(a— 1) /077 7L (g — s7)% T2 (s) ds)
(" d%) <F<a S” g — )T () ds — T ?3(*;“ <0+>np<a—1>>
(n d%) (PI“ 1’)Ig+au o ?Sg‘)u <0+)np(a1)>
o G G e
= u(n) - r- an(Ij+jllt)(0+) nPe=2)

Finally, for 1 < a < 2, we have:

p' = PTiu (01) PP Py (01)

P PDY _ _ pla—1) _ pla=2) 3.8
As
poT (1 + )
"Iyt = 't N > —p,
r (1 +a+ %)

we use ([3.6), (31), to prove that

p_(l_a)r (1 + p(agl)) pla—1)+(1-a)p a—1
D (1+(1—a)+220) 7 =G T ), (39)
p

pIé;a [pr(af?)} = O, ngﬂflnp(o"Q) =, ppgflnp((a*l)*l) =0, (3.10)

pIé;a [Cmp(afl)} =

for some C7,Cs € R, and

—(2—a) M)
p r <1 + p pla—1)+(2—a)p _ M (3.11)
T (1 N (2 - Oé) 4 p(a;l)) pQ—a

—(2—a) M)
P r <1 + p np(a—2)+(2—a)p — M. (3.12)
T (1 N (2 _ a) + p(a;2)) p2—a

1w [P d] =

T [Cape?] = G

Then, for u (1) = C17?@~Y + CynP®=2) | we have respectively:

PI[%;au (0+) — P_'Z'é;oz [Clnp(afl)} (0+) + pz‘é:a [0277,0(0472)} (O+) _ Clpl;_(aa)’ (313)
ngfau <0+> _ pIOQJ:a [Clnp(a—l)} (0+) + p:z'g:a [0277;)(&—2)} (0+) - %(3.14)
From (38) , (39), (310), 311) , 312) , (313) and (BI4) we get ([3.5) . The proof is complete.
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In the following lemma, we define the integral solution of the boundary value problem
B.3)-B.4) .

Lemma 3.2 ([7]) Let a,p € R*, be such that 1 < o < 2. We give *D,u € C[0, )], and
f(n,u) is a continuous function. Then the boundary value problem [B3)-B4) , is equivalent

to the fractional integral equation

A
wmzﬁAcNm@ﬂamam&neMM,

where
Gps)=3 @ [[jp e )1_1 N (3.15)
e PV =] 0<n<s<A

is the Green’s function associated with the boundary value problem (B.3))-(B.4) .

Proof. Let a,p € RT, be such that 1 < a < 2. We apply lemma to reduce the
fractional equation (3] to an equivalent fractional integral equation. It is easy to prove
the operator *Z¢, has the linearity property for all o > 0 after direct integration. Then by

applying *Z§, to equation (B.3) , we get
P15+ "Dyru(n) + B PLg f (n,u(n)) = 0.
From lemma [3.1] we find for 1 < a < 2,
PIg *Diu (n) = u(n) + Cin? ™Y + Cor?* 2,

for some C7,Cy € R. Then, the integral solution of the equation ([B.3) is:

wln) =~ [ ot ot (3.16)

The conditions ([B.4]) imply that:
u (0) = — lim Cyn @2 =0,
n—0
Then Cy = 0, also

. Bpte NP f (s, u(s)) A ypla-1)
u (M) = /0 Ve ds — CiA =0,

then

Bl [P f (s,u(s))
/\p(a—l)l—\(oo\/o ()\p _ Sp)lia ds
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The integral equation (B.16]) is equivalent to:

Iy P [T
0 0

u [
(77) 1'1 (Oé) ('I’]p . Sp)lfa Ap(a—l)l—\ (Oé) ()\p . Sp)lfa
Therefore, the unique solution of problem ([B.3)-(34) is:
-

prasrl ()\p—s”)
u(n) = /3/ | f(s,u(s))ds

[ (a)

o[ [¥(<2>-sp)} F s (5)) s

_ ﬁ/o G (1.5) f (s.u(s)) ds.

The proof is complete. m

3.3 Existence and Uniqueness Results

3.3.1 Existence Results of Positive Solutions

In this section, we assume that 5 > 0 and 0 < p < 1. We suggest some conditions on f,
which allow us to obtain some results on existence of positive solutions for the boundary
value problem [B3)-B4). Let f : [0,A] x [0,00) — [h,00) be a continuous function, with
finite positive constant h.

We note that u (1) is a solution of ([.3)-(3.4)) if and only if:

:5/0 G (n,5) f (s,u(s)) ds, 7 € [0, A].

Now we prove some properties of the Green’s function G (7, s) given in (315 .

Lemma 3.3 ([7]) Let 1 < a <2 and 0 < p <1, then the Green’s function G (n,s) given by
BI0) satisfies:

(1) G(n,s) >0 forn,s e (0,A).

(2) Joax, G (n,s) =G (s,s), for each s € [0, )]

(3) For any n € [0, A],

G(n,s) >b(n)G(s,s), for any % < s < Xandsomebe C[0,)\. (3.17)
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Proof. (1) Let 1 <« <2and 0 < p < 1. In the case 0 < n < s < A, we have:

l1—a p—1 0 a—1
% [”_ (- sp>] - 0.

Moreover, for 0 < s <7 < A, we have Z—Z < 1, then Z—Zsp < s” and n? — Z—Zsp > nf — sP, thus

0 77ppfnp P Iz 0 p n” p P o P pyo—1
U—VS—F(A —s) > —s" = VO\ — sP) — (=" >0,

which implies that G (1, s) > 0 for any n,s € (0, \).
(2) To prove that

p Spil sP ) ) a—1
OQ%G(U,S)—G(&S)—W[V(A —s>] vseA, (318

we choose

lfaspfl

P a-1 a— —agp— P a—1
91(77,3):W[[Z—p(>\p—3’))] = (" —s*) 1], 92(?773):%[27(”—3’))] :

Indeed, we put OIE&<X)\G (n,s) =G (n*,s), where 0 < n* < A. Then, we get for some 0 < 1; <
SNs

Ny < A, that
91 (77*, S) ) s € [07771] )
O%;LSXAG (77’ S) = max {gl (77*7 S) y 92 (77*7 3)} y 8 S [7717 772] )
g2 (77*78)7 s € [7727)\]7

where r € [1;,7,], is the unique solution of equation

*

51 (77*’ 3) = 02 (77*’ 8) = n =5,

which shows the equality (B.18]) .
(3) In the following, we divide the proof into two parts, to show the existence of b € C'[0, A],
such that

G (n,s) >b(n)G(s,s), for any % <s< A

(i) Firstly, if 0 <n < s < A, we see that % is decreasing with respect to s.

Consequently
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sP

(ii) In the same way, if 0 < s <7 < A, we have {5 < Z—Z <1, (Z—Z)a_Q > 1, Va € (1,2], and
pl—ocsp—l 77p a-1 o—1
G(n,s) = T(a) {V (AN = Sp)} — (" ="
(C% . 1) pl—asp—l X—Z()\pfsp)

= 124t
F (Oé) nP—sP

e L I (A )

a—1 sP ()\p — 77P>
N (N —sP)

(@=1)p s

= T (a) (W =)

As 0 < p <1, we get

A A
N —nf = p/ t7rdt > pA"P (A =), and N — s” = ,0/ t7tdt < psP (N —s).
n S

Therefore
a—1)pl—@sp—1 a—1 sP(A\P—nP) a—
G, GO e 0
Glos) = e [p -] N (N —sr) \s0
s(A—mn)
> —1
(=D =y

Finally, for s € [%, 7]] , we have:

Gns) _(a=1)(A—-n)
G (s, ) - 8\ = b2 (n).

It is clear that b; (1) and by (1)) are positive functions, and this is enough to choose:

pla—1) _

bn) = (%) , forne[0,7)],

" (a-1)(A\—n) _
o, fornpen, A,

where 77 € (0, \) is the unique solution of the equation b; () = b (1) . We see that

_ i Pla—1) —1D(\N=7
b(ﬁ)Sbe(ﬁ):<g) :(a E)i)(\ 77)<1forall77€[0,)\].
Finally, we have Vs € [%, )\],

G (n,5) 2b(n) G (s,s), Vne[0,A].

The proof is complete. =
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Lemma 3.4 ([7]) Let 1 < a <2 and 0 < p < 1, then there exists a positive constant

oc=1+

87 L (a + 1) [8°* — (87 —1)"]

h(8 —1)"[8 (a4 1) + 8@=1) (v — 1) (82 — 1)’

such that

Proof. As f (n,u

/A G (s,s) f(s,u(s))ds

The integral by part gives:

/A G (s,5) f (s,u(s)) ds

for some h, L > 0,

A A
/ G (s,s) f(s,u(s))ds < 0’/ G (s,s) f(s,u(s))ds. (3.19)
0 2
(n)) > h, for any n € [0, \], we get
Al p—]_ p a—1
pt%s s
> n| 2 |2 (v—s)| d
> P o]
8
> h /)\ pla—1) |: p—1 ()\p p)Oé—l] d
— s —pas - s s.
- Oépa)\p(a—l)p () A P
R[S 008 - ) et v ey
- a)\P a— I)F ( )
[ P P Sﬂ(ﬂ‘ ) _ o
S h _sp(/\a—fl) (V- g_p) pla—1) f AP z) HA = sf) ds]
- PN (a4 1)
S h _—gp(y,n ()\p - ) - Q—fo —p(a+1)s" (N —s7)7 ds]
- pNT (a +1)
S (R 1) [8(at+ 1)+ 8V (a—1)(8° —1)
— pe8eT (e + 1) 8 (a4 1) '

Then

p°87°T (v + 1)

87 (a + 1)

A (8 — 1)°

8 (a+ 1)+ 8le=1) (v — 1) (87 — 1)

1 /AAG(S,S)JC(S,U(S))CZS >1. (3.20)

On the other hand, if mnax f (n,u) is bounded for u € [0, 00) , then there exists Ly > 0, such
NS

that

|f (n,u

()| < Lo, Yy €[0,)].

In a similar way, if Jnax f (n,u) is unbounded for u € [0, 00), then there exists My > 0, such
A/

that

sup ~ max [f (1, u

(n))| < Ly, for some L; > 0.

0<u< My 0<n<A

In all cases, for L = max {Lg, L1}, we have:

/0§G<S7S)f(5,u(8))d8§[z/oéG(s,s)dsS

LA 8 — (87 —1)7]
grepel (a+1)
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From (B.20) , we get

/OG(S,S)f(S,u(s))ds = /Gss (s,u( ds+/ G (s,s) f(s,u(s))ds
LA [8 — (87 — 1)7]
pe8reT (o + 1)

’ paiQpa _ (Qp _ 1)«

28T (a + 1) 87 (o + 1)
WA (87 — 1) |87 (a+ 1) + 8/ (0 — 1) (8 — 1)

/A G (s,s) f(s,u(s))ds.

G (s,8) f(s,u(s))ds+

IA
oohr oo\y\

Thus
A

A
/0 G (s,s) f(s,u(s))ds < 0/ G (s,s) [ (s,u(s))ds.

A

The proof is complete. m

Let us define the cone P by:
_ b (n)
P=2ueCN lu@m) =" Jul., e} (3.21)

Lemma 3.5 ([7]) Let A: P — C'[0, ] be an integral operator defined by:

— 5 / (1,5) £ (5, (5)) ds, (322)

equipped with the standard norm
Mullo = max |.Au ()]
Then A(P) C P.

Proof. For any u € P, we have from BI7), (319) and (32I)), that

Au(n) = 5/0 G (1.5) f (s.u(s)) ds

Vv

A
Bb () / G (s,5) f (s, (s)) ds

557(77)/ G (s, s)f(s u(s))ds

00

v

AV
(=]
:AE
1A 5
/\
\
Q
?

o) ds)

b(n
> % ||Au||oo, Vi € 0,X].
Thus A (P) C P. The proof is complete. ®
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Lemma 3.6 ([7]) A: P — P is a completely continuous operator.

Proof. In view of continuity of G (1, s) and f (n,u), the operator A : P — P is continu-
ous.

Let © C P be bounded. Then there exists a positive constant M > 0, such that:
ull, < M, Yu e Q.

By choice

L = sup max su)| 4+ 1.
OgugMOSHSAV(n )|

In this case, we get Yu € €2,

()| = ‘6 [ et s suisnas
< /3/0 G (1,5) £ (5, (5))] ds

< BL/ G (s,s)ds
0

L A
< —pa?l“ @ /0 sP7H (A — sP)* s

BLAY
pel (+1)
Consequently, |Au (n)| < %, Vu € Q. Hence, A () is bounded.
Now, for 1 <o <2 and 0 < p < 1, we give:

1
ar @D
d(e)= (p)\pég)es) ’ , for some ¢ > 0.

Then Vu € Q, and 1y, 1, € [0, A], where n; < n,, and n,—n; < §, we find |Au (15) — Au (n;)] <
€.

Consequently, for 0 < s < n; <n, <A, we have:

pl—asp—l

a—1
pla-1) _ pla-)] (A — 8"
IW(OO [[nQ Ut } < Ap >

— | =)t = = )|

G(%»S) - G(nbs)

1—a p—1 AP — gP a-1
ps [p(a—l) p(a—l)] s

< - P
L@ > =0 < » >
l—ap—1
p-s [p(a—l) p(a—l)]

< —— — .
Iw(a) Ub) Ukt
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In the same way, for 0 <7, <s<n, < Aor0<n <n, <s< A we have:

l—ap—1
ps o o
G (1y,8) — G (1, 8) < —57—— [n’é( R ”] :

I ()
Then
A
Au () — Au ()] = '5 | 1609~ G911 (st as
A
< m/ G (13, 5) — G (11, 9)] ds
0
ST et pla)
< 5L/0 W[Wg — }ds
L l1-o o o 1 A
Al ]
Finally
LN [ poed) e
A ) = du ()] < s 18 = ). (3.23)

In the following, we divide the proof into three cases.

(a) If § <ny <ny < A, we have:

(a=2)

§<m <my ey <P <50 and ph <yt <o

Thus

—1 —1 —1 —1 —1 _
ny =0 =mnyms = <oy =y =05 (ny —my) < 077 (ny —my) < 67

Similarly
a—1 a—1 a—2 a—2 a—2 a—2 a—2
o@D gD = s e < s — s = 5 (g — )
< 57 (nh —nf)
< 5p(a71).
Then, the inequality ([B.23) gives:
BLN (a—1) (a—1) BLN 1
A —A <—[” —n; ]<—5”(a)
|Au (1) — Au (1) T () L™ m T (a)
o 1 p(a—1)
_ BL\ p°T (04)E pla=T)
el (ar) NBL
< e (3.24)

(b) If n; <6 <1y < 20, we have:
m <8<yt < oD <o

?
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and

a—1 a—1 a—2 a— a— a— a—
@Y — T = g — TR < pparlem) — phselen) < gl (e < grled),

Also, we find the same result (3.:24)) .
(c) If n, < my < 0, we have:

BLN a- a-
[Au () = Au ()] < e = )]

p°T (@)
BLN  pa-1)
<
T ()
< BLN grla=1)
p°T (a)
< e&.

By means of the AscoL1-ArzELA theorem [I.6] we have A : P — P is completely continuous.
The proof is complete. m

We define some important constants

FO = lim max f(n’U)a Foo = lim max f(777u)7
fo=lim min 249 £ = lim min {29 (3.25)
u—0F nE[O A u—+oonel0,N]

fo (s,5)ds, Wy = %fo’\G(s,s)b(s) ds.

Assumetha,tﬁ:()iffoo%oo, #FozooifFo—%), w21 =0if fo — oo, ande = 00
if Fo — 0.
Theorem 3.1 ([7]) If wafoo > wiFy holds, then for each:
B € ((wafoo) s (WiF0) ), (3.26)
the boundary value problem [B.3)-B.4) has at least one positive solution.
Proof. Let f satisfy ([B:26]) and € > 0, be such that
(fo —&)w2) " < B (Fo+e)w) . (3.27)
From the definition of Fy, we see that there exists r; > 0, such that
f(nu) < (Fo+e)u, Yn e [0,A], 0 <u<ry. (3.28)
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Consequently, for v € P with |ju||_ = 1, we have from B.27), (328) , that

BAGW@f@Mw%

Mull, = max

A
< 6/0 G (s,s)(Fo+e)u(s)ds

IA

A
M%+MMQAG@$%
B (Fo + ) |lull L on

IN

IN

[l -

Hence, if we choose

O ={uel0,A: ull, <ri,

then
| Aull < |lu]l,, , for u e PN oy. (3.29)

By definition of f.,, there exists r3 > 0, such that
f (Uau) = (fOO - 8) u, VU € [07 )\] ;U 2> T3 (330)

Therefore, for u € P with [ju|| = ro = max {27y, r3}, we have from B.27) , (3.30) , that

lAull,, > Au@ﬂ=#j4 G (7.5) f (s.u(s)) ds

A
> 5 [ b0G(s.5) 1 (svu(s) ds
> %/0 G (s,s) f(s,u(s))ds

> 2 [ G e - ds

By definition of P in (B2I]) , we have:

il 2 U= e spnesas
> B (=)l
> ullg -
If we set
Qo ={uecCl0,A]:|ull, <},
then

AUl > ull. , for u € PN oy, (3.31)
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Now, from (3.29), (831), and lemma we guarantee that A has a fixed point u € P N
(Q2\ ) with 71 < [Jul|, < ro. It is clear that u is a positive solution of (B3:3)-([B4). The

proof is complete. m
Theorem 3.2 ([7]) If wafo > wiFs holds, then for each:
B e ((wfo) ™ (@iFo) ), (3.32)
the boundary value problem B3)-BA) has at least one positive solution.
Proof. Let (3 satisfy ([8:32) and € > 0, be such that

(fo—e)ws) ' <B< (Foo+e)wr) " (3.33)

From definition of fy, we see that there exists r; > 0, such that
fnu)>(fo—¢e)u, Vne [0\, 0<u<r.

Further, if w € P with ||u||_, = r1, then similar to the second part of the proof of theorem

-1, we can find that || Aul|, > |lul|,, . Then, if we choose
D ={ueC[0,A: [u|,<r},

thus
| Aull > [Jull,, , for v e PN oQ. (3.34)

Next, and by definition of F,, we may choose R; > 0, such that
f(nu) < (Fx +¢)u, for u> Ry. (3.35)

We consider two cases:

1) If tnax f (n,u) is bounded for u € [0, 00) . Then, there exists some L > 0, such that
SN
f(nu) <L, forallne[0,\, ueP.

Let us denote by 73 = max {27y, fLw}, if u € P with |lul|_, = r3, then

A
[Aull, = max |5 [ G9) f(s.ulo)ds
< BL/ G (s,s)ds = fLw
0
< 1=l

ol
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Hence,
| Aul|, < |lull,, , forue 0P, ={ue P:|ul  <rs}. (3.36)
2) If Orila<x/\f (n,u) is unbounded for u € [0,00), then there exists some ry = max {2r, Ry},
<n<
such that

f (n.u) < max f (n.ra), for all 0< u < ra, € [0,).

Let u € P with |lul|, = r4. Then, from (3.33), (3:35), we have:

ﬁ/ G (1.5) f (s.u(s)) ds

JAul, = max

VAN
@
\
Cl:)
03
“ij
_l_
fi
Z

A
=@
g7
+
o
=
Q
B
5
Q.

=B (Foo +¢) [Jull o w

IN
=

Thus, ([B36) is also true for u € 9P,,.

In both cases 1 and 2, if we set
Qo ={uecCl0,A]: |u|, <re=max{rs,rs}},

then
| Aull , < |lull,, , for u e PN oQ,. (3.37)

Now, from (B34)), (B31), and lemma we guarantee that A has a fixed point u € P N
(Q2\Q1) with r1 < ||ull, < ro. It is clear that u is a positive solution of ([B3)-(34) . The

proof is complete. m
Theorem 3.3 ([7]) Suppose there exists ro > 11 > 0, such that

sup max f(n,u) < T—2, and 1nf f(nu) > n b(n), ¥ne0,A]. (3.38)

0<u<ry 0SN<A 60.11 0<u<r; ﬂo’w2

Then, the boundary value problem [B.3)-([B.4) has a positive solution u € P, withr; < |lul|, <

T9.

Proof. Choose
D ={ueC[0,A: |ul,<r}.
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Then, for u € PN 0§y, we get

A
lAall. > Au(@) =8 / G (0, 5) f (5. (s)) ds
> 5ﬂb<ﬁ>G<s,s>f<s,u<s>>ds
7 A
> 2 / G (s,5), inf f(s,u(s))ds
> %;/AG(, ) 5eb(s)ds
> 1y = ul

On the other hand, we choose
Qo ={uecCl0,\: |ull, <ra}.
Then, for u € P N 0§, we get

[Aullo = max

A
5/0 G (1.5) f (5,u(s)) ds

< G (s,s) sup max f(s,u(s))ds
< B[ Gl s max [ ()

A
T2
< G (s,s) =——ds=ry=||u|_ .
< 8G9 gds ==l

Now, from lemma , we guarantee that A has a fixed point ©v € PN (Qg\ﬂl) with r; <
|ull, < ro. It is clear that u is a positive solution of ([B.3)-([34)) . The proof is complete. =

3.3.2 Existence and Uniqueness Results of Real Solution

In this section, we assume that § € R and p > 0, and f : [0,A\] x R — R satisfies the
conditions:
(H1) f (n,u) is LEBESGUE measurable function with respect to n on [0, A],

(H2) f (n,u) is a continuous function with respect to u on R.
Theorem 3.4 ([7]) Assume (H1), (H2) hold, and there exists a constant & > 0, such that
|f (n,u) — f(n,v)| <E|lu—nv|, for almost everyn € [0, ], and all u,v € C'[0,A]. (3.39)

If
T(a+1
18] < %

Then, there exists a unique solution of the boundary value problem [B3)-B4) on [0, A].

(3.40)
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Proof. Assume that |5] < %, and consider the operator A : C'[0,\] — C[0, )]
defined by ([B.22) as follows

A
Au (n) = B/O G (n,s) f(s,u(s))ds.
We shall show that A is a contraction mapping. In fact, for any u,v € C'[0, ], we have
A
|Au(n) — Av(n)| = 'ﬁ/g G (n,8)[f (s,u(s)) = f(s,v(s))]ds
A
< 181 [ G0 IS o) — f (0 (s))]ds
" A
< 18le [ Gl — o)l ds
then

A
lAu— Aol < 181€llu—vl / G (s,s) ds
0

B €A™

—— |lu — . 3.41
aFe T e (3.41)

This implies from (B:41]) that A is a contraction operator. As a consequence of theorem ,
using BANACH’s contraction principle [I5], we deduce that A has a unique fixed point which

is the unique solution of the problem ([B.3)-([3.4) on [0, A]. The proof is complete. ®

3.4 Examples

In this section, we present some examples to illustrate the applicability of our main results.

Example 1. Consider the following boundary value problem

D () + 6 (973 (1) + 2973 (1) w e ) (1+220) =0, 2 € (0,60(1)).
w(0,t) =w(e(t),t) =0, t €[0,T], for any T' > 0.

Set the function

fx, t,w) = <go_% (t) + a:go_g (t)) w(x,t)In (1 + wfﬂ(i;)t)> ,

which satisfies the hypotheses of theorem [2.3] As

1D w (o, ) = ;é(fz) D u ().
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and
_ Sy 5 w (x,t)
Fatw) = (0ot ) wimom (14 25)
= 20 ().
@2 (t)

Then, the transformation (3.2)) reduces the previous boundary value problem of fractional-
order’s partial differential equation to a boundary value problem of fractional differential

equation of the form (see [7]):

1DO+U( )+ B L +mn)un)n(l+u(n)=0,nel01].

w(0) = u (1) = 0. 34

Set B > 0 any finite positive real number, and

f(u)=0+n)uln(l+u).

In this case, the function f is jointly continuous for any n € [0,1], and any u > 0.
We get

Fy = lim max
u—0%1 nel0,1]

foo = lim min
u—-+00ne(o,1]

On the other hand, we get

! 1 ! 1 © &
w G (s,s)ds = / s(1—s)ds = - = 3.43
= [ GG = gy [ VAT = ot =Y (3.43)
and
n forne[0,7],
b(n) = }/_n ) (3.44)
5 forne[n,1]
Then

w:cﬂr U \/7ds+—/\/_1—sg ]:bﬁ. (3.45)

12802
Where 7 ~ 0,003876... and b ~ 0,062258 ... and the choice of o depends directly on the
choice of r1, 75 in (B.29), (3.31) .
Because w;,ws > 0, two finite constants for any choice of 0 < r; < ry < oco. We have

always:

wzfoo B w1 Fp

Then, the condition (B:26]) is satisfied for any 0 < 5 < oc.
It follows from theorem that the problem (B:42) has at least one solution.
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Example 2. Consider
3 3()— w3 (z
$Dgw () + B (7 F (0 +apE (1)) we, ) exp (GHGEE) = 0. v € (0,0 (1),
w(0,t) =w(p(t),t) =0, t €[0,T], for any T > 0.

Set the function

VP (t) —w® (x»t))7

fz,t,w) = <<p_% (t) + xgo_g (t)) w (z,t) exp ( 1/)2 (t)w(z,1)

which satisfies the hypotheses of theorem [2.3] As

B S
P (1)

1 2
= 30 (1+n)u(n)exp (W — [u(n)] ) :

Then, the transformation ([B.2]) reduces the previous boundary value problem of fractional-
order’s partial differential equation to a boundary value problem of fractional differential
equation of the form (see [7]):

3
2

Dy () + B(1+n)um)exp (7 — [u()]) =0, n e 0,1].
u(0) =u(l)=0.

(3.46)
Set 5 > 0 any finite positive real number, and

f(nu) = (1+mn)uexp (%—u?).

Clearly, for any n € [0, 1] and any u > 0, the function f is jointly continuous.

Here, we have:

fo= lim min Fow) 00, F, = lim max fow) _ o+,

u—0+ n€[0,1] u—+oonef0,1] ¥

Also, we find the same function b (n) in (8.44) , and the same constant wy, wy respectively in
B @),

The choice of o > 1 depends directly on the choice of 71,75 in (B34)), (B31) .

Because wi,wy > 0 are two finite constants for any choice of 0 < r; < ry < 0o. We have

always:

Then, the condition (3:32]) is satisfied for any 0 < 5 < oc.
It follows from theorem that the problem (B:46]) has at least one solution.
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3.4. Examples

Example 3. Consider the following boundary value problem
DG w (a,1) + T (D) (0 () +2) (0 (1) +w (@, t) =0, z € (0,¢(1).
w(0,t) =w(e(t),t) =0, t €[0,T], for any T' > 0.
Set the function
[ tw) = @75 (0) (9 (1) +2) (& (1) +w (x,1)),

which satisfies the hypotheses of theorem [2.3] As

flatw) = o3 (1) (o) +a) @) +w(wt)
W (t)

= B (T+n) (1 +u(n).

Then, the transformation (B8.:2]) reduces the previous boundary value problem of fractional-

order’s partial differential equation to a boundary value problem of fractional differential

equation of the form (see [7]):

D2 u (n )+ 7= (L +mn) (1+u(n) =0, nel0,1].

w(0) =u (1) =0. (347)

Setﬁz\%, and
fnu)=1+n)(1+u).

The function f is jointly continuous for any n € [0, 1] and any u > 0.
We find the same function b (n) in (44) , such that 0 < b(n) < 1, and

Choosing 7, = 755 < r2 = 2. Then, for all n € [0,1], we have:

In this case

7%><(8><g+\/§><%)
~ 3,517426...

l

Then
b\/_ 0,062258 x ﬁ N 3, 9313\/7_?
12802 - 128 x 3,517426% 105 ’

Wy =
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It remains to show that the conditions in (3.38]), which is

sup max ,u) =6 < —/— ~§,
0<u£r2 0<n<1 f (77 ) ﬁwl
and
"L h(n) ~0,72317 x b(n), V5 € [0,1].

f =1 >
odlf, fo(mu) =1+mn= 22—
Are satisfied. It follows from theorem that the problem (B.47)) has at least one solution

Example 4. Let
(t) COS(¢<t))[2d)(t)+|w(x’t)” g 0, .'L' E (07 %SO (t)) :

2

3

acD0+w (x,t) + W(p(t)(ﬁcos(w(t))—l—sm(v(t)))[w(t)—i—\w(a:,t)ﬂ
¢ (t),t) =0, t €[0,T], for any T > 0.

w(0,t) =w (3

Set the function

flat,w) = w(t)cos< ()) 29 () + [w (=, )]
3 s @ (t) (\/icos( (t)) —|—sm( (0)) [ (t) + |w (z,1)]]

which satisfies the hypotheses of theorem [2.3] As

%Diw (x,t) = ng; %D(%ru (n),

and
Flotuw) — (1) cos (G55) 26 1)+ o (.0
) by o (1) ( 2 cos (W) —i—sm( )) [ (t) + |w (z,1)|]
v (1) cos (1) [2 + |u (n)]

:¢@w%mmHMWHﬂwm‘

Then, the transformation (B.2)) reduces the previous boundary value problem of fractional-

order’s partial differential equation to a boundary value problem of fractional differential

equation of the form (see [7]):
cos(n)[2+|u(n)]] — T
BDO*U(H) t o (V2cos(n) +sin(m) 1+ ()] 0. € [0,%], (3.48)

u(0) =u(3) =0.

cos (n) [2 + |ul] u,v € R.

10 = o+ sma) € )
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3.5. Proof of Main Theorems

™

As sin (n), cos(n) are continuous positive functions Vn € [0,Z], the function f is jointly

continuous. For any u,v € R and n € [O, %] , we have:

V2 V2
77

5 <cos(n) <1, and 0 <sin(n) <
then
cos (1) [2 + |ul] cos (1) [2 + |v]]

() = f o)l = '(ﬂcos<n)+sin(n)) [T+ [ul]  (V2cos (n) +sin () [1+ [v]

' cos () HZ—HU!_Q—HU\
V2cos (n) +sin(n)| |1+ u] 1+ |v]
< uf = Jof| < Ju—of.

Hence, the condition (3:39) is satisfied with £ = 1. It remains to show that the condition

3
T (a+1) 22 x I'(2)
v 3
is satisfied. It follows from theorem that the problem (3.48), has a unique solution.

1
0<ﬁ:;20,318309...< ~ (,921317...

3.5 Proof of Main Theorems

In this section, we prove the existence and uniqueness of solutions of the following problem
of the nonlinear partial differential equations of space-fractional order [7], [12]:
"Devw + Bf (z,t,w) =0, eR, 1 <a<2, (x,t) € (0,X)x]0,T1], (3.49)
with the boundary conditions:
w(0,t) =0, w(X,t) =0, (3.50)
under the generalized self-similar form which is:
w(z,t) =¥ () u(n), withn= @L(t)’ and p,9 € C'[0,T] — R,. (3.51)
The transformation (B35]]) reduces the fractional-order’s partial differential equation (B.49])

to the ordinary differential equation of fractional order of the form:
"Dyru(n) + Bf (n,u(n)) =0, 0 <n <A, (3.52)
supplemented with the boundary conditions:
u(0) =0, u(\) =0, (3.53)

— Yol with & — i
where A\ = X~ with p = Jin, ¢ (t).

Now we proceed to demonstrate the theorems and
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3.5. Proof of Main Theorems

Proof of theorem [2.4k

Let f:1]0,X] x [0,7] x Ry — [h,00) be a continuous function, with ~ > 0. By using (B.51) ,

the functions

)= (t) lim min &8 o) = oo (4) lim min L&)

w—0t 0<z<X W > w—+oo 0<z<X W

* _  pa . f(z,tw) * _ pa . Sz, tw)
Fg(t) = (8) lim max S50, FG () =@ (¢) lim max —50=,

are equivalent to

fo=lim min 2% £ = lim min {29
w0+ 0Zn<A U u—too 0<n<A U

Fy= lim max {29 F_ = lim max Z2:Y
u—0+ 0<p<A u—+00 0<n<A Y

which are given in (B:25]) .

1) We already proved in theorem the existence of positive solutions of the boundary
value problem (B.52))-([3.53) provided that wy f, > wiFp holds, and § € ((wgfoo)fl : (wlFO)fl) :
Consequently, if wo 2 (t) > wy F§ (t) holds for any ¢ € [0,77, then for each:

B (ol () iy ()7,

the boundary value problem (B.49)-(B50) has at least one positive solution under the gener-
alized self-similar form (B51]) .

2) In theorem , we have proved the existence of positive solutions of the boundary value

problem (B.52)-([B.53) provided that wsfy > wiF, holds, and § € ((Cdgf())il , (wlFoo)fl).
Consequently, if ws f§ (t) > w1 F% (t) holds for any t € [0,7], then for each:

B e ((wafy ()" (wiFL (1)),

the boundary value problem (B.49)-(B50) has at least one positive solution under the gener-
alized self-similar form (3.51]) .
3) Suppose there exists 75 > r; > 0. By using (B.51]) , the conditions

t
sup  max f(z,t,w) < M, vt € [0,7],
0<w<h(t)ry 0STX Pwipre (t)
and
. 17 (t) ( z )
inf r,t,w) > b , V(z,t) € [0, X]| x|0,7T],
nggp(t)hf( ) oo 0\ o @ (z,t) € 10, X] x [0,T]

are equivalent to

sup max f(n,u) < ﬁ%’ and inf f(n,u) > b(n), Vn e [0,)\], (3.54)
1

0<u<rs 0<N<A 0<u<r, Bows

60



3.5. Proof of Main Theorems

respectively.

We already proved in theorem the existence of positive solutions of the boundary
value problem [B52)-([B53) provided that ([3:54) holds. Then, the boundary value problem
B29)-([B350) has at least one positive solution under the generalized self-similar form (B.51]),
with r; < % < 7y,

The proof of theorem [2.4] is complete.

Proof of theorem [2.5:

In this part, we assume that 5 € R and p > 0, and f: [0, X] x [0,7] x R — R.
Let f (x,t,w) be a continuous function with respect to w on R, and LEBESGUE measurable

function with respect to « on [0, X|, Vt € [0,7]. By using (B.51)) , the conditions

‘f(matawl) - f(l',t,wg)‘ < |’LU1 _wQ‘a for any (Q?,t) < [O,X] X [OaT]a

g
P (t)

and
(pp”)" T (a+1)
X

18] <
are equivalent to (B.39) and (B:40) , which is

[f (n,u) = f (n,0)] < & fu—wvl, for almost every 7 € [0, ],

and - ,
T (o +
ol < e
respectively.

We already proved in theorem [3.4] the existence and uniqueness of a solution of the
boundary value problem ([B.52)-([B53) provided that (839), (B:40) holds true. Then, there
exists a unique solution of the boundary value problem ([BZ49)-B50) under the generalized
self-similar form (B.51]) .

The proof of theorem [2.5]is complete.
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Chapter 4

Existence of Solutions to a Nonlinear

Implicit Initial Value Problem

This chapter has been published in: Jornal of Applied Mathematics E-Notes 19 (2019), (see [§]).

4.1 Introduction

This chapter studies the existence and uniqueness of generalized self-similar solutions for a
class of nonlinear implicit FPDE with an initial condition. The arguments for the study are
based upon BANACH’S contraction principle (theorem , SCHAUDER’s fixed point theorem
(theorem [1.9)), and the nonlinear alternative of LERAY-SCHAUDER type (theorem [1.10). The
used differential operator is developed by KaTucampora. For application purposes, some
examples are provided to demonstrate the applicability of our main results.

We study the existence and uniqueness of solutions of the following implicit problem of

the nonlinear FPDE using Katvcampora’s fractional derivative [§], [34]:
PDew = f (z,t,w, Dyrw), 0 <a <1, (x,t) € (0,X]x1[0,7], (4.1)
with the initial condition:
w(0,t) =0,
under the generalized self-similar form which is:

w(z,t) =Y (t)u(n), withn= and ¢,y € C[0,7] — Ry, (4.2)

X
o(t)
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4.2. Definition of Integral Solution

where f: [0, X] x [0,T] x R x R — R, with X, T € R, is a given function which satisfies
the hypotheses of theorem
Then the transformation (£.2)) reduces the fractional-order’s partial differential equation

(#T) to the ordinary differential equation of fractional order of the form:

"Doru(n) = f(n,u(n), "Daru(n)), n € (0,A], (4.3)

with the initial condition:

u(0) =0, (4.4)

Where A = X!, with p = Orgingap (t) is a finite positive constant, and f : [0, \] x RxR — R.
According to chapter (szlgsection 2.3.2)), we discuss in a general manner the existence
and uniqueness of solutions of nonlinear implicit FDEs ([£3]) , with the initial condition (44 .

We obtain several existence and uniqueness results for the problem (Z.3)-(4.4) .

4.2 Definition of Integral Solution
In the sequel, A\, p,n and c are real constants such that
p>1,¢>0, n=[a]+1, and0<)\§(pc)i.
In what follows, we present some significant lemmas to show the principal theorems, we have:

Lemma 4.1 ([8]) Let o,p > 0. If u € C'[0,\], then:

(i) The fractional deferential equation *D§.u(n) = 0, has a unique solutions:
w(n) = CinP @V + ConP @2 4. 4 O™ where Cp, € R, withm =1,2,...,n.
(ii) If *Dy,u € C'[0,A] and 0 < a < 1, then:
PTS, PDS u(n) = u(n) + CnP ™Y for some constant C € R. (4.5)
Proof. (i) Let v, p > 0, from remark [1.2] we have:
pD(‘)ﬁnp(a*m) =0, foreachm=1,2,...,n.
Then the fractional equation *Dg, u (1) = 0, has a particular solution, as follows:
u(n) = Cpn @™ C,, €R, for each m =1,2,... n. (4.6)
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4.2. Definition of Integral Solution

Thus, the given general solution of #Df () = 0 is a sum of particular solutions (.4, i.e.
u(n) = O™ 4 Con? ™ 4. CpP ™ C €R (m=1,2,...,n).

(ii) Let Dy, u € C'[0, A] be the fractional derivatives (L22) of order 0 < a < 1.
If we apply the operator #D, to *Z5, *Dg.u (n) — u(n) , and use the properties (IL25]) , (26

we have:

Do+ "I "Doru(n) —u ()] = Do PIge "Dgru(n) — "Dgeu (1)
= "Dgru(n) — "Dgru(n)
= 0.

After the step (i) we deduce there exists C' € R, such that:
PIg "D (n) —u(n) = O Y,

which implies the law of composition ([@H]). The proof is complete. m

Based on the previous lemma, we will define the integral solution of the problem (Z.3])-

@4 .

Lemma 4.2 ([8]) Let o,p € R, be such that 0 < o < 1, and p > 0. We give u, "Dy, u €
C'[0,)\], and f (n,u,v) is a continuous function. Then the problem ([A3)-[4) is equivalent

to the fractional integral equation:

where
11—«

G(n.s) =& = (4.7)

Proof. Let 0 < o < 1 and p > 0, we may apply lemma [£.1] to reduce the fractional
equation (A3) to an equivalent fractional integral equation.

By applying *Z§, to equation (4.3)) we obtain:
PL5: "Doru(n) = "Lov f (n,u(n), "Doru(n)) . (4.8)
From lemma, we find easily:

PIg "D (n) = u(n) + Oy,
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for some C € R. Then, the fractional integral equation (L8], gives:

w(n) =I5 f (n,u(n), *Diu(n)) — Cp?* Y.
If we use the condition ([@4]) in equation (L9) we find:

u(0)=0=—C lim 5”@V = C=0.

n—0+

Therefore, the problem (A3))-(4.4) is equivalent to:

u () = / "G ns) F (s.u(s). PDeu(s)) ds.

where G (7, s), which is given by the equality (&7 . The proof is complete. =

4.3 Some Explicit Solutions

Example 1: (Simple explicit solution, see [§])
Let o, p > 0, and g > 0. Then, the problem (A3)-(£4) for
2071 <1 n H)

f(n,u(n), "Dyeu(n)) = L7 (n) — Diau(n)
r (1 —a+ %)

has an explicit solution on [0, \], which is given by:
u(n) = Cn", for some C € R.
In fact, the solution (AI0) satisfies the condition ([4), which is
u (0) = 0.

Also, from remark [1.2] and equation (I.23]), we have:

fmu(m), "Dyru(n)) = L7y () — "Dgu (n)

_ 122
r (1 a+ p)
20711 (1 + H)

= Lo Oy -

20711 (1 n ﬂ)

Cpr (14 )

_ 123 _ 123
r<1 a+p> F(l a+p)

Cprr (14 )
_ p phor
r <1 —a+ %)

= "Dgs [Cn"]

= *Djiul).
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4.3. Some Explicit Solutions

Example 2: (Explicit solution for « = p =1, see [])])
Let a, p > 0. Then, the problem (.3])-(@4]) for

(e —un) 1)~ 5 "Du (),

f(nu(n), "Dgru(n)) = 2

has an explicit solution on [0, A], which is given by:

u(n) =Eiz(n) —1, (4.11)

where E, 5 (1) presented in (L8), is the MiTTAG-LEFFLER function for o =1, § = 2.
In fact, after using L’HOsPITAL’S rule, the solution ({I1]) satisfies the condition (4.4,

which is
. oel=n—1
u(0) =lim [Ey 2 (n) — 1] = lim ———— = lim [¢" — 1] = 0.
n—0 n—0 n n—0

Also, from theorem equation (L29), we have:

M ()PP} 6) = M |5 (€= u) = D] () = M EDu ] ()
3 e —u(n) —1 p“I‘(l - +—a)
= M|—Z—|(s5)— Mu) (s — pa) .
M| = AR
If we put u (n) = E12(n) — 1, we have
O —um -1 _ = Eialn)
1 b
= ; L
_ope—el+1
gL
d
= d_77 (Er2(n) —1)
d
= d_nu (n)
Then
3 d p°T (1 -5+ a)
MIF ()PP ()] 6) = 5 | o] () - (Mu) (s ~ pa)
U or (1)
After using remark [1.5 and equation (L30) , we have:
s PP (l1-2+a
MUF (10 "D (1)) 5) = s = (M) (5= 1) (=549 g
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If o« = p =1, we have:

M () Dl ()] (9) = 1t (M) s = 1) = M D ()] (5)

If we apply the inverse of MELLIN transform, we get easily that the solution u presented in

(@1 is a solution for the problem (E3)-(4.4) .

4.4 Existence and Uniqueness Results

Now, we will prove our first existence result for the problem (3))-([4]) which is based on
BaNAcH’s fixed point theorem.

We suggest the following hypotheses:

(H1) f:[0,n] x R x R — R is a continuous function.

(H2) There exist two constants o, 3 > 0, where 5 < 1 such that:

|f (n,u,0) = f(0,0,0)] < 0 |u—al+Flv—0],

for any u,v, 4,0 € R and n € [0, \].
(H3) There exists three positive functions a, b, c € C'[0, \] such that:

|[f (n,u,0)[ < a(n) +b(n) [ul +c(n) o] forallpe0,A] and u,v € R.

We denote:

* b*
a , and M7 = ,
1—c¢* 1—c¢*

where

a*= sup a(n), b*= sup b(n), ¢ = sup c(n), with ¢* < 1.
n€[0,2] n€0,2] n€[0,2]

In what follows, we present the principal theorems:

Theorem 4.1 ([8]) Assume the hypotheses (H1), (H2) hold. We give 0 < o < 1, and p > 0.
If
oA
1=p)pT(a+1
Then the problem [A3)-{EA) admits a unique solution on [0, A] .

7 < 1. (4.12)

Proof. To begin the proof, we will transform the problem (43])-([4.4) into a fixed point
problem. Define the operator A : C'[0, \] — C'[0, A] by:

Au (n) = /077 G(n,s) f(s,u(s), Diru(s))ds. (4.13)
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4.4. Existence and Uniqueness Results

Because the problem (A3)-(Z4)) is equivalent to the fractional integral equation (£I3), the
fixed points of A are solutions of the problem (Z.3)-(4.4]) .
Let u,v € C'[0, A], be such that:

’Dyru(n) = f(n,u(n), "Dgeu(n)), "Dyrv(n) = f(n,v(n), Dyv(n)).
Which implies that:
Aul) = A0 (1) = [ G (1.5) [ (5,(5) Do (5)) = £ (5,0(5) . “Dfeo () .
Then, for all 5 € [0, A
Autn) = A0 ()] < [ 609 PP (s) = "Dfew (5] s, (4.14)

By (H2) we have:

"Dgru(n) = Dgrv ()| = [f (n,u(n), "Dgru(n)) = f (n,v(n), "Dgrv (n))]
< olu(n) —vm|+ B Dgiu(n) — "Dgrv (n)]-

Thus

"Disu () = *Dv ()| < 1= lu () = v ()]

From (£I4) we have:

3

Autn) = Ao @)l < 775 [ 609 u) = o(s)]ds.

Then:
oA
o S
(1—=05)poT (e +1)
This implies that by (£I2), A is a contraction operator.

| Au — Av||

[l — ]|

o *

As a consequence of theorem using BANACH’s contraction principle [I5], we deduce that
A has a unique fixed point which is the unique solution of the problem (Z3])-(4)) on [0, A].

The proof is complete. =

Theorem 4.2 ([8]) Assume that hypotheses (H1)-(H3) hold. We give 0 < a < 1, and p > 0.
If we put
MNP
el (a+1)
then the problem ([A3)-[A) has at least one solution on [0, A].

<1,
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Proof. In the previous theorem, we already transformed the problem (4.3])-(44) into a
fixed point problem

Au () = / "G n.5) f (s.u(s). *Dou(s)) ds.

We demonstrate that A satisfies the assumption of ScHAUDER’s fixed point theorem[I.9] This
could be proved through three steps:

Step 1. A is a continuous operator.

Let (un), oy be areal sequence such that lim u, = win C [0, A] . Then for each 7 € [0, A],

n—oo

| Auy (1) — Au (n)] < /OWG(H,SHf(s,un( s). "Dgstn (s)) — f (s,u(s), "Dgru(s))| ds,
(4.15)

where

"D un (1) = f (0, un (), "Dirun (n)), and *Dgru(n) = f (0, u(n), "Dgru(n)) -

As a consequence of (H2) , we find easily *D§,u,, — #Dg,u in C' [0, A] . In fact we have:

PDgsun () — "Dgru ()| = |f (0, un (0), "DGsun (n)) — f (n,u (), "Dgru(n))]
< olu,(n) —un)| + B Dgrun () — "Dgru(n)].

Thus:
o

- |un (n) —u(n)]

Since u,, — u, then we get *Df,u, (n) — *Dy,u(n) as n — oo for each n € [0, A].

|"Dg+un (n) = *Dru ()| <

Now let Ky > 0, be such that for each n € [0, A], we have:
"Di+un (n)] < Ko, ["Dgru ()] < Ko.

Then, we have:

| Aun () — Au(n)| < / G (1,8) [f (8, un (s), "Dgrun (s)) = f (s,u(s), "Dgru(s))| ds

0

< /G ) DGt (s) — "D (5)] ds

O

< /G ) [PDE i (5)] + P DS ()] ds

S / 2KOG (T], )dS

0
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4.4. Existence and Uniqueness Results

For each n € [0,)\], the function s — 2K,G (1, s) is integrable on [0,7], then the

LEBESGUE dominated convergence theorem and (£I5) imply that:
| Aun () — Au ()] — 0 as n — oo,

and hence:
lim [|Au, — Aul|, = 0.

Consequently, A is continuous.

Step 2. Let
Mo

T poT (a4 1) — MNP

We define:
Fr={ueCl0,A]: flull <7}
It is clear that P, is a bounded, closed and convex subset of C'[0, A] .
Let w € P., and A : P, — C'[0,A] be the integral operator defined in (£I3]), then
A(P,) C P.
In fact, for each n € [0, A], we have from (H3):

"Dgeu(ml = |f (n,u(n), "Dgru(n))|

< am)+bm)|ulm)]+cn) |"Dgrun)].

Then
* b*
D (n)] < —— + 7= = Mo+ Myr. (4.16)

Thus

| Au ()]

IA

/0 "G n.8)|f (s,u(s) . "D (s))|ds

n
< / G (n,s) [Mo+ Mr]ds
0

Mo\ n MNP
i
FT(a+1)  pT(a+1)

[,ooT (O./ —|— 1) — M1>\pa] % —|— M1>\pa7“

- p°T (a+1)
[0°T (a + 1) — MyN°]r + MyAr
- pel (o +1)

IN
<

Then A (P.) C P..
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Step 3. A(P,) is relatively compact.
Let 1y,15 € [0, ], 7y < 1y, and u € P,. Then

M2

|Au (1) — Au(m)] = G (n2,8) f (s,u(s), "Dru(s)) ds

0

- / " G 1. ) f (s,u(s), "D (s)) ds

< / " 16 (1) — G (3, )] £ (5,1 (s) "D ()| ds

n / " G (13, 9) 1f (5,u(s) . "Dgyu (s))] ds

< (Mo + Myr) x
16 09 - Gl ds+ [ s 5] @10

A1

We have:
-«
G (2:9) = G m,) = ey |06 = o)™ = 0 = )"
- g ) = =)
then
1

UG 05) = G s s < s = 00"+ 0" =)

we have also

[FGmsas = £ [t ap- ey ta
Gn,sds:—/ sP7H(nh — s”)* " ds
M ’ F(a> m ’

_ —1 P P\X1M2

- apal—w (a) [(772 S ) ]771

1

< P P\

= oD (a+ 1) (n5 —nf)
Then ([AI7) gives

My + Myr o o o

[Au (n,) — Au ()] < mp (5 = n)™ + (5™ = ™).

As n; — n,, the right side of the above inequality tends to zero.

As a consequence of steps 1 to 3 together, and by means of the AscoL1-ARzZELA theorem
[1.6] we deduce that A : P, — P, is continuous, compact and satisfies the assumption
of ScHAUDER’s fixed point theorem Then A has a fixed point which is a solution
of the problem (A3)-(@4) on [0, A]. The proof is complete.
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Our next existence result is based on the nonlinear alternative of LERAY-SCHAUDER type.

Theorem 4.3 ([8]) Assume (H1)-(H3) hold. Then the problem ([@3))-(&4) has at least one

solution on [0, \] .

Proof. Let a, p > 0, be such that 0 < a < 1.
We shall show that the operator A defined in (£I3)), satisfies the assumption of LERAY-
SCHAUDER'’s fixed point theorem The proof will be given in several steps.

Step 1. Clearly A is continuous.

Step 2. A maps bounded sets into bounded sets in C'[0, A] .
Indeed, it is enough to show that for any w > 0 there exist a positive constant ¢ such
that for each v € B, = {u € C[0,] : |lul|, <w}, we have ||Aul|_ <.
For u € B,,, we have, for each n € [0, A],

Au < [ 60.9)1f (5.0 (s). D (s) . (1.18)
By (H3), similarly of (£16]), for each n € [0, \], we have:
|f (n,u(n), "Dgeu(n))] < Mo + Myw.
Thus (£I]) implies that:
Mo\ MNP

< =/
[Aulle < pel (a+1) * pol (o + 1)w

Step 3. Clearly, A maps bounded sets into equicontinuous sets of C' [0, A] .
We conclude that A : C'[0,\] — C'[0, A] is continuous and completely continuous.

Step 4. A priori bounds.
We now show there exists an open set U C C'[0, \] with v # uA (u) for p € (0,1) and
u € oU.
Let u € C'[0,\] and u = pA (u) for some 0 < p < 1. Thus for each n € [0, A], we have:

n
wln) < [ G s)IF (su(s). "Dy (s))] ds.
0
By (H3), for all solution u € C'[0, \], of the problem (£3)-([£4), we have:

/0 G ns) F (s.u(s), DG (s)) ds

) =
< [T o)
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Then for each n € [0, \], we have:

"Dgu ()] = |f (n,u(n), "Dgru(n))]
< a(n)+bm)|uln)|+cn) | Dyru(n)].

Then
Py 1 * *
PDG ) S (o )
< Mo+ My |u(n)|.
Hence
MoA"®
< — MG d
4] < gy + [ MG 9 (o) s

After the GRONWALL lemma [16], we have.

| ( ), < Mo\ MNP~
U ex
1 — poT (a+1) P poT (v + 1)
Thus
M\ MNP
ull,o < —2 e (— ) _

At D) P\ AT T

Let

U={ueC0,\:|ul,<M+1}.

By choosing U, there is no u € 90U, such that v = uA(u), for p € (0,1). As a
consequence of LERAY-SCHAUDER’s theorem [1.10], A has a fixed point v in U which is a

solution to (A3)-(Z4) . The proof is complete.

4.5 Examples

Example 1. Consider the following Caucny problem:

P2 (t) cos(ﬁ)
b (0 (VEcos( 5 ) +sin( ) 9O+l (0]
w(0,t) =0, t €[0,7T], for any T > 0.

D2, w (1, 1) = e e (0,20 (1)].

I
Doj+w(as,t)

Set the function

Y% (t) cos ((p(t))
T2 (t) (ﬂcos (W) + sin ((p—t)>) [¢ () + |w (z, )] + @2 (¢)

fz, t,w) =

D0+w (z,t)

I
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which satisfies the hypotheses of theorem [2.3] As

1D0+’LU( t) = 1D§+ (77) )

o5 (1)

2(t)cos( )
Wgoé(t)<\/_cos< )+Sln( ))[ () + |w (z, )] + 2 (¢)
v ) cos (1)

() 7 (V2 cos (1) + sin (1)) [14— lu (n)] +

and

f(z, t,w) =

1D w ()|

D=

¥

1,Dm—u (1) H
Then, the transformation (A2]) reduces the previous Caucny problem of fractional-order’s
partial differential equation to CAucHY problem of fractional differential equation of the form

(see [§]):

1D u(): cos(n) 7776 O’E ,
o (V2 eos(a)-inn)) [1+u(o) +{ 13, )| (03]

(4.19)
u (0) = 0.
Set:

cos 1) .
7 (V2 cos (1) +sin (1)) [1 + |u| + [v]]’ 7E [0’ 4] ’

Because sin (1) , cos (1) are continuous positive functions Vn € [0, Z] , the function f is jointly

f(nvuav): U,’UER.

continuous. For any u,v, %, € R and n € [0, %] , we have:

V2 V2
2 27

<cos(n) <1, and 0 < sin(n) <

then:

7 Gr,0) = £ (1,,2)] < = (=] + o — 9])

Hence, the condition (H2) is satisfied with:
1
oc=0p=—>~0.3183 < 1.
m
It remains to show that the condition (4.12):

1
2 _ @HE
(1=pB)peT(a+1) (1-4HIC(3+1) 2(x-1)C(3)
is satisfied. It follows from theorem {4.1| that the problem (£I9) has a unique solution.

|

1
DOZLw(x,t)

~ 0.4669 < 1,

Example 2. Consider the following CAaucny problem
1

(1) cos( 255 ) {2w(t)+|w(w,t)|+so%(t) 2D w(x,t)

FQO%( )(\/ﬁcos( (t))+51n(¢(t))) [w(t)+|w(x,t)\+<p%(t) :

w(0,t) =0, t€[0,7], for any T' > 0.

1D0+w(m,t) =
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Set the function

P (t) cos <e0(t)> [21/)( )+ |w (x,t)] + QD% (t) ;Déw (x, t)H
2 (t) <\/_cos ( G ) + sin ( (t)>) [w (t) + |w (x,t)| +90% (t)
which satisfies the hypotheses of theorem As

¥ () cos (55) [20(6) + lw (,0)] + 03 (1) [1Dg, w0 (x, t)\]

mot (1) (V2eos (25) +sin (25)) [0(0) + lw (@ D] + 9 (1) D2y (a,1)]]
b () cos (n) [2+|u |+‘1D0+u )H |
02 (t) 7 (V2 cos (n) + sin (n)) [1 + Ju(n)| + 1D0+u( )H

Then, the transformation ([£2]) reduces the previous CAaucHy problem of fractional-order’s

fz, t,w) =

I\J\»—‘

T
:Dgrw (2,1)

I

f(z, t,w) =

partial differential equation to CaAucHY problem of fractional differential equation of the form

(see [§]):

cos(o) 2+ (o) |+ 22, (o) |

1D U( ) - 1 y N S 07 T )
0" w(ﬁcos(n)—i—sin(n)) {1+|u(77)\+ 1D07+u(77) } [ 4} (420)
u(0)=0
Set
cos (1) [2 + |u] + |v]] [ ™
y U, V) = ) c 07_]7U7U€R'
S ) 7 (V2cos (n) +sin (1)) [1 + |u| + |v]] 7 4

Clearly, the function f is jointly continuous. For any w,v,u,v € R and n € [O, ﬂ , we have

- 1 - -
‘f(nauav) - f(777uav)| < ;('U—U’ + ”U —UD.
Hence, the hypothese (H2) is satisfied with o = § = % < 1. Also, we have:

cos ()

, U, V)| < - 24+ |u| + |v]).
)] < s @ o)
Thus, the hypothese (H3) is satisfied with
2 cos (1) cos (1)
a(n) = ,and b(n) =c(n) = .
() 7 (V2 cos (n) + sin (1)) ) () 7 (V2cos (n) + sin (n))
We have also
2 1 1
a*=—, and b*=c"=— <1, and My = , and M,
™ T — m—1
And the condition
1
pa _1 \(m)2
M () (5)° VT ~ 0.4669 < 1.

pT(a+1)  T(3+1) 2(x-1r(3)

It follows from theorem [4.2]and theorem[4.3] that the problem ({20) has at least one solution.
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4.6 Proof of Main Theorems

In this section, we prove the existence and uniqueness of solutions of the following implicit

problem of the nonlinear partial differential equations of space-fractional order []], [34]:
"Derw = f(z,t,w, Dyrw), 0 <a <1, (x,t) € (0,X] x[0,7], (4.21)
with the initial condition:
w(0,8) =0, (4.22)

under the generalized self-similar form which is:

w(x,t) = (t)u(n), with n = and ¢, € C'[0,T] — R,. (4.23)

x
p(t)
Then the transformation (£23) reduces the fractional-order’s partial differential equation

(#21) to the ordinary differential equation of fractional order of the form:

"Doru(n) = f(n,u(n), "Daru(n)), n € (0,A], (4.24)

with the initial condition:

u(0) = 0. (4.25)

Where A = X!, with ¢ = Orgli<nTg0 (t) is a finite positive constant.
<t<

Now we proceed to demonstrate the theorem

Proof of theorem 2.6k

Now, we prove our existence and uniqueness results for the initial value problem (Z2I])-

(#22)) . By using (£.23)), the hypotheses (H1), (H2) and (H3), presented in theorem , are
equivalent to the hypotheses (H1), (H2) and (H3), presented in the begin of section 4.4}

respectively. Also the conditions

MA® <1, and oX™
() T(a+D) = " A=B) (P Ta+1)

<1,

are equivalent to

respectively.
1) We already proved in theorem , the existence of solution of the initial value problem
({24)-([(E25) provided that (H1), (H2) and (H3) hold. Consequently, if (H1), (H2) and (H3)
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hold, the initial value problem (£21])-(4£22)) has at least one solution under the generalized
self-similar form (Z23]) .

2) We already proved in theorem , the existence of solution of the initial value problem
(#24)-([@25) provided that (H1), (H2) and (H3) hold, and

My

— <1
p°T (a+1)

Consequently, if (H1), (H2) and (H3) hold, and
My X

) T(at1)

the initial value problem (A.21))-(£22)) has at least one solution under the generalized self-

similar form (Z.23)) .

3) We already proved in theorem the existence and uniqueness of solution of the
initial value problem (£.24)-([£25) provided that (H1), (H2) hold, and

<1,

o\

(1=p5)poT (e +1)

Consequently, if (H1), (H2) hold, and

< 1.

o XPr* -
(1=8)(pp")* T (a+1)

Then, there exists a unique solution of the initial value problem ({21)-([@.22) under the

1.

generalized self-similar form (Z23]) .
The proof of theorem [2.6] is complete.
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Chapter 5

Nonlinear Fractional Equations With

an Integral Condition

5.1 Introduction

This chapter studies the existence and uniqueness of generalized self-similar solutions for
a class of nonlinear FPDE with an integral condition. The arguments for the study are
based upon BANACH’S contraction principle (theorem , SCHAUDER’s fixed point theorem
(theorem [1.9)), and the nonlinear alternative of LERAY-SCHAUDER type (theorem [1.10). The
used differential operator is developed by KaTtucampora. For application purposes, some
examples are provided to demonstrate the applicability of our main results.

We study in a general manner, the existence and uniqueness of solutions of the following

problem of the nonlinear FPDE using KaTucamporLA’s fractional derivative [29], [34]:
(Dgew = f (.40, 4D5w) (1) € [0,X] x 077, (5.1)

with the integral condition:

(P27 %w) (07,t) =0,

under the generalized self-similar form which is:

w(x,t) =1 (t)u(n), with n = and p,¢ € C'[0,7] — Ry. (5.2)

o)’
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5.2. Definition of Integral Solution

Here 0 < S <a <1, f:[0,X]x[0,T] x RxR — R with X,T € R,, is a given function
which satisfies the hypotheses of theorem [2.3]
Then the transformation (5.2)) reduces the fractional-order’s partial differential equation

() to the ordinary differential equation of fractional order of the form:

"D (n) = f (mu(n), "Dguln), ne oA, (5.3)
with the integral condition:
(i) (0°) = 0. 5.4)

Where A = X!, with ¢ = ogng ¢ () is a finite positive constant, and f : [0, \] x RxR — R.
According to chapter 2] (subsection , we discuss in a general manner the existence
and uniqueness of solutions of nonlinear FDEs (5.3) , with the integral condition (5.4)) .
We obtain several existence and uniqueness results for the problem (GE.3)-(5.4) .

5.2 Definition of Integral Solution
In the sequel, A, p,n and c are real constants such that
p>1,¢>0, n=[a] +1, and0<)\§(pc)ﬁ.
In what follows, we present some significant lemmas to show the principal theorems, we have:
Lemma 5.1 Let a,p € R, be such that 0 < o < 1, and p > 0. We define:
P={ueC[0,\| ("Z,="u) (0*) =0}.
Then (P, |-]|,,) is a BANACH space.

Proof. Let 0 < a <1 and p > 0.
It is clear that the space P with the norm ||-||_ is a subspace of C'[0, A\| which is a BANACH
space.
It remains to prove that P is a closed subspace in C'[0, \] .
Let (), oy € P be areal sequence such that nhig un, = uin C'[0, ] . Then for each n € [0, \],

we have:

lun, (n)| < Ko, |u(n)| < Ko, for some Ky > 0.
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5.2. Definition of Integral Solution

Since u, — u, then we get *Z, - “u, (1) — *Z;;*u(n) as n — oo for each n € [0, A]. In fact

7 N I O P S T
‘ + Un(n)_ IO+ u(n)‘ = ‘F(I—Oz)/o (np—Sp)adS_F(l—a)/o (np_sp)ads'
7 " —u(s)|ds
< i | e )~ ds 659
Then

(67

T ) = T )| S e [ 0 =) () ) ds

. _2"Ko (nP — s*)' !

- I'(l—a) -«
20\ K

- T'@2-a

Thus, for each n € [0, A], the LEBESGUE dominated convergence theorem and (B.5]) imply that
Ly “un () — PZy"u(n)| — 0 as n — oc.

Hence

tim (22, (1) — "2 ()|, = 0.

n—oo

and for n — 0, we have also:

lim ("Zy;%u,) (07) = ("Zyi*u) (07) =0, then u € P.

n—oo

Consequently, P is closed in C'[0, A], and hence (P, ||-||_) is a BANacH space. The proof is

complete. m

Lemma 5.2 Let 0 < 3 < a < 1, be such that u, *Dy,u € C[0,\], then:

p17a+5 (pz’é:au) (0+)

Ty 0 ’Dgru(n) = pD0+U( ) — T (a—f) e, (5.6)
Moreover; Yu € P, we have for every n € [0, \] that:
A\Pla—5)

< Dy : 5.7

Do) S i a =g D6 e (5.7

Proof. Let u, "D u € C[0,A]. If we apply the operator #Z; 7 to PDgu(n) , and using

theorems [1.2] [1.3} [L.4] and property (L28), which is:
d
(nl_pd_n> PIou (n) = "Iiu(n) , Y8 >0,
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we have:

PToe ’ "Dgru(n) =

(i) %
= (n 7 a_ ! (nf — s*)*F 4 PI T u(s) ds
(48) o [ ]
(&) e
—p

o) oz opgty

p L) ([ -y ez

rl+a-p
)/ st (nf — sP)* P PT % u(s) ds] :
0

0

+p (a

Then
_ d ;01 a+p n L
pT=B ppoe _ 1-p & =1 (pp _ gp\@—P=1 prl—a
0+ o+t (1) (77 dﬂ) T(a—5) /0 P (P — sP) ot u(s)ds
_pﬁ_a (pz—(};au) (07) (Wlpi> np(afﬁ)
'l+a-7p) dn

,d 8 pr1e P’ (PTyiu) (0%) o plaf)—
— 1-p % PTY B pz’l @ . 0+ . 1—p, p(a—pB)—1
<77 dn) or " "Toiu(s) Tita—pg Ple=Onm

p17a+,8 (pz’é;au) (0+)
I'(a =)
Moreover, Yu € P, we have (pIéj au) (07) =0, then for every n € [0, \]:

(a—p-1)

- Do-&-“( ) -

ISP PDgu () = PDYu(n)
and

p7a—B pya pl_a+ﬂ ! p=1 (0 pe—B—1 pma
T3 "Dgeu () [t = g s
0

SF(&—B

e ] { o e

\Pla=h)
p* T (1+a—p)

‘ng+u (77) ‘ =

IN

IPDg+ull o

The proof is complete. =

Based on the previous lemma, we will define the integral solution of the problem (B.3)-

G2).

Lemma 5.3 Let o, 3,p € R, be such that 0 < 8 < a <1, and p > 0. We gwe u, "Dy,u €
C'[0,A], and f (n,u,v) is a continuous function. Then the problem ([B.3)-([B4) is equivalent

to the integral equation:

wln = [ Gns)f (su(s). Dlus) ) s
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where
11—«

p
' (e)

sP71 (nf — 3”)0‘71 )

G(n,s) =

(5.8)

Proof. Let 0 < < o <1 and p > 0, we may apply lemma [4.1] to reduce the fractional

equation (B.3) to an equivalent fractional integral equation.

By applying *Z§, to equation (5.3)) we obtain:

"T5. Do (n) = "Tgef (nw (), "DYu(n))

From lemma we find easily:
PIg "Dyvu () = u(n) + OV,

for some C' € R. Then, the fractional integral equation (5.9), gives:

w(n) = T f (n.u (), D (n) ) = Crre.

From (T.24)) we have:
pz-é:anp(a—l) _ pa—IF (Oé) '

If we use the condition (B.4]) in equation (B.I0) we find:
(PZi7%u) (07) =0=—-Cp*'T'(a) = C = 0.
Therefore, the problem (5.3)-(5.4) is equivalent to:

u(n) = /OWG(n,s)f (s,u(s)7PDg+u(3)> ds,

where G (7, s), which is given by the equality (5.8)) . The proof is complete. =

5.3 Existence and Uniqueness Results

Lemma 5.4 Let A: P — C'[0, \] be an integral operator, which is defined by:

U
Aun) = [ G5 f (s.u) D (s) ) ds
0
equipped with the standard norm:

[ Aul[o = sup [Au(n)|.

0<n<A

Then A(P) C P.
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Proof. Let u € P, be such that
"D (n) = f (n.u(m), "Dyun)).
From (B5I00) , we have:

("I Au) (n) = PIPIg f <777 (n) Dg+u(77)>

= T f (mu ), "D (n))
= /I3, "Dfu () -

If we use (I.22) and (L27) we have:
("Zo="Au) (1) = T+ "Disu(n)
d
o <n%> T ()
= "Ly tu(n) = ("Zp"w) (07)
= Iy %u(n) .

Thus (°Zy; “Au) (0%) = 0. Consequently A (P) C P. The proof is complete. m

Now, we will prove our first existence result for the problem (5.3])-(5.4]) which is based on
BaNAcH’s fixed point theorem.

We suggest the following hypotheses:

(H1) f:[0,A\] x R x R — R is a continuous function.

(H2) For all 0 < 8 < a < 1, there exist two constants o,y > 0, where v < %
such that:

|f(77;U7U) _f(7771276)| < O'|’U,—1~L’ +’7|U_1~]|7
for any u,v, 4,0 € R and n € [0, \].
(H3) There exists three positive functions a,b,c € C'[0, \] such that:

|f (n,u, )| < a(n) +b(n) ul + c(n) o] for all n € [0,A] and u,v € R.

We denote
PP T (1+a—p)a*

pr T (14+a—B) — c* \Pla=h)’

0=

and
PP (1+a—p)b*

PP (1+a—p) — cx \Ple=h)’
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where 0 < f < a <1, and

p* L (1+a—p)
A\Pla=8)

*

a* = sup a(n), b*= sup b(n), ¢" = sup c¢(n), with ¢* <
n€[0,2] n€[0,2] n€[0,2]

In what follows, we present the principal theorems:

Theorem 5.1 Assume the hypotheses (H1), (H2) hold. We give 0 < < o <1, and p > 0.

If
o T (1+a—p)

T (a+1) [par 1+a—p)— ypﬁwa—f’)]
Then the problem [B.3)-[B4) admits a unique solution on [0, \].

<1. (5.12)

Proof. To begin the proof, we will transform the problem (B.3))-(%4) into a fixed point
problem. Define the operator A : P — P by:

:/Ona(n,s)f( u(s),"Djus)) ds. (5.13)

Because the problem (B.3)-(54) is equivalent to the fractional integral equation (513)), the
fixed points of A are solutions of the problem (5.3))-(5.4]) .
Let u,v € P, be such that:

"D (n) = f (nou(m), "Dyeun)) . "Dhsv(n) = f (n.v (), "Dy (n))

Which implies that:

Aul) = Ao () =[G 1.5) [£ (s0() PG (e)) = (5,000, Pw(s) )] s
Then, for all 5 € [0, ]

Au () — Av (1 |</ G (n,5) [PDeu () — Do (s) | ds. (5.14)

By (H2) we have:

"Dgeu () — Do )| = |f (muln), D) - f (no@m), Do)

< oluln) = v )|+ |"Dyum) — "Dv ().

By using (5.7)) from lemma 5.2, we have:

~y A\P@=h)

||pD8‘+u_ pD3+U||oo S O-||U_U||oo+ pa_ﬁl‘\ (]_+OZ )

IPDg+u = Dol »
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thus
op* P (1+a—p)

o S
P L (1+a—p) -

[#Dgu— *Dg. 0| .

From (5.14) we have:

JAu— o], < oX"T(1+a—f)
T Ila+1) [par (1+a—f)— ww(a—m]

||u_v||oo

This implies that by (5.12), A is a contraction operator.
As a consequence of theorem using BANACH’s contraction principle [I5], we deduce that
A has a unique fixed point which is the unique solution of the problem (5.3)-(5.4)) on [0, A].

The proof is complete. =

Theorem 5.2 Assume that hypotheses (H1)-(H3) hold. We give 0 < f < a <1, and p > 0.
If we put
MiN®
p°T (a+1)
then the problem (5.3)-(BA) has at least one solution on [0, A].

<1,

Proof. In the previous theorem, we already transform the problem (B.3)-(5.4) into a
fixed point problem

= 697 (su6s) s ds.

We demonstrate that A satisfies the assumption of SCHAUDER’s fixed point theorem [I.9] This
could be proved through three steps:

Step 1: A is a continuous operator.

Let (un),cy be a real sequence such that lim w, = in P. Then for each n € [0, A],

n—oo

\Aﬂnhﬁ—wAUOﬁISLAnG(mS)

£ (5.0 (5) "Diun () = f (s, (s), "Diu(s) )| ds,
(5.15)

where

"Dt () = f (0 t0 (0) "D (n) ) . and "D () = £ (. (), “Dgu () )

As a consequence of (H2), we find easily *D§ v, — ?Dj,u in P. In fact we have:

“Dfttn () = "D ()] = |1 (mwn ), "Dl (1) ) = £ (.0 (1) D () )|

< o lun () = w ()l +7 "D () = "Dgu ()|
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By using (5.7)) from lemma 5.2, we have:

,y)\p(a—ﬁ)

PP " — P D < n —
1°Dg.u Al S e )

1PDgs un = PDgs | o »

thus:
op” L (1+ o — )

P BT (1+a—f) —

Since u,, — u, then we get D, u, (n) — *Dy,u(n) as n — oo for each n € [0, A].

||ng+Un - ng+u||m —

Now let K7 > 0, be such that for each n € [0, \], we have:
"Dgvun (n)] < Ki, [PDgsu (n)] < K.
Then, we have:
Au, () = Au ()] < / (1.5 )f .1 (5), "Dytin (5)) = f (s5,u(s), "Dilou(s) )| ds
) "D (5) — *Dgu ()] ds
$) [I"Dgvun ()] + "Dgru (s)]] ds

2K1G( )dS

IN
c\\\

For each n € [0,)\], the function s — 2K;G (1, s) is integrable on [0,7], then the

LEBESGUE dominated convergence theorem and (5.15) imply that:
| Aur (1) = Au (n)| — 0 as n — oo,

and hence:

lim [|Au, — Aul| =
n—oo
Consequently, A is continuous.

Step 2: Let
MNP

>
— peT (a+ 1) — MY

and we define:

P.={ueP:|ul|, <r}.

It is clear that P, is a bounded, closed and convex subset of P.

Let u € P,, and A : P, — P be the integral operator defined in (5.13), then A (P,) C
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5.3. Existence and Uniqueness Results

P..
In fact, by using (5.7) from lemma 5.2} and (H3) we have for each 7 € [0, AJ:

Dl = |7 (mutn), Dium)

< a(m) + ) ()l + n) ['Dfu ()
cAPe=h)
pa—ﬁl“(l—ka—ﬁ)

< a"+ b u(n)| + 1PD5+ ull o

Then

p* T (1+a—p)a* P (A ta=pb
prPL (14 o — B) — MO gD (14 — B) — N
Mo + M. (5.16)

IPDg+ull o

IN

IN

Thus

| Au ()]

IA

/OUG(U,S) ‘f (s,u(s),pD€+u(s)>’ds

Mo\ My
PT(atl) pl(atl)
PP (a4 1) — M) M0 g o
- pel (a+1)
[P°T (a4 1) = My r + My r
- pol (a4 1)

IN
<

Then A (P,) C P,.

Step 3: A(P,) is relatively compact.
Let 1,7, € [0,A], 1y < 1y, and u € P,. Then

|Au (1) — Au(ny)] =

/0772 G (n9,9) f <s,u(s) , ngﬂL(s)) ds
- [ ema s (sut) ) ) ds
716 005 = G ) £ (sv09) D ()| s

[T G ) |f (sul). Dhu)
(M:l—l— Myr) x

Uonl [(G (12, 5) —G(Ul,S))|d5+/n2G(n2,s) ds] (5.17)

Us

IN

ds

IN
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5.3. Existence and Uniqueness Results

We have:
pl—a p—1 P pya—1 p pya—1
G(12:9) =G ,s) = g™ (5= )" = 0 = o)
—1 d P P\ i P&
= apar(a)E[(”2_5> — (nf = s")"]
then
1 05) = G s s < s = 000" + 0 = )

we have also

/772 G (ny,s)ds = e /772 s*L(nh — ") Hds
25 r (CY) 2

m M

1 iy
= opoT (O./) [(77’2) - 8p> ]21
1
< P _ P 0"
— pal-\ (Oé + 1) (772 771)
Then (B.I7) gives
My + Mir o o o
|Au (ng) — Au (17)] < m 2 (ny —n7)" + (05" —ni™)] .

As n; — n,, the right side of the above inequality tends to zero.

As a consequence of steps 1 to 3 together, and by means of the AscoL1-ARzELA theorem
[1.6] we deduce that A : P, — P, is continuous, compact and satisfies the assumption
of ScHAUDER’s fixed point theorem [I.9) Then A has a fixed point which is a solution
of the problem (B.3)-(%4) on [0, A]. The proof is complete.

Our next existence result is based on the nonlinear alternative of LERAY-SCHAUDER type.

Theorem 5.3 Assume (H1)-(H3) holds. Then the problem (53)-(5.4]) has at least one solu-
tion on [0, A].

Proof. Let a, 3, p > 0, be such that § < a < 1.
We shall show that the operator A defined in (5.I3)), satisfies the assumption of LERAY-
ScHAUDER'’s fixed point theorem [I.I0] The proof will be given in several steps.

Step 1: Clearly A is continuous.
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5.3. Existence and Uniqueness Results

Step 2: A maps bounded sets into bounded sets in P.
Indeed, it is enough to show that for any w > 0 there exist a positive constant ¢ such
that for each u € B, = {u € P : ||ul| , <w}, we have ||Aul|_ </

For u € B, we have, for each n € [0, ],
n
Autn) < [ G| (su6s). Dhus) )| as. (5.18)
0
By (H3), similarly (5.16)), for each n € [0, A], we have:
£ (moun), D) )| < Mo+ M,

Thus (5.I8)) implies that:

Mo\ MNP
== pT(a+1) T+ ])

[ Aull w=¢.

Step 3: Clearly, A maps bounded sets into equicontinuous sets of P.

We conclude that A : P — P is continuous and completely continuous.

Step 4: A priori bounds.
We now show there exists an open set U C P with u # wA(u) for p € (0,1) and
u € oU.
Let u € P and u = A (u) for some 0 < p < 1. Thus for each n € [0, ], we have:

wn<u [ 609 (s, Phuls)

By (H3), for all solution u € P, of the problem (5.3)-(54) , we have:
n
ul = | [ o) f (su) Dluts))ds

n
< [ oo rpgatsls
0

Then for each n € [0, \], we have:

ds.

Dl = |1 (nutn), Dum)|
< an)+ b0 Jum)l+en) |"Dgu ()]
cAPe=h)

< a"+ 0" |u(n)|+

sup |"Dgiu :
P“_BF(1'+C¥—‘5)0§nEA| g (1)

Then
2P (1+a—
sup |"Dyru(n)| < P Uta—p) =) (a*—i—b* sup \u(n)|)
0<n<A p* BT (1+ a — B) — A\ 0<n<A
< Mo+ My sup |u(n)].
0<n<A
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Hence

Mo\
sup |u(n)| < ————= 0 / MG (n, s {sup |u(s)]}d5.

0<n<A pel (a4 1) 0<s<A

After the GRoNwALL lemma [16], we have:

MNP < MNP >
sup lu()| £ ——F——exp| —=———< | .
u ()| gee

0<n<A pel (o + T (a+1)
Thus
Mo*® MNP )
ull < ———— e — | = M,.
bl < o () — ¥
Let

U={ueP:|ul, < M+1}.

By choosing U, there is no u € 9U, such that v = pA(u), for p € (0,1). As a
consequence of LERAY-SCHAUDER’s theorem [1.10], A has a fixed point v in U which is a

solution to (B:3)-([54) . The proof is complete.

5.4 Examples

Example 1. Consider the following problem:

W3 () cos( )
( 2cos( )+51n( ))|:¢(t)+|w(z t)H—ng(t)
( Io+w> (0+,t) —0, t€[0,7], for any T > 0.

? t)cos( (t))
T2 (t) (\/§COS( ()> + sin (—)>> [w () + |w (z, )] + @1 (£) |

which satisfies the hypotheses of theorem [2.3] As

1
2D w (x,t) =

s AR

Set the function

—~

f(x7t7w) -

13 oY) 15
mD0+w (:l:,t) = QO% (t) Dmu(n) )
and
flatw) = v (0 cos (55)
o T3 () (x/ﬁcos ( ()> + sin (@ t))) [w () + |w (z,t)] + @1 (¢) ;Diw (x,t)H
_ et -
@2 (t) 1 (V2 cos (n) + sin ( [ u(n)| + ’1DOZ+U (n)H
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Then, the transformation (5.2]) reduces the previous problem of fractional-order’s partial

differential equation to problem of fractional differential equation of the form

1
"Dgu(n) = osl) , ne (0,5,
o (V2 cos(a) i) [L+u(n) -+ 1D )| 0.5

(110%) (07) = 0.

(5.19)

Set:
cos 1) .
m (V2cos (n) +sin (n)) [1+ |u| + |v]]’ 7E [0’ 4] ’

} , the function f is

f(m,u,v) = u,v € R.

Because sin (1), cos () are continuous positive functions Vn € [0,%
2], we have @ < cos(n) < 1, and

jointly continuous. For any w,v,u,v € R and n € [0, 1

0 <sin(n) < g, then:
1

‘f(ﬁauaﬂ)_f(%ﬂaﬁ” < ;(|U—&’+”U—ﬁ|)

Hence, the condition (H2) is satisfied with:

1 P PFT(1+a—pB) (m\~i_(5
o=y= =08 < T () "r(3) =096,

It remains to show that the condition (E.12I):

oN°T (1+a - ) BN OIORNG)
Clat+1) [P +a-g) -] 1@ [rE) -6
) var (3)
2 (3) [+ (2) - (3)]

12

0.4755 < 1,

is satisfied. It follows from theorem |5.1| that the problem (B5.I9) has a unique solution.

Example 2. Consider the following problem:

1
iDé{,_ w(w,t)

w0 cos( ) |20 ol )

|

1
iD§+ w(xvt)

D2, w (1, 1) = e e [0, 2 (1)] .

re (0 (Vacos g ) in 5t ) [0+ 0
<9151-0§+w> (07,¢t) =0, t €[0,7], for any T > 0.

Set the function

1
1D (2,1)|
1

IDiw (x,t)
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which satisfies the hypotheses of theorem [2.3] As
v (t)cos () [200) + [ (@.0)] + &4 (1) [1Dw (@ t>\]
T3 () (ﬁcos( (t)> —i—sm( ())) [ () + |w (z,1)] + @1 (¢) D0+w( )H

W (t) cos (n) [2 + |u(n)| + 1D0+u (W)H ‘
03 (t) 1 (V2 cos (n) + sin (1)) [1 + |u(n)| + 1D0+u (U)H

[l tw) =

Then, the transformation (A2]) reduces the previous problem of fractional-order’s partial

differential equation to problem of fractional differential equation of the form

cos() [2+\U(n)|+

1
D, ()|
(V2 cos(o)-+sinin) | 1+ur) +

<1I§+u) (0%) = 0.

1
1D02+u (77) =

;e 0,%],
lpélf_‘_u(n)} 7 [ 4}

(5.20)

Set:
cos (1) [2 + [u| + [v]]

m (V2cos () +sin (n)) [1 + Jul + [v]

Clearly, the function f is jointly continuous. For any u,v,u,? € R and n € [O, ﬂ , we have:

f(nu,v) =

], n e [0,%], u,v € R.

7 Gr,0) = £ (1,,9)] < = (=] + o — 0]).

Therefore, the condition (H2) is satisfied with:

1 P PFT(1+a—pB) (m\~i_(5
o=y= 03183 < S () "r(3) =096
Also, we have:
cos (1)
y Uy U S X 2+ |u| + |v|).
O S o s @l o)
Thus, the condition (H3) is satisfied with:
2 cos () cos (1)
a = , and b =c(n) = .
() 7 (V2cos (n) + sin (1)) (n) = () 7 (V2 cos (n) + sin (1))
We have also:
. 2
at = —,
7T
and 5
| p* T (14+a—p) (m\~-1,(5
b= ¢t = — 03183 < B - (Z) r() =096
and

PP Pr(1+a—p)a B 2r (2)

P BT (14 a—f)— X p (3) - (%)%
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also:

)1

p*Pr(1+a—p)b

_ _ (3)

PP a =) =X () - (5)F

And the condition:

VR
3
=

—

ot

N—" ;1
[N

N N——

ISE]

N—

IS
\_/
—

B
SN—
Wl

MNP
pel(a+1) T'(3+1)
_ vl (3)
or (3) [T (2) - (3)]
~ 04755 < 1.

It follows from theorem [5.2]and theorem|[5.3] that the problem (5.20) has at least one solution.

5.5 Proof of Main Theorems

In this section, we prove the existence and uniqueness of solutions of the following implicit

problem of the nonlinear partial differential equations of space-fractional order [29], [34]:
"Dyiw = f (x,t,w, ngﬂu) , (x,t) €0, X] x[0,7T], (5.21)

with the integral condition:

(1287 ow) (0%,1) = 0, (5.22)

under the generalized self-similar form which is:

w(x,t) = (t)u(n), with n = and p,¢ € C[0,T] — Ry. (5.23)

x
m7
Here 0 < f < a < 1. Then the transformation (5:23]) reduces the fractional-order’s partial
differential equation (B.2I]) to the ordinary differential equation of fractional order of the

form:
"Dieu(n) = £ (muln), "Dgu(n), ne 0N, (5:24)
with the integral condition:

(?Zy7%u) (07) = 0. (5.25)

Where A = X!, with ¢ = Orginggo (t) is a finite positive constant.
Now we proceed to demonstrate the theorem
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5.5. Proof of Main Theorems

Proof of theorem 2.7k

Now, we prove our existence and uniqueness results of the problem (B.2I]) with the integral
condition (5.22)) . By using (5.23)) , the hypotheses (H1), (H2) and (H3), presented in theorem
2.7, are equivalent to the hypotheses (H1), (H2) and (H3), presented in the section [5.3]

respectively. Also the conditions

M, XPe oXPT (1+a—p)
— <1, and
(p@?)" I (o 1) Pa+1) [(ppr) T (1+a — ) — 7 (opr)” Xrte=9)]

<1,

are equivalent to
pa po .
aMl/\ <1, and oNT (14 a— )
poT (a+ 1) Do+ 1) [T (1+a = B) = 3p? A=)

<1,

respectively.

1) We already proved in theorem , the existence of the solution of the problem (5.:24))
with the integral condition (5.25]) provided that (H1), (H2) and (H3) hold. Consequently, if
(H1), (H2) and (H3) hold, the problem (5.21]) with the integral condition (5.22)) has at least

one solution under the generalized self-similar form (5.23)) .
2) We already proved in theorem [5.2] the existence of the solution of the problem (5.24)
with the integral condition (5.20]) provided that (H1), (H2) and (H3) hold, and

MANT
prl(a+1)
Consequently, if (H1), (H2) and (H3) hold, and
My XP
<1,

(p@P)" T (a+1)
the problem (B.21)) with the integral condition (5.22) has at least one solution under the
generalized self-similar form (5.23]) .

3) We already proved in theorem , the existence and uniqueness of the solution of the
problem (5.24)) with the integral condition (5:25]) provided that (H1), (H2) hold, and
o T (1+a—p)

<1
T (a+1) [pO‘F 1+a—p)— ypﬂ)\”(""ﬁ)]

Consequently, if (H1), (H2) hold, and
o XPT (14+a—p)

< 1.
D(a+1) [(pg?)" T (1+a = B) =5 (ppr)” Xrta=9)]
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Then, there exists a unique solution of the problem (5.24])) with the integral condition (5.25])
under the generalized self-similar form (523]) .
The proof of theorem [2.7)is complete.
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Conclusion

This study is part of the process of applying the methods of analysis of existence and unique-
ness results of solutions for certain classes of partial differential equations of fractional order.

In this thesis, we used [7], [§] to give several existence and uniqueness results of general-
ized self-similar solutions for certain classes of FPDEs, thus, realizing the fractional deriva-
tive of KATUGAMPOLA in BANACH spaces. These studies were done mainly using BANACH’S
contraction principle, SCHAUDER’s and GuUo-KRASNOSEL’sKII’s fixed point theorems, and the
technique of the nonlinear alternative of LERAY-SCHAUDER type (see [15], [25]).

The first chapter allowed us to familiarize some notions related to the fractional calculus
and provided some elementary, but useful results for our study. The second chapter was
devote to introduce the different basic definitions and results (lemmas, theorems) crucial
to self-similar form in relation to the theory of partial differential equations with fractional
operators, and we presented our main results of this work.

We have discussed in the third, fourth and fifth chapters the existence and uniqueness of
generalized self-similar solutions for some nonlinear FPDEs using KatucAmpoLA’s fractional

derivative, in the form:
"Dyw = f (x,t,w, fD&w,ﬁDéiw ,) ,a>0>...>0.

The existence results of solutions of previous FPDE, are given with boundary value, with
initial value or with integral conditions, and we gave in each chapter some examples to
illustrate the applicability of our results.

This work opens the way for other developments on partial differential equations of frac-

tional order. In particular, we can offer the following perspectives:
e The qualitative study of these problems, in particular, will examine the asymptotic
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Conclusion

behavior of the solutions.

e The search for numerical methods of resolution of partial differential equations or of

differential equations of fractional order.

e The application of methods other than those proposed in this thesis, for the study of

the existence of self-similar solutions of other problems of FPDEs, in new spaces.

e The application of other direct methods that can be more precise than those proposed

in this thesis, for the study of the existence of the solutions of FPDE.

These perspectives are possible directions for future works.
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Résumé :

Dans cette thése, nous allons discuter plusieurs résultats d'existence et d'unicité de
solutions auto-similaires génerales pour certaines équations aux dérivées partielles non
linéaires d'ordre fractionnaire de type Katugampola, avec des valeurs aux limites, valeur
initiale, ou avec des conditions intégrales dans un espace de Banach, en utilisant le
principe de contraction de Banach, les théorémes de point fixe de Schauder et de Guo-
Krasnosel'skii, et la technique alternative non linéaire de type Leray-Schauder.

Mots clés: Equations aux dérivés partielles fractionnaires, équation différentielle fractionnaire,

dérivée fractionnaire de Katugampola, solutions auto-similaires, point fixe, espace de Banach,
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Abstract:

In this thesis, we discuss several existence and uniqueness results of generalized
self-similar solutions for some nonlinear partial differential equations of fractional order
of Katugampola type, with boundary value, initial value, or with integral conditions in
Banach space, we use the Banach contraction principle, Schauder and Guo-
Krasnosel'skii fixed point theorems, and the technique of the nonlinear alternative of
Leray-Schauder type.

Key words: Fractional partial differential equation, fractional differential equations, fractional

derivative of Katugampola, self-similar solutions, fixed point, Banach space, boundary value

problem, initial value problem, integral conditions, existence, uniqueness.
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