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Foreword

This course handout, entitled: “Lagrange formalism and linear oscillations: Course reminder,
exercises and problems with solutions” is developed and presented in accordance with the
outline relating to the LMD-S3 License training in the field of “Material Science (SM) and
Science and Technology (ST)".

This course is structured in two parts:

The first, divided into five chapters, deals with the problem of vibrations. The first chapter
concerns the use of the Lagrange formalism which describes the oscillations of physical
systems. The study of free linear (low amplitude) oscillations of systems with one degree of
freedom is presented in the second chapter. The third chapter deals with the damped movement
which takes into account the viscosity friction forces proportional to the speed of the mobile.
The notion of resonance devoted to forced oscillations is presented in the fourth chapter. The
fifth chapter presents vibrations with several degrees of freedom.

The second part, which constitutes the last two chapters, is devoted to the treatment of wave
propagation phenomena.

The course presented with a logical sequence, each new concept defined is clarified by simple
and useful examples, a series of problems enriching the course, everything was carried out with

the spirit of allowing better assimilation by the student.



PART ONE : VIBRATIONS

Chapter 1 :
General information on oscillations



1.1 Definition of an oscillation (Vibration)

Vibration is an oscillatory physical phenomenon of a body moving around its equilibrium
position.

Among the most varied mechanical movements, there are movements which are repeated: the
beating of the heart, the movement of a swing, the alternating movement of the pistons of an
internal combustion engine. All of these movements have one common trait: a repetition of the

movement over a cycle.

1.1.1 Examples

S BB BaRBARA;

a) Spring mass b) Oscillating electrical circuit c) cylinder floating in a liquid

A cycle is an uninterrupted series of movements or phenomena which are always renewed in
the same order. Take as an example the four-stroke cycle of an internal combustion engine. A
complete cycle includes four stages (intake, compression, explosion, exhaust) that repeat during
an engine cycle.
1.2 Definition of a periodic movement
We call periodic movement a movement which repeats itself and each cycle of which
reproduces itself identically. The duration of a cycle is called period measured by the second
and is defined as follows: T, =ajr.

0
Where o is called the pulsation which relates to the frequency of oscillations and is measured

inrad,s* @, =2 f;

Frequency is defined as the number of oscillations that take place per unit of time t, and is

measured in Hertz, f, =—
TO
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A particularly interesting periodic movement in the field of mechanics is that of an object which

moves from its equilibrium position and returns to it by performing a back and forth movement

relative to this position.

This type of periodic movement is called oscillation or oscillatory movement. The oscillations

of a mass connected to a spring, the movement of a pendulum or the vibrations of a stringed

instrument are examples of oscillatory movements.

Any mechanical system, including the most complex industrial machines, can be represented

by models consisting of a spring, a shock absorber and a mass. The human body, often described

as "beautiful mechanics”, is broken down in Figure 1.1 into several "spring-damper mass"

subsystems representing the head, shoulders, rib cage and legs or feet.

Head

Arm {

Spine=T

Rib Cage

Hips

Legs

Figure 1.1: Mass-spring-damper modeling of man.

Mathematically, periodicity is expressed by g(t +T):g(T). A periodic quantity is called

Sinusoidal when it is of the form g(t):ASin(a)t +(0).A is called amplitude, o : the pulsation, ¢:

the initial phase. Among the physical quantities studied of oscillating systems, we find:

v

AN NI N NN

The movement x.
The angle 6.

The load g.

The current i.
Voltage U.

A field E.
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1.2.1 Example
a) Let the periodic quantity g (t) shown opposite.

git)

N\

iy

T =2s.
f =£=O.5Hz.
T

=27t =rrads™
1.3 Complex representation
To facilitate calculations, we transform the sinusoidal quantities into exponentials which are
simpler to handle. This is possible thanks to Euler’s formula (1748).
cos@+ jsind=e" with j*=-1
1.3.1 Examples

b) Consider a capacitor and a current | (t): |, cosat.

. d
because i =—

lj‘C

idt
. Reminder:V, = q_ I_
Cc c

Find the complex impedance 7, =
i (t)=l,cosat —>i (t)=1g'" -
i (t)d jatgy jat i (t)=>Z, Ve _ =—
[i(t)at [ree t el T()=Z=7F= =

V (t)=2—— 5V _(t)=
() c Ve () c jco  jcw

¢) Consider a coil L and a current i (t)=1,cosat .

.V -
Find the complex impedance Z, =i—~L. Reminder: v, =L 3_'.
t

i(t)=1,cosmt > (t)=1,""

P - d(1.e! _ ~
V(t)=%—>VL(t)= L%:L%: jLole™ = jLoi

=—= ]l

=17 =\% JLIwI
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1.4 Superposition of periodic quantities

The addition of two or more quantities of the same nature is called superposition.

1.4.1 Sinusoidal quantities of the same pulsation

The superposition of two sinusoidal quantities of the same pulsation w is a sinusoidal pulsation
quantity o.

1.4.2 Example

a) Let the two sinusoidal quantities be:

9, (t)= «/Ecos(3t —%) and g, (t)=+2sin(3t+7)

L4
ot——

g9,(t)+9,(t)= \/Ecos(St —%j+\/§sin(3t +7) > \ﬁej( ‘J +ej(wt+”%J =el” {ﬁej(j) +ej@J

=1xe’ =cos(wt)
So : A=1. ¢=0.
1.4.3 Sinusoidal quantities of the same amplitudes
The superposition of two sinusoidal quantities of the same amplitude is a sinusoidal quantity
with modulated amplitude if the two pulsations are different.
1.4.4 Example

Let the two sinusoidal quantities be:

g, (t)=acos(wt)and g, (t)=asin(w,t)
g,(t)=(acos(at))+g,(t)=(asin(m4t))
g(t)=0,(t)+g,(t)= 2acos(%tjcos(%t)

1.4.5 Any sinusoidal quantities

The superposition is:

The superposition of two sinusoidal quantities with different pulsations w1 and w2 will only be

T n
a periodic quantity if the ratio between their periods is a rational number: _|_—1=E The
2
resulting period is the smallest common multiple: T=mT;+nTo.
1.4.6 Example

a) Let the two sinusoidal quantities be: g, (t)=5cos(5t+2) and g, (t) =2cos(7t+3)

Their superposition is: 5cos (5t +2) +2cos (7t +3).

-10 - Dr.Ghellab Torkia



T 2% n . .
As L =_729___ s a rational number (n=7, m=5), the superposition is a periodic
T, 27r7 m

quantity of T zm(zé):n(z%):&zs.

1.5 Definition of Fourier series
It is possible to express a periodic quantity by a sum of sines and cosines which are simpler to
manipulate physically and mathematically. This sum is called the Fourier series (1807).
The Fourier series of a periodic function f (t) of period T is defined by:
f (t)=a,+> a,cos(nwt)+ > b, sin(nwt)
n=1 n=1

v The ao, the ax, and the b, are called the Fourier coefficients.

v The pulsation o= 27t/T is called the fundamental pulsation.

v" The higher pulsations nw (multiple of ®) are called the harmonics.

v’ The Fourier coefficients are defined by:
1,7 2 (T 2 T )
a, :T_IO f (t)dt, a, z_r—_[o f (t)cos(nwt)dt, b, :T—_fo f (t)sin(newt)dt

The graph of 2, and 4, (and sometimes \/a 2 +b,? ) in terms of new is called the spectrum of
the function.

1.5.1 Case of even and odd functions

« Even functions: A function is said to be even if f (—t)=f (t).

In the Fourier series of even functions, there are only the cosine terms and sometimes the
constant a0 which is the average value of the function 4, =0.

- Odd functions: A function is said to be odd if f (—t)=—f (t).

In the Fourier series of odd functions, there are only sine terms:

ao = a,=0.

1.5.2 Example

= = = e

-11 - Dr.Ghellab Torkia



1. The period of the function is T=2s.

B =2 [ f(0)dt = [Ldt+ [ (-t+2)t |-

2 o1 27n 1 2 cos(nrz)-1
an:?.[o f(t)cos( )d = [_[0(1)cos(n7rt)dt+jl (—t+2)cos(n7zt)dt}:r(]2—”2)
L (_1)n_1_ 0 |f nis an even number

" nig? ;—22 if nis an odd number
Nz

b, == f (t)sin(z’fr—”t)dt = 2| [y @sin(nr t)dt [ (~t+2)sin (nz ) | ==

+ (_12) glcos(nwt)+inisin(na)t)
~nr

n“z

[Ms

So the Fourier series is f (t)=

NN

N

n

The spectrum of f (¢) will be taken to be the graph of a, and by versus nw.

1.6 Physical modeling
To understand the vibrational phenomenon, we associate with all physical systems a "mass-
spring™ system which constitutes an excellent representative model for studying oscillations as

follows, figure 1.2:

' F())
l-.\‘;t)

In equilibrium  In movement

Figure 1.2: Mass-spring diagram.
F(t) is called the restoring force which is proportional to the elongation x(t). The constant k is
called the stiffness constant.
1.6.1 The representation of several springs

There are two other configurations for the mass-spring system, figure 1.3:

E~0 -
Fm 'x(t) wr)

M

TE

Figure 1.3: Configurations for the mass-spring system.
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The representation of several springs is presented in two cases:
v"In parallel, we have the figure 1.4:

. W W . U . ¥
k; k> 'F(t)“ ékea

x(t) lxm

Figure 1.4: Parallel springs.

The equivalent stiffness is the sum of the stiffnesses ki and ko such that: k,, =k, +k,

v Inseries, we have figure 1.5

Lx{t) Lxrr)

Figure 1.5: Springs in series.

1 11
The equivalent stiffness is the sum of the stiffnesses ki and k2 such that: k__k_+k_
eq 1 2

An oscillating physical system is identified by the generalized coordinate g which is defined by
the deviation from the stable equilibrium position.
We define n the number of degrees of freedom by the number of independent movements of a
physical system which determines the number of differential equations of motion.
1.7 Total energy
The total energy of the system is defined by the sum of two types of energy
The Kinetic energy of a mechanical system is written in the form:
1
T= EC = ZE miq12

n>1

The potential energy of a mechanical system is written using the limited Taylor expansion in

the form:

10U
q+>

3 10"V n
3 +
2 09

2

oU

q=0 q=0 q=0

-13- Dr.Ghellab Torkia



%+ The value g=0 corresponds to the equilibrium position of the system characterized by

u
aq;

=0

4=0

There are two types of equilibrium:
» Stable equilibrium, represented by figure 1.6:

% In this case, the necessary condition is that:

100

2 09°

=0

o P
Stable equilibrium point
Figure 1.6: Stable equilibrium.
» Unstable equilibrium represented by figure 1.7

 In this case, the necessary condition is that

10U
Ew <0.
q=0
E
.rJ

E _

{ia

P@ P

Unstable equilibrium point

Figure 1.7: Unstable equilibrium.

» The oscillatory movement is said to be linear if this deviation is infinitesimal. For this
purpose the potential energy takes the quadratic form as a function of the deviation from

the equilibrium position represented as follows:

REUIRS
p 2 an »
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U .
The constant o is called the recall constant.
q

So; the restoring force takes the linear form as a function of the elongation and opposite to the

movement such that:

- ou|
FO=-—5 4
aa” |,

1.8 Calculation methods
The equation of motion for a conservative system can be determined by three methods:
1. Principle of total energy conservation
dE;
dt
Where Er is called the total energy of the system.

E. =E +E, =T +U =Constant = =0

2. Newton's dynamic law:
Zlfu = miai
Where &, is called the acceleration of the components of the system.

3. Lagrange-Euler method: L(q,q)=T -U =E, —E_ =Constant

Where L: is the Lagrangian of the system.
In the case of a so-called conservative system, the forces derive from a potential.
We define the action of the system as the summation, between the time interval, to, t; along the

path of the system, of the difference between the kinetic energy and the potential energy.
4 .
F=L L(q,q)dt
0

The path is determined using a variational method. This method results in the Euler-Lagrange
equations which give paths on which the action is minimal.
% By applying the principle of least action &r" =0, we obtain the Euler-Lagrange

equation for a conservative system as follows:

d(a) () o i 1n
dt \ aq; aq,

The equation of motion for a dissipative (non-conservative) system can be determined as
follows:

-15 - Dr.Ghellab Torkia



v/ System in translation:

M)

ext

Where F

ext

are the external forces applied to the system.

d( oL oL ~.: | -
il 5 )2 e

are the external moments applied to the system. In this case the

v/ Rotating system:

Where M

ext

forces do not derive from a potential.
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Chapter 2:
Free linear systems with one degree of

freedom
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2.1 Free oscillators
A system oscillating in the absence of any excitation force is called a free oscillator. The number
of independent quantities involved in the movement is called the degree of freedom.
An isolated system oscillating with one degree of freedom is determined by the generalized
coordinate g which is the deviation from the stable equilibrium.
2.2 Harmonic oscillator
In mechanics, we call a harmonic oscillator which, as soon as it is separated from its equilibrium
position by a distance x (or angle 6), is subject to a restoring force opposite and proportional to
the separation x (or 6):

F=-Cx
C: A positive constant
2.2.1 Examples
a) The mass-spring system opposite is a harmonic oscillator because the restoring force is
T=—kx.

b) The restoring force of the simple pendulum is F, = -MgsiNE . The pendulum

becomes a harmonic oscillator when 8«1: F, = —mg sin & = —mg & .

2.3 Proper pulsation of a harmonic oscillator

We define the harmonic oscillation by the following differential equation:
G (t)+e5q(t)=0
(Inmechanics g=x, y, z &, @ ....In electricity g=1i, u, q). where @, is called the system's proper

2
pulsation. We define the proper period To as follows: T, =—
Wy

The solution to this differential equation is in sinusoidal form such that:
q(t)=Acos(mpt +¢)
Where o is called proper pulsation because it only depends on the quantities specific to the

oscillator.

-18 - Dr.Ghellab Torkia



A represents the amplitude of the oscillations and ¢ is the phase shift. The constants A and ¢ are

determined by the following initial conditions:

q (t - O) =q,
v (t - O) - qo
T =2n/w,
P ! /Il v
A R e
“\| \\ /,/ \\\7 @y, < | / \
p(t=0) \ / d X
0 \ / 0 vt=0) /
/
\ / \\ \\
\\\ / — @y Al
—ud N
0 0
Temps (s) Temps (s)
A- Position response B- Speed Response

Figure 2.1: Free oscillatory movement.

It should be noted that all low amplitude oscillations around the equilibrium position can be
assimilated to linear movements and the potential energy can be expressed in quadratic form of
the generalized coordinate q.

On the other hand, beyond a certain amplitude the oscillation becomes non-linear. Some
examples of applications:

2.3.1 Examples

a) Using the PFD, find the equation of motion of the system opposite.

Eguilibrium  Movement

v Calculate its own pulsation for m=1kg et k=3N/m.
v Find the amplitude A and the phase @ knowing that initially the mass is pushed

2cm downwards then launched upwards at a speed of 2cm/s.

-19 - Dr.Ghellab Torkia



Solution
v/ PFD inequilibrium: > F =0=mg +T =0=>mg —kz,=0.
v/ PFDinmovement: > F=ma=mg+T =ma=mg —k (z +z,)=mZ .

Thanks to the equilibrium equation mg —kz , =0, the equation of motion simplifies :

z“+£z =0
m

v' The proper pulsation is ,, _ /L _ /3 rad/s.
m

v The time equation is: (t)=Acos(wgt +¢)=A cos(\/ﬁ +¢) . Let's use the initial

conditions to find 4 and @:

tangzﬁ:%:qﬁ:%
z (0)=Acos¢g=2cm 3
=
z'(O)=—A«/§sin¢:—20m/s A= 2 _ 2 ~ 2 =1.155cm /s
CoS ¢ cosZ 0.866
6

b) Using the mesh law, find the equation of motion of the charge g in the circuit

opposite, then deduce the natural pulsation wo.

Solution

The law of meshes is written:
DV, =0=V +V, =0
q di . dq
V.o=—¢etV, =L —,1=—=
e LT dt T
d

v ot do L
L dtq q

1
i L g0
LQ'+CqT:0:>LQ'+éq=0:> q+LCq

Q'+a)§q =0
, 1 1
%=~ o
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The proper pulsation is therefore ,, — 1

JLc

2.4 The energy of a harmonic oscillator

The energy of a harmonic oscillator is the sum of its kinetic and potential energies:

v

Noticed : Total energy E =T +U is preserved (constant) during the movemen

This conservat

2.4.1 Example

Solution

T :Emz'2
2

U =1k (z+z
2

E =T +U
The kinetic energy of translation of a body of mass m and speed v is

T, :%mVZ_ For a spool T :%LiZ.

translation
The kinetic energy of rotation of a Body with moment of inertia I, around an

axis A and angular velocity ¢ is T =1,6°

translation —

The potential energy of a mass m in a constant gravitational field g is:
Umass= + mgh during an ascent of a height h.
The potential energy of a coil spring of stiffness k lors of a deformation d is

1 11 ,

~ ——~kd?. Foracapacitory == —¢g2.
spring 2 p ZC q

U

The potential energy of a torsion spring of stiffness k during deformation 9 is:
L, 02

Uspring :EE] k(9 '

t: di:o
dt

ion equation gives the equation of motion of conserved systems.

z, @ jQ m
""I —1 :{}""': P

k E-—-* = I

In equilibrium In movement

0)Z—mg (z +2,)
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U :%kzz+kzzo+%kz§—mgz —mgzO:%kz%kzzo—mgz +%kz§—mgz0
1, 1,
U :Ekz +(kz,—mg)z +Ekzo—mgzO

Thanks to the equilibrium condition

Ay :(12k2+kzo—mg=0j
0z |,, \2

z=0:kz,—-mg=0

z=0

Then U simplifies

U :1k22+1kz§—mgzoz>u Lo icre
2 2 2

E=T+U Z%mz'2 + 12 ice.

dt 0 dtl2

dE _d Lz +d— Liz2]-o
dt  dt\2 dt\ 2
d—E:(lmZZ'z"j+(lk22 z'j:O
dt 2 2

mzz +kzz =0:>mz"+kz=0:>z"+£z =0
m

dE —O:d—(lmz'2 +%kzz+Ctej

Which is the equation of motion found using the PFD.
2.5 Equilibrium condition

The equilibrium condition is F=0 If the equilibrium is at x = xo, we write F|_, =0.Fora
- . ou I L
force deriving from a potential _6_x , the equilibrium condition is written:

Wy
OX

X=X,
The equilibrium of a system is stable if, once removed from its equilibrium position, it returns.

The system returns to its equilibrium if F is a restoring force. Since F= —Cx we will have a

restoring force if C >0.

As (_ﬁj = & , the stable equilibrium condition is written:
ox ox?
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2

This condition is also an oscillation condition.

X=X

The equilibrium of a system is unstable if the system does not regain its equilibrium during a
deviation, i.e. if C <0 the unstable equilibrium condition is therefore written:

2

For the rotations the previous equations become:
[au j [@j 50 [@j
—_— >0, 2 , 2
30 ), 2 00

2.5.1 Example
Find the equilibrium positions and their nature for the system opposite.

D &V
o ®

X=Xg

0=0,

Pl 7
Y
\/
Solution

The potential energy during a separation &from the vertical is:
U =-mgh =-mgl (1—0059) . The equilibrium positions are given by

%:O:%(—mgl (1—cosé’)):—mgl %(1—cose)=—mgl sinfd=0=sin@=0

The equilibrium positions are therefore: §=0 or 6=r.
U —mgl (1-cos )

] =-mglsing
00

00?

2,
So (geuz j =-mgl cos g

&

2
(a v J: %(—mgl sing) =-mgl %sin 6 =—mgl cos &

=-mgl cos0=-mgl <0 So #=0 is an unstable equilibrium position

6=0
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o
[ﬁ] =-mgl cosz =+mgl >0 which implies 0= is a stable equilibrium position.

2.6 Lagrange equation (1788)
The Lagrange equation (also called the Euler-Lagrange equation) is:

dfaL) (o) _,
dt \ og aq
L=T-U is called the Lagrangian

The Lagrange equation also directly gives the equation of motion (For translations g=x, y, z.

O=r

For rotations g= 0, ¢,... In electricity g=q).

2.6.1 Example
E{JL m j m
4.______.! - _+_-
'F__"."‘ =0 - 1&
=2 0"
In equilibrium In movement
T = 1 mz?
2

U =%kz 2 +Cte

The Lagrangianis: . =T —U :%mz 2 —%kz > +Cte

The equation of motion is therefore:

dfa) (),

dt \ o7 0z

WithL=T -U =1mz'2—1kz2+cte
2 2

i=i(1mz’2j=1mi(z‘2)=lm(22)=mz‘:i(ijzi(mz‘)zmi(z‘)zmz
or 01\ 2 2 01 2 dt\ oz ) dt dt

%:E[—lkzzl:—lkﬁ(zz):—lk(Zz):—kz
o0z o0z\ 2 2 0O 2

So mZz+kz=0

.k

I+—z2=0 , k k
m S W) =—=0)=,|—

. 2 m

I+wyz=0

Which is indeed the equation obtained using the PFD then using the conservation equation.
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The solution to the differential equation is then written: z (t ) = A cos (et + @)

2.6.1.1 Springs:

. F(0)
l-x-(t)

In equilibrium In movement
The kinetic energy is written:
1 1 .
T=E ==-mv’=-mx?
2 2

The potential energy for small oscillations is written in the form:

E,=U=U, +U_
K. 2
Uk:EX + kxx, + cte
U,, =-mg (X+X,) = —mgx —mgXx,
k.o
U =Uk+Um=Ex + kxx, —mgx —mgx, + cte
U =gx2+(kx0—mg)x—mgx0+cte with —mgx, = cte

U :gx2+(kx0—mg)x+cte

In equilibrium
Yl _g
6)( x=0
ou Kk
— =—x2X+(kx,—m
ox 2 (ko =mg)
ouU k
—| X=0=>—=—x2(x=0)+(kx,—m
.. 5 2(x=0)+ (K, ~mg)
ouU mg
—| =0=(kx,—mg)=0=x,=—
X | o (kx, =mg) ® kx,
U=5x2+cte

2

L=T-U zlmxz—lkx“rcte
2 2
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The equation of motion is of the form:

dfany (o),

dt\ ox OX

) 1 ., 1 ,
With L:T—U:me —Ekx +cte

a—lf:i(lmxzjzlmi(xz):lm(zx):mX:i(a—lf]:i(mx):mi(x):mx
ox  Oox\ 2 2 OX 2 dt\ox ) dt dt
@:i(—ikﬁ}z—lkﬁ(xz)z—ik(zx)z—kx

ox ox\ 2 2 OX 2

SO mx +kx =0
geXx=0 f
m DS Wy =—=0)=,|—
G 2 m m
X+wyx=0
The solution to the differential equation is then written:
x(t) = Acos(apt+¢)

2.6.1.2 Simple pendulum

m

. [x=Isin@ . | x=10coso
om= =V= .
y=1Icos@d y=-10sinég

v =% +y2 =(16)
The Kinetic energy is written:

T =E, ~ Lz =Ly
2 2
x=10
T =1m(lé)2 ENEP
2 2
For the potential energy we have:
U, =—mgh

cosezlnzhzlcosezum =-mgl cos g
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So U =E_, =—mgl cos @ +cte

Then, the Lagrangian of the system is written:
L=E,—E,=T-U Z%mlzéz +mgl cos @ + cte
The equation of motion for small oscillations is:
(3]

dt\od) (o6

With L=E,—E, =T -U =%m|26)2 +mgl cos @ +cte

a—l‘.:i[lmlzézjzlmlzi(éz):lmlz(&é):mlzézi[a—l‘.jzi(mlzé)zmlzi(é)zmlzé
00 00\ 2 2 06 2 dt\ 08 dt dt

oL 0 0 .
= = 2 (mgl cos @) = mgl — (cos @) = —mgl sin &
% ae(mg cosd)=mg ag(cos )=-mglsin

So ml?2@ +mglsin@ =0
At low amplitude sin@ ~ @

So: mi?6+mgld=0
é+%0:0
O+ai0=0

w(f:%:wo:\/%

The solution to the differential equation is then written: &(t) = Acos(ayt+¢)

2.6.1.3 Torsion system:
A rigid body with moment of inertia Jo oscillates around an axis with a torsion constant k.

Torsional oscillatory movement

The Kinetic energy is written: g_ =T = %3092

For the potential energy we have: E,=U :%ktgz

- 27 - Dr.Ghellab Torkia



The Lagrangian of the system is then written: L=E,—E, =T -U = % J,0? —%kﬂ2 +cte

The differential equation is written:

-i(ﬂj—ﬂﬂqzo wMuLza—Ep=1%¢—1K¢+ae
2 2

dt\ad) (o0
QEZJﬁzsﬁ-QE =J,0

00 dt\ 06

oL
- = 9

00 “

J,0+kO=0

9'+£49:0 k K,

2 t
0 SO =E—=0,=,|—

) 2 0 ‘]0
O+w6=0

The solution to the differential equation is then written: 6(t ) =6, cos( et +¢)

2.6.2 Exercises and problems
Exercise No. 1
Compare between the own pulsation of a k+m mechanical system and an LC electrical system

We give: k=100 N/m, m=250g, L=0.1 H, C=100 pF.

ik o mn

m x(Z) !

|
F) 1

Solution :
T=E, :Emv2 :mez
2 2
E,=U=U+U,
Um=0 because we have: (Un=mgh and h=0).

k
U == x® + kxx, +cte

In equilibrium

y =O:>Q=5><2x+kxO

OX 4o ox 2

el :x=0:>5><2(x=0)+kx0:>£ =0=kx,=0=x,=0
OX |y_o 2 OX |y_o
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k
U =—x%+cte

L=T—-U =lm>'<2—lkx2+cte
2 2

The equation of motion is of the form:
(EHE)-o
dt\ ox OX

WithL=T-U :%mx2 —%kx2+cte

x x| 2 dt\ ox

@:i(—ikﬁ}z—lki(xz)z—ik(zx)z—kx
ox ox\ 2 2

oL_o (lmxzjzlmi(xz):%m(b‘():mX:i(aL]:%(mx):m%(x): myx

so mMmX +kx =0

. Kk
X+—x =0 , k k
m SOy =—0=,|—
m m

X +apx =0

k = 100 N/m, m=250 g=0.250 kg.

o, (mechanical) = e, = \/% = /% =20rad.s™

2/LC electrical circuit

Lina

DV, =0=V, 4V, =0
q di . dq d . . c.
V.==V, =L—,i=—=4d=V, =L—q=L .
et T g T AT T gt ”

. q L1 L1
Lj+—=0=L+—gq=0=>¢+—qg=0
q C q Cq q LCq

1 1
4+ w’q=0/w’ =—=w, = |—
g+ aqq W, LC 2 LC

L=0.1 H, C=100 pF=100 10**F.

@, (electric) = @, = \/Llc = \/0 n 102 0% = 3.16x10" rad.s™
A X x

, (electric) >>>> e, (mechanical)

Electric circuits have a fairly broad frequency spectrum compared to that of electrical spectra.
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Exercise No. 2

A vibratory system (k+m) (arranged horizontally), consisting of a mass m=0.01 kg and a
spring k=36Nm*. At time t=0 we observe that the mass is 50 mm to the right of its equilibrium
position and is still moving to the right with a speed of 1.7ms™. Calculate the frequency,
amplitude, initial phase and energy of the system. A second system identical to the first is

vibrated with the same amplitude but with a phase advance of %~ ) calculate the displacement
and speed at t=0. At what moment will it then pass through the equilibrium position?
Solution

The equation of motion of a vibrational system k+m (arranged horizontally) is

X‘+£x:0
m

X+afx=0

X(t) = Acos(m,t +¢)

:_: @, \/7 /36 =60rad.s™

Frequency calculation f

o =27f = =2 -9 _g55Hertz
0 2r 2rx

Calculation of A and ¢

X(t) = Acos(@gt +¢) X(t) = Acos(ayt +¢)
d

v(t)= dXd—(tt) =x(t)= a[ACOS(a)O'[-l-(p)} - {X(t) =—Aaysin(at+¢)

X(t=0)=Acos(a,x0+ x(t=0)= Acos
In the initial conditions{ (t=0) (e ?) j{ (t=0) (o)

X(t=0)=—Awm,sin(w,x0+¢) |X(t=0)=—-Aw,sin(p)

x(t=0)=Acos(p)=50mm=50.10"m (1)
Digital Application 4 .

X(t=0)=-Aw,sin(p)=1.7m/s (2)
X(t=0)=—Aag,sin(p)=1.7m/s (2)

(2) _-Aaysin(p) 17
(1) Acos(p) 50.10°

w, tan (p) =

{x(t 0) = Acos(p)=50mm =50.10"m (1)

-1.7
50.10°°

-7 1 _ -17 1
50.10°° @, ~50.10° 60

= tan(¢p) = go——grad
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50.10°

=5

T

According to (1) : Acos(¢) = Acos (_Ej =50.10" = A= =0.057m

Calculation of maximum system energy
E, =T+U
E; (Max)=U and (T =0)

Since the energy is maximum when the elongation of the spring is maximum and in this instant

the spring changes direction i.e. v=0 this implies that the kinetic energy becomes zero.

E; (Max)=U :%kxz
x =0.057m, k =36
E, (Max) = %36(0.057)2 =0.06 J

Calculation of the position and speed of the second system t=0:
For the second system: It has the same amplitude as the first system, that is to say A does not

change but with a phase advance of % that's to say ¢ becomes (,)+%

x(t)= ACOS(%”((H%B
, . V1
X(t)= —Aa)08|n[a)0t+£¢)+5j]
In the initial conditions
x(t=0)= Acos(wox(t :0)+(¢+%jj x(t=0)= Acos((gm%)j
=
x(t=0) :—Aa)osin[coo X(t :o){ngj x(t =0):—Aa>osin(((p+%j]
Digital Application
x(t=0)= ACOS[(§0+ ZD = Acos(—z+ Zj = Acos (Zj =0.057 cos [ZJ =0.0288m
2 6 2 3 3
X(t=0)=—Aw,sin [(§0+ ZD =—Aaw, sin (—Z+ Zj =—Aw,sin (Zj =-0.057x60xsin (ZJ =-29m/s
2 6 2 3 3

So the second system at t=0 is 28.8 mm from the equilibrium position and moves with a speed

So

of 3m/s.

At what moment will it then pass through the equilibrium position?
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x(t) = Acos(coot +go+%j = Acos(a)otJr%j =0= COS(%H%)

Likewise

Exercise No. 3

Simplify the system in the following figure by replacing the springs with an equivalent spring
ke with ky=ko=ks=k and ks=2k. Deduce the nature of the movement and its own pulsation wo

which we ask to calculate knowing that k =150 N/m, m=1kg.

P S
k1 k
ka
ks To
r v
=(t]
Solution
ki is in parallel with k250 Ko ivatenty = Ki + Ko = 2k
K1(equivalent) IS in series with ks
r 1. 1.1 3
k2(equivalent) kl(equivalent) k3 2k Kk 2k

2k

2(equivalent) ?

Kaequivalent) 1S in parallel with ks
2k 8k

k3(equivalent) =k 2(equivalent ) +K 4= ? +2k = ?
3(equivalent) = k(equivalent) = ke
. K
X+—x=0
m
X+ a)g x=0

w? :£:>a)0 :\/k:e: ’%:20 rad.s™
m m 3m
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Exercise No. 4
Arod of length | and negligible mass articulated at point O carrying at its free end a point mass
m. At a distance a of O from the rod we attach vertically a spring of stiffness k, the other end
being fixed to a fixed frame at point A. At static equilibrium the rod takes a horizontal position
(6=0).

1- Say if at this position is the spring extended or not? deduce the equilibrium condition.

2- Establish the differential equation of weak oscillations and deduce their period.

A

Solution
Uu=U,+U_
The potential energy of the rod equals zero because the mass of the rod is neglected.

U, =gx2+kxxo+cte

With sing =X = x =asin@
a
k 2 k - 2 -
U":EX +kxx0+cte:5(asm¢9) +k(asin®)x, +cte
Um:—mghWithsinH:IE:h:IsinQ:Um:—mglsinH
U=u,+U, :%(asine)z+k(asin0)x0—mglsin0+cte
U :ga2 (sin02)+ kax, (sin &) —mgl (sin 8)+cte = U :ga2 (sin02)+(kax0—mgl)(sin0)+cte

2
At low amplitude sin@ =~ @and cos @ zl—%
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U zga2 (6%)+(kax, —mgl)(6)+cte

In equilibrium

] :O:ﬁzhxazx%w(kaxo—mgl)

90 |,., 0 2

aul kK

—| :0=0=_—xa’x2(6=0)+(kax,—mgl)=(kax, —mgl)
90,4 2

ouU mgl

—| =0=(kax,—mgl)=0= X, =+—

Ox o ( 0 g) 0 ka.

That is to say, the spring is elongated by x_ — +T(_9'
a

=U =ga2(92)+cte-

vl
2 2

T :im(lé')2 ~ Lo
2 2
Then, the Lagrangian of the system is written:
c p

L=E -E =T-U =1m|292—5a2(92)+cte
2 2

The ecuation of motion for small osaillations is - O 25 |- @5 =0
€ equation oT motion 1or small oScHliations IS . dt 89 00

i:lmuzxzezmv(;:i(ij:muze'
o8 2 dt\ o6
A Kari20- ka%
06 2
ml?6 + ka’0 =0

2
5+ 90

ml
0+0?0=0
a)z_kaz _ [ka® _a [k
° ml?  \mi2 1\m
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Exercise No. 5

A U-shaped tube of section S contains a liquid of density p and length I in the tube.
v' Establish the differential equation for free vibrations of low amplitudes.
v" Deduce their own pulsation.

Solution :
1. Kinetic energy

T-E, = Imv? = Imw?
2 2

M : The mass of liquid
pz%:M = pV = pSl

'\I/'_ S, (1)
I : Liquid length.
T =1 M

2

2. Potential energy
du,, =—F,di' =—F dl cos(F, ({).dI (1))
dU, =—F dlcos(180°) = dU , = +F,dl = +mgdl with F, = mg
m: The mass of the tube 2x

p:vﬂ:m:pvm = pS2x=F_ =mg = pS2xg =2pgSx

m

X X X X 2 %

U, = J'dUm :J+mgdl = +J2pngdx=+J'2pngdx:+2pgSdex =+2p0S [%}
0 0 0 0 0
2

X x>
Up =2p98| -=0|=U, =2p05| =

U, = pgSx* +cte
L=T-U

L= % Mx? — pgSx® + cte

According to (1) : '\I/l— =Sp
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L=T-U
L=%MX2—pgSX2+Cte/¥=Sp

L:%MX2—¥x2+cte

The equation of motion is of the form:

s(3H(E)-
dt \ ox OX

%lezszX:i[%j=MX

ox 2 dt\ ox

oL__Mg, __2Mg

OX | |

:>M5<‘+2'\I/ng=0

. 20

X+—x=0 2 2
| :>a)§:—g:>a): =t}

y | |
X+ afx=0

Exercise No. 6

Find the simple system equivalent of the system shown in the figure, then calculate the

proper pulsation. We admit that the displacement of the mass is only v.

A &
key ke
Im
a — B
-— >
q.—l——-
In Equilibrium
Y F=0
F+F,+mg=0
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Following the movement of the system we find
F+F =mg
F=kx, F, =k,X,

kK., +K, X, =mg ........... (1)

> =0

ﬁAé+ﬁAﬁz+@Amg=o
O—Ai/\lfl—@/\lfz+w/\m§=0

We have. A 6 = |«[8]sin(4.5)

30 [OA]x|F][<sin(OA, F.) [ AC] x| |xsin (A0, )+ [07] x|md]xsin (00", mg ) ~ 0
We have

oAl =a[a0]=b || = R[] = F

So

aFlsin(@,lfl)—bF2 sin(@, Ifz)+OO'>< mg xsin(Cﬁ, mg):o
sin(@, m@)=sin180°=0

aFlsin(@,lfl)—bF2 sin(@, ﬁz):o

We pose

sin(ﬁ, Ifl)zal,sin(@, Ifz)zoz2

aF,; sin(a, ) —bF,sin(«a,) =0

N N
1¢2!22§9
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We know that

sin(A+B)=sinAcosB +cosAsinB
. . T . T . T
sin(a,) =sin| ¢+~ |=singpcos = +cospsin
( 2] 2 2

cos£=0,sin£:1

2 2
. . T
Sln(al)=SIn(§0+Ej=COS(0
sin(A—-B)=sinAcosB —cosAsinB
sin (e, ) =sin 2 _p|=sinZcosp-cos sing

2 2 2

coszzo,sin£=1

2 2
. . T
sm(az):sm(g—(pjzcosw

So aF; sin(¢y,)—bF,sin(«,)=0
Becomes

aF, cos(¢p)—bF, cos(¢)=0
aF, =DbF,

In equilibrium k X =mg

(equivalent)
According to (1): K cquateny X = MG = KX, +K,%,
Kecquivatenty X = KX +KpXp oo (3)

Triangle: AA A,
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alko R Bk R
=Tl

By replacing (2) and (4) in (3) we find
(a+ b)2

k )

(equivalent) az b2
- _I_ -
kl k2

sin@ =

. k(equivalent)
X+—=x=0 2 (equivalent) (equivalent)
m =, = =, = =
m m

X+aix=0

Exercise No. 7

We demonstrate that the simple equivalent system of the system of figure (A) is the system of

| (a+b)
figure (B) such that k(equiva|em) = ‘lz . E
kl k2
2k
ke
(A) (B)
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1- Taking into account the previous result finds the simple equivalent system of the system
shown in Figure (C) and calculate the equivalent elements Ke and Me. What happens to this

result if we neglect a.

2- Then calculate in each of the two cases the proper pulsation wo. We give: k=150 N/m and
m=1Kg (all springs have negligible mass).

Solution
By applying the result of figure (1) to the system of figure (2) a=a, b=a, ki=k>=k we will have:

(a+a)’ (2a) 4a® 2 )

kl(equwalent) i a: a2 132 - 276\2 :TZZ
k Kk k k k

K. (equivatent) and ksare in series:

1 1 1 1 1 1+2 3 2k
K = +E:E+E:?:E: kz(equivalent) Z?
2(equivalent) k](equivalent)
For ( kz(equwalem) ) and (2k) by applying the result of the figure (1) a=a, b=a, ki=2k, ko= 23k

k2(equiva|ent) we will have:

(a+a)’ _ (2a) _4a° _1

3(equivalent) = k(equwalent) a a2 = a2 3a2 = 43. - T =2k= k (equivalent) =2k
k2K kK 2k 2

3
Ko
e (equivalent) Xx=0
m
X+afx=0

k f f
6002 _ (equwalent equwalent) 2x150 \/?F 17.3 rads

If a<<< (a negligible)

ki and kz are in parallel:
kl(equivalent) = kl + kz =k +k =2k

Ki(equivatenty @nd k are in series:
1 1 1 1.1 1+2 3 2k
= Tty v 2(equivalent) — o
k k 2k k 2k 2 3

2(equivalent) k1(equivalent)

k and 2k are in parallel:

2(equivalent)
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o 2Ky 2k+6k 8K

Ky o =k =k

3(equivalent) (equivalent) 2(equivalent) 3 3 B ?
8k
k(equivalent) = ?
gy o) o
m
X+alx=0
C()g = k(BvaaIent Bqu'Vale”t) 8X150 a\f400 =20 rad571
\} 3 x1
Problem 1

1) kinetic energy and potential energy
1.1 The diagrams below represent systems in a state of movement. The initial positions
are shown in dotted lines. A bold line stem is massive and homogeneous while a thin
line stem is negligible. The black balls are punctual. The wires are inextensible and do
not slip on the discs. It will be assumed that the springs keep their vertical or horizontal
directions during spacing. Find the Kkinetic energy T and the potential energy U as a
function of @ for each of these systems.
2) Equilibrium condition, stable equilibrium, and unstable equilibrium
2.1
a) Find the equilibrium positions for each system.
b) Study the nature of the equilibrium at 6= /2 of system (i).
c) Find the oscillation condition of systems (ii) and (iii) at =0.
3) Lagrangian equation of motion
3.1 Find in each case the Lagrangian for @ < 1then deduce the equation of motion and the

proper pulsation.

/ Reminders \

The moment of inertia of a rod of mass M and length | around its center of gravity G is:

1
|, =—MI?
/G 12
The moment of inertia of a disk of mass M and radius R around its center of gravity G is:
1
I, ==MR?
/G 2

The moment of inertia of a rod of mass M and length | around a point O far from its center of
gravity by a distance D is, according to the Huygens-Steiner theorem:

\ I/o=|/G+M(OG)2:$MI2+MD2 /
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Solution
1) kinetic energy and potential energy

1.1 The kinetic energy T and the potential energy U as a function of 6

i)

1 1 1 1 1 ., 1 ., 1 ., 1

T=T,+T ,+T . +T , = > m,Vv7 + Emzvz2 Emgvg 5 m,Vv> = Emle + Emzxg +§m3x§ + §m4x§
x =16,% =10, %=10,x% =10
T =%ml(ll6'*)2 +%m2 (Izé)z +%m3 (Isé)z +%m4 (I49)2 =T= %(mlll2 +m,13 +ml? +m,l?)6?
u=u_,+U_,+U_,+U_,
Uml = +mlghl

sinezlﬁjh1 =l sind=U_, =+mgl sind
1

Um2:_m29h2
l,L,=h,+x=h,=1,-x

cosﬁz%: x=1,cos0=h=I,-1,cos6 =1, (1-cos )
2

=U,, =-m,gl, (1-coso)
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U s =—msghy

sinez%: h,=1,sind=U, ,=-m,gl,siné
3

Um4 :+m4gh4

l,=h,+x=h,=I,-X

cosezli:x:l4c05¢9:h:I4—I4c059:I4(1—c059)
4

=U,, =+m,gl, (1-cos9)
U =-+m,gl, sin @ —m,gl, (1-cos@)—m,gl, sin @+ m,gl, (1—cos &) +cte
i)

T=T,+T,,+T

Stem

1 1 1. -
:Elef +Em2v§ +3 1,0,6°
The moment of inertia of the rod at the turn of O (according to Huygens' theorem):

2 1 L1y
I/OZI/G+M(OG) :I/O:EM|2+M[E_§J

2
L=~ MI?+M [lj ENVIENE XYL EVILIEIVIL

12 6 12 36 36 9
T =%m1>'<12 +%m2>'<22 +%I,06"2 =%m1>'<12 +%m2>'<22 +%[3Mlzj92
R=t0%=20,=T :%m{'geT%mz (%‘ej %(%wjéz
T :%(gml+%lzm2 +éMI2j92

U :Uml+Um2 +UStem
Uml = _mlghl

I I
—=h+X=>h==--X
3 n n 3

cos0=X = x="tcoso= hzl—l—cosezl—(l—cose)
3 3 3 3

w | —|x

=>Up == 19%(1_(:050)
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Um2 = +nghz

2Elzh2+x:>h2:%|—x

oSO =~ = x:z—lcos€:> hzz—l—z—lcosezz—l(l—cose)
| 3 3 3 3

uU,,=+MgH

l:H+x:>H =——X

6

cos0=" = x=Lcoso = H zl——l—cosezl(l—cose):usmm :+Mgl(1—cos:9)
1 6 6 6 6 6
6

U=-mg Ig(l—cos 0)+m,g 2E'(l—cos@)Jr Mg Ig(l—c:os 0)+cte

i)
1 1 1 1 . 1 .

T=T,+T, + T+ Toerm + Toema :Emvl2 + Eva,f +Emv32 +3 1,67 +3 1,6°
ERVIE

12

2
I2=I,G+M(OG)2=iMI2+M L VT VLA VLI VT
12 2 12 4 12 3

1 1 1 1 ., 1 .
T==mx2+=2mx +=mx; +=1,.0° + = 1,6°

2 Xl 2 2 2 3 2 1 2 2
T=£m>'(f+12m>'<22+£m>'(§+1 ENVIER P VAP

2 2 2 2\12 23

S R S
x1=56*,x2=lé?,x3=§¢9

2 2
~r-Im( Ly +12m(|0’)2+£m LA ERVIED P S E VAP 2
2 2 2 2 2 2\12 2\ 3

2 2 2
T:E I—mI2+2mI2+|—m+iMI2 9’223 1m+1|\/||2 0?
20 4 4 12 2\ 2 3

U = Um +U2m +Um +U8tem2 +USpringl +USpringZ +USpring3

sinH:ﬁ:hl:IEsinH:Um=—mg|Esin6?
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U,, =-2mgh,
l=h,+x=h,=1-X

cos¢9=|§:>x=lcosez h=I-lcosd=1(1-cosb)
=U,, =-2mgl (1-cos8)
U, =+mgh,

sinez%:hlzlasinezum :+mg|Esin9

2
UStem_ MgH
l= H+X=>H=—=-xX
2
cosezli: X=—c0sd = H =——|Ecosez—(l—cose)
2
= U, =—Mg E(l—cosé?)
kK,
Usprmgl=5x +kxx, + cte

Wehavesin9:|£:x=|§sin9
2

2
Uspring = g(%sin 0} +k Gsin 9) X, +Cte
k.2
Uspringz = > X“ +kxx, +cte

Wehavesinezlﬁ:x:lsiné?

Usprings =g(| sind)" +k(Isin@)x, +cte

k. .
Usprings :EX +kxx, +cte

. X I .
Wehavesm@:T:x:ES.ng

2
k(g 2 [ Laing

USpring3_E ESln + ESIH X0+Cte
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u=u,+U, +U_ +Ug,., +U +U +U

Springl Spring2 Spring3

U =—mglzsin.9—2mgl(1—cosa)+ mglzsinH—MgIE(l—cose)
k(1. Y (1. Koo : k(1. Y (1.
+—| =sin@ | +k| =sin@ |x,+—(Isin@) +k(Isin@)x, +—| =sin@ | +k| —sing |x,+cte
2\ 2 2 2 2\ 2 2

2
U :—(2m+%Mjgl(l—cos€)+%ksin02+2klsin6x0+cte

iv)
T=T +T ,+T,,+Ty> zlmlvl2 + 1m2v22 +3Jléf +1329§
2 2 2 2
1, 1 ., 1. 1. .
T=Em1X12+§m2X22+EJ1912+EJ2022

X =r6, %, =R6,,J, :%erz, J, :%MZRZ

T =%m1(r91)2 +%m2(R49'2)2 +%[%er2jéf +%(%M2R2jé§

Since the Wire is inextensible and does not slip on the discs, we have r61=R6, So
T :%[mﬁmﬁ%Mﬁ%szrzef

U =Um1+Um2+USpring
Up = +mgh,

sing, = % =h =rsing,=U_, =+mgrsing,
Upy =-m,gh,

sin 6, =h—F§:> h,=Rsing, =U_, =—m,grsiné,

U gpring =gx2 +kxx, + cte

We have sin 6, =X x=rsin 6,
r

U g(rsinel)z+k(rsin¢91)x0+cte

Spring =
k, . 2 : : :
U :E(rsmel) +k(rsing,)x, +mgrsing, —m,gRsin g, +cte

U =grzsin 67 +krsin6,x, +(m,—m, )rsin 6, +cte

- 46 - Dr.Ghellab Torkia



v)
T=T +T, +T, =1mvf+12mv§+3|92
2 2 2

1 2
l==M(2r

oM (2r)
T=1mxf+12mx§+3[3|v|(2r)2}92

2 2 2\ 2
X =2r0, X, =ro

1 N2 1 2 1(1 2) 42
T=Em(2r9) +52m(r¢9) +E(5M(2r) }9
T=%(6m+2M)r292

u=u_+U +U

Springl Spring2

U, =-mgh

sin9:2£:> h =2rsind=U_=-2mgrsiné
r

U

K2
Springt = > X“ + kxx, +cte

We havesin9=21:>x=2rsin¢9
r

Usprings = E(Zr sin 6?)2 +k(2rsin@)x, +cte
Usspringz = % X2 + 2kxx, + cte

. X .
We havesin@=—= x=rsinéd
r

U k(rsin@)” + 2k (rsin@)x, +cte

oringz =
U= —2mgrsin9+g(2rsin 0) +k(2rsind)x, +k(rsing) +2k(rsing)x, +cte
U =3kr?sin 6 + 4kr sin x, — 2mgr sin 6 + cte

U =3kr?sin 6” +(4krx, —2mgr)sin @

2) Equilibrium condition, stable equilibrium, and unstable equilibrium

i) U =+mgl, sin@—m,gl, (1—cos8) —m,gl, sin &+ m,gl, (1—cos &) +cte

iy U=-mg I5(1—cose)+ m,g %I(l—cos 0)+Mg Ig(l—COSQ)—i-Cte
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2

i) U :_(2m+% Mjgl (1—cose)+%ksin & + 2kl sin Ox, +cte

iv) U :grzsin 62 +sin Orsin €, x, +(m, —m, )rsin g, +-+cte
V) U =U =3kr?sin §” +(4krx, —2mgr)sin 0

a) The variable being 0 the equilibrium condition is 6_L; =0

i)
ou . .
0" 0= +m,gl, cosd—m,gl, sin @ —m,gl, cos&+m,gl,sind =0
ou .
0" 0= (+m,gl, —m,gl;)cos &+ (-m,gl, +m,gl, )sind =0
ouU sin@
0 0= cosz9[(+mlgl1 —m,gl, )+ (-m,gl, + m49l4)ﬁ} =0
oJ

=5 0= cos 6| (+m,gl, —mygl, )+ (-m,gl, + m,gl,)tan go | =0

_(+m19|1 - msg|3)
(_nglz + m4g|4)

v

c059=0[0:5] Ortangéd =

i)
ou I . 2l . | .
—=0=>-mg-=sin@+m,g—sin@+ Mg —-sin@=0
20 193 »9 3 96
ouU | 21 1) .
—=0=|-mg—-—+m,g—+Mg— |sin@d =0
20 ( 193 )9 3 96j
ouU

—=0=>sin=0=60=0
00

i)

%=0:>—(2m+%Mjglsin0+%k2cosesin«9=0

2
6—U:0:>sim9 - 2m+£M gl+1k0039 =0
00 2 2

2
- 2m+£M gl+ikcose =0
2 2
oU : 1
—=0=sind=0(=86=0)0r -
20 ( ) (2m+2Mjgl (4m+M)g
= C0sf = 5 =
3l 3lk
—k
2
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iv)

Q=0:>5r220054915in¢91+(ml—m2)rcos«91=0

oo 2
aU 2 -
a—=0:>c03491(kr sin 6, +(m, —m,)r)=0

—(m,—m

@zo:cos@:o:[@:fjm sin&l:M =0

0 2 kr

v)

oU

- 0= 3kr?2sin & cos 6 +(4krx, —2mgr)cos 6§ =0

oU .
- 0= cosé’[Gkr2 sin 6+ (4krx, —2mgr)] =0

| 6kr?sin 0+ (4krx, —2mgr ) | =0

—(4krx, —2mgr)

N 0o cos9=0=(0="]or
00 2

6kr?
U

b) Let's calculate prl and check its sign at 9:% of system (i)

We have % = (+m,gl, —m,gl, )cos & +(-m,gl, + m,gl, )sin &

o°U _

So 00° 0== :[—(+”119|1—m3g|3)3|n9+(_ng|2 +m4g|4)C059:|9:%
2
o’V _
207 = {—(+mlgll —m3,9|s)sm%+(—ngl2 + m4gl4)cos%}
2

o =g(+m| —ml)
06%|, « sls Ml

2
If m,l, >ml, the system is in stable equilibrium

If m,l, <my], then the system is in instable equilibrium

sing = =0

b) For a system to oscillate it must regain its equilibrium position after each spacing,

therefore the condition for oscillation of the systems (ii) and (iii) is that the equilibrium

2
is stable: a—UZ >0
00
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i) :

oU | A ) . oU 1 1
= =l -mg—-+mg=—+Ma— |sind= == -m+2m,+=M |glcos@
20 ( ”‘193 9 3 g6j 202 3( ) 25 ]g

2
ou 1 —m+2m+1M al
3L T2
=0

007 |
o
06°

>O:>(—m1+2m2+%MJ>0:>(+2m2+%Mj>m1

6=0

ii):

2
Q:sin& _(Zm—legHikcosH
00 2 2

2, 2 2
:>6U2 =c0sd —(2m+1M gl+ikcose —1ksin92
00 2 2 2

2, 2 2
:>8Li A cosor [ 2m+im glcosé?—iksiné?2
06 2 2 2
2, 2
:>6Li =+1k—(2m+1|\/ljgl
00%|, 2 2
2 2 2 4m+M
:>6U2 >0:>1k—(2m+legl>O:>ik>(2m+1Mng:>k>Q
06*|, , 2 2 2

3) Lagrangian equation of motion
3.1 The Lagrangian for @ << 1, equation of motion and the proper pulsation for each

case.
i)
T= 1(mlll2 +m, 12 +mylZ +m,17 )67
2
U =+mgl, sin6—m,gl, (1—cos&)—m,gl,sin &+m,gl, (1—cos 0)+cte

2
For @ <1 Sin@~ 6 and cosé’:l—%

2 2
U =+mgl,@—m,gl, (l— (1—%))— m,gl,sin&+m,gl, (1—(1—%)]+cte

6? 0?2
U= +mlg|19_ ng|2 7_ mag|3‘9+ m4g|4 ?+Cte

Y= %(m4gl4 - nglz)‘92 Jr(mlgll B m3g|3)'9+0te
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In equilibrium

Yyl _,

00 |50

ouU

EY) - (m4g|4 _nglz)‘9+(mlgll _m3gl3)
ouU

59| 10=0=(mgl—m.gl,)=0

Sou :%(mdgl4 —m,gl, )&% +cte.

Then, the Lagrangian of the system is written:

L=T-U :%(mlll2 +m,1Z +mylZ +m,I7)6° —%(mé,'gl4 —m,gl, ) 6? +cte

The equation of motion for small oscillations is: ——

%(%j:( 17 +ml7 +myl? +m,If )6
i_i( 1
060 06

(Mg +my) +myl? +m,I7) 6 +(m,gl, —m,gl,) 6 =0

(m49|4 _nglz)
(myI? +m,17 +mgls +m,17)
6+aw?0=0
The proper pulsation

0+ 0=0

W, =
0
(mjll2 +ml2 +mlZ + m4lj)

ii)

1(1° 41° 1 :
T==|—m+—m, +=MI* |§?

Z[le 9 9 J

U=-mg Ig(l—cos 0)+m,g 2El(l—cosé?)jL Mg Ig(l—cose)Jrcte

2
For @ <1sind~@and 0059:1—%
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U=- lglg[l (1—9—2)]+ng—|(1 (1—9—2)J+Mg:5(1—(1—%2)J+cte

3
|6?2 2l 6° | 6°
U=- —+m,g——+M ——+cte
19 »9 37 g 62
U:E(Zmz—mﬁlM I—g@ercte
2 2 3

Then, the Lagrangian of the system is written:

2 2
L:T—U:l[l—m1 A +$MI2J92 ;(Zmz—ml+%Mjl§g92+cte

2\ 9 9
: : _— d 8L (oL
The equation of motion for small oscillations is: ailas )\ 29

2
Al m +%Mlzjé

i(a_Lj_ oA
atlag) g™ 2

oL o 1 1. )\1 1.1
=== |-Z|2m,-m+=M |=g#® |=—| 2m,-m,+=M |-g@
00 ae( 2( 22 j3g j ( 22 )39

;

0+

41°
m +—
9

1 |
2m,—-m +=-M |-
[ b L j39

2 2
Lml+im2+1Ml2
9 9 9

6+a20=0

1 . 1 [
m,+=MI?>[@+|2m —m +=M |-g8=0
2™y j ( b LS jsg

6=0

3(2m2—m1+;Mjg
(m, +4m, + M)l

0+al6=0
The proper pulsation

3(2m2—ml+1Mjg
o) = 2
(m +4m, + M)l

0+ 0=0

3(2m2—m1+;Mjg

(m, +4m, + M)l

i)

T= +1M|2j92
3

1( 512
—| —m
2\ 2
2

U :—(2m+%Mng(l—cos&)+%ksin92+2klsin6’x0+cte
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2
For @ <1 Sin@~6@and 0036’:1—%

1 0*.) 3%
U=- 2m+EM gl 1—(1—?) +Tk¢9 +2k16x, +cte

2 2
U =—[2m+%M)gl%+%k92 +2k19x, +cte

2
U :%{(2m+%Mjgl +%k}92+2klﬁxo+cte

In equilibrium

=0

=0

2
u=2{om+im gl+ik 62+2kh9x0+cte:>£
2 2 2 oo
2
Y _ (2m+legl+lk 6’+2klx0:>a—U
oo 2 2 oo
2
u-1 2m+£Mjgl+1k 6% +cte.
2 2 2
Then, the Lagrangian of the system is written:

2 2
LeT-u =2 miime|o— Ll 2meim g|+ik 6” +cte
2 2 2 2

10 =0=+2KIx, =0

6=0

2 3

) _ . dfaL oL
The equation of motion for small oscillations is: —| —= |~ =0

dtl o6 ) o0
i(ikj:(izmleé
dt\ 0@ 2 3

oL 0 1 1 312
@ZE(_E(M‘QI“ —nglz)ezj:—[(2m+EM ]gl +7k}9

2 2
e lmiz g+ (2m+legl+ik 0=0
2 3 2 2

1 |2
KZWMJQHBK} . [(4m+M)g+3lkJ
g 2 2 B 0+ 6=0
+ 6=0 2
(5# 1 zj = (5m+|v|j|
~—m+=Ml 3
2 3 N
. 0+wi0=0
6+w,0=0
The proper pulsation
, [(4m+M)g+3k] [(4m+M)g-+3ik]

a)oz 2 :)(00— 2
(5m+Mjl (5m+Mjl
3 3
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iv)

1 1 1 :
T :E(m1+m2 +EM1+EM2jr2€12

U :grzsin@f +krsing,x, +(m, —m, ) rsin 6, +-+cte

2
For @ <1 =sinfd~0and cosﬁzl—%

U= g r?6} +krx,6; +(m,—m, ) rg, +cte

U =gr2¢9f +[ krxy +(m,—m,)r |6, +cte

In equilibrium

Ul _p

00 |4

ouU

ﬁz[krﬂ@lﬂ:ero+(m1—m2)r:|

Y 16, =0=> +[ krx, +(m —m,)r|=0
00|,

=U =gr2912+cte.

Then, the Lagrangian of the system is written:

1 1 1 5 K
L=T-U :E(mﬁmz+EM1+EM2jr26?f—§r20f+cte

The equation of motion for small oscillations is: %[G_L]_[ o ] 0

06,) (o0,

d( oL 1 1 i
—| — |= +m,+=M,+=M, |r°g,
dt[aelj [ml 2t 2 2) '
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o _ i(—h rZHfJ =—kr?g,

06, 06,\ 2
2
1.1 G+ 1kr 1 %=0
(ml‘}‘mz+EM1+EM2jr29;+kr201:03 (m1+m2+2M1+2M2jr2
6 +w;60,=0
6+ 1" T 6=0
(m1+m2+2M1+2M2)
O+ai6,=0
The proper pulsation
2 k [ k
@ = 1. 1) @~ 1, 1
(m1+m2+2M1+2M2) \l(rnl+m2+2M1+2M2j
v)

T :%(6m+2M )r’e?

U =3kr?sin §” +(4krx, —2mgr)sin 0

2
For @ <1 =sinf~60and 0039:1—?

U =3kr’6” +(4krx, —2mgr) 6 +cte

In equilibrium
oy
oo

ou 5
—— =06kr<8 +(4krx, —2mgr

=0
6,=0

ouU

) :0, = 0= +(4krx, —2mgr) =0

6,=0

U =3kr?6* +cte.
Then, the Lagrangian of the system is written:

L=T-U =%(6m+2M )r?0® —3kr’6” +cte

The equation of motion f I oscilations is: | < |- = |-
€ equation oT motion 1or small oscilations IS: dt 80' 06
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d (oL .
—[—.j:(6m+2M)r2«9
dt\ 06
6—L=i(—3kr292)=—6kr29
00 00
2 ..
3} 9+L29=0 ir—% 90
(6m+2M)r’d+6kr’9=0={  (6m+2M)r =, (3m+M)
0+at0=0 O+al0=0
The proper pulsation
==, = L
o (Bm+M) T [(Bm+M)
Problem 2

1. Find, based on the height, the kinetic energy and the potential energy of the liquid in the
U-shaped tube below. The volume density of the liquid is p: The initial length of the
liquid columns as well as the section of each part of the tube are indicated on the
diagram.

2. Find the total energy then deduce the equation of motion and the proper pulsation.

3. Find the Lagrangian then deduce the equation of motion.

LEJ

L |Ly i.}ﬂ

S 0
At rest In motion

Solution
1. Let T be the kinetic energy and U the potential energy.

To find the kinetic energy of the liquid we need the kinetic energy of each of the liquid columns.
Since the left and right vertical parts of the tube have the same section S, the liquid columns in
these parts will have the same speed v = y : Since the horizontal part of the tube has a different
(smaller) section, the liquid column in this part will have a different (higher) speed v, =Y, .
When the liquid on the right rises a height dy, it draws with it a horizontal liquid column dyo
such that
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S S
Sody, = Sdy = dy, =S—dy:> Yo=5 ¥

0 0

1 . 1 .
Tien =EmLefty2 :EPS(L_Y) y2

1 o 1 )
TRight = > mRighty2 = EPS ( L+ y) y?

1 5, 1 s2) ., 1 g2
THorizontaI = E Myorizontal yg = EpSO [LO _j y2 =5 p[Lo S_J y2
0

1 o 1 o 1 S%) .
T:TLeft+TRight+THorizontal:EPS(L_y)y2+§pS(L+y)y2+Ep[Los_Jy2
0

1 S? 1 S?
T =pSLy? += = |y2=Zp|2SL+L, = |y?
pSLy zp[l-osojy 2/{ LOSJV

The potential energy of the liquid column is the sum of the potential energies

duU = dmgl = psdi g1 of the infinitesimal elements dm with height I.

L-y 1
Uiw = [dU = [ pSdlgl :EpSg(L—y)z
0

L+y 1

Uight =Y Ler :J.dU = J pSdlgl =5
0

= Cte.(The horizontal column does not change height)

pSg(L+y)

T

Horizontal

1 1
U :ULeft +URight +UHorizontaI :Epsg(l‘_y)z +5psg(|‘+y)2 +Cte

U= %pSng +%,o$gy2 - pSg(Ly) +%pSgL2 Jr%,oSgy2 +pSg(Ly)+Cte
U = pSgy* + pSgL? + Cte We have pSgL* = Cte
SoU = pSgy* +Cte
2. The total energy and then deduce the equation of motion and the proper pulsation of the
system

The total energy of a system is E=T+U. To find the equation of motion, it suffices to write the

equation of conservation of total energy: ‘:TE =0
t

2
E=T+U :%p(28L+ Loz—j y* + pSgy’ +Cte
0
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The equation of motion is:

2
9 0= p| 2L+, 2 |g2psgy =0 j4—2P%9 o
dt So S?
pl2SL+1, >
SO
dE i} 25S,9
_— y > =
dt (258,L +L,S?)

0, = J 2SS9 2
(258,L +L,S?)
3. The Lagrangian and the equation of motion of the system
The Lagrangian of a system is L =T —U . To find the equation of motion, simply write the

alo )

Lagrange equation —

2
L=T_-U :%p[28L+L0§—]y2—PSgyz+Cte

0

The equation of motion is:
dfa) (o),
dt{ oy oy

d(aL 5% ..

{%j——psgy
oy
d(oL) (oL s?
—| = |-|=|=0 2SL+L,~ |§+pSgy=0
a[5HG ol ng)ow
285,9
+ =0
(ZSSOL_l_ LOSZ) y - a)g _ 28809 N a)o _ ZSSOg
(288,L+L,8°) (258,L+L,S?)

J+ oy =0
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Chapter 3:
Free linear system damped to one degree of

freedom
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3.1 Damping force
A system subjected to friction is said to be damped. The simplest friction is viscous friction.
Viscous frictions are of the form
f=-av
a: 1S a positive constant called coefficient of friction and v is the speed of the moving body. In

mechanics, damping is schematized by:
o

H:J_

The speed v is in this case the relative speed of the two damping arms.
3.2 Lagrange equation of damped systems

If there is friction f = —a(q , the Lagrange equation becomes:

d (oL oL .
—|—=|-| = |=—ad
dt(éqj {aqj

By introducing the dissipation function p = %aqz , We can write:
f =-ag :——D (In translation p U B DWNE I I} electricity p _lgieolp i2). The
aq 2 2 T2 ) q

Lagrange equation for damped systems is then written (where q=x, y, z, q, 6...)

dfoL) (oL)__db
dtlag ) \ag ) o

3.3 Equation of motion of damped systems

The equation of motion of linear systems damped by f — —«q is of the following form
G(t)+20G (t)+wiq(t)=0
Where & is a positive coefficient and is called damping factor. wo is the proper pulsation.

“ _ o is called quality factor.
20 Q i y

3.4 Solving the equation of motion
G(t)+254(t)+afq(t)=0
The solution to this equation is done by changing the variable

q(t)=Ae" =d(t)=Are" =¢(t)=Ar%", the equation then becomes:

G(t)+25d (t)+wiq(t)=0
Are" +25Are"™ + w?Ae" =0

Ae" (r’+25r +w})=0
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r’ +28r+aw’ =0

\We calculate the discriminant A and then obtain:

A=(268) —4af
A=45%-4af;
A= 4(52 —a)g)

\/Z:\/4(52—a)§) =2\/(52—0)§)

There are three types of solutions:

e Case where the system is strongly damped: A>0=0>®, et Q< 0.5

The solution to the differential equation is written as follows:

q(t)=Ae™ +Ae? avecr, =

RS

q(t)=Ag

Where A; and A; are coefficients to be determined by the initial conditions

$G=®

d(t=0)

q(r)

Y,

q(0)

N

)‘ +Ag

The system is said to have aperiodic motion.

—20+2,/6° -}

TP o

T gl

Fobret} _g-a [

i)

05

¢

PIEO)=0, v(t=0)=5

RS —

T L )0

Figure 3.1: Aperiodic damped movement.

Temps (5)
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e Case where depreciation is critical: A=0=0=w,etQ=0.5

q(1)

q(0) \

The solution to the equation is of the form:
q(t)=(At+A,)e"
_T20 _
==
q(t)=(At+A,)e™

n=r=r -0

Where Az and A; are coefficients to be determined by the initial conditions

q(t=0)
G(t=0)
p@

'T bl | p(t=0)=0.5, v(r=(l))=4 | I

05k

N o

i o a th=0)=0.5, W(t=0)=-4 i

_10 | | | | | |

Temps (5)
Figure 3.2: Critical damped movement.

e Case where depreciation is low: A<0=0<a®, etQ >0.5

rq(t)
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Two complex solutions for the characteristic equation

r1:—§—j1/w§—52
r, :—§+j«/a)02—§2

The resulting movement is q (t ) =Age™ + A, either:

q(t)=Ae " cos(wt +¢)

Where A and ¢ are constants to be determined by the initial conditions: (t = O)

The movement is called pseudo-periodic, w = «/a)g — o7 is called pseudo-pulsation.

T = m_ 2 is called pseudo period.
o i -5
P , r 1 I

A exp(-<1)
Xg /\ e .
0 /\ — —

Temps (s)

Figure 3.3: Damped oscillatory movement.

3.5 Logarithmic decrement
To evaluate the exponential decrease in the amplitude of the pseudo-periodic movement, we

at) opoly, 9t

q(t+T) n o qt+nT)

use the logarithm. The reportis D =Ln is called the logarithmic

Ae™

decrement. Using the equation q (t)=Ae ™ cos(wt +¢), we find 6 =Ln Ae ] = D=6T

v It should be noted that the system undergoes a total loss of energy due to the work of

friction forces.

dE, (t)=—ap(t)’ dt =—dW, = AE, + AW, =0
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3.5.1 Examples
a) Consider the mass-spring system opposite. Find the equation of motion first with the

Lagrangian then with PFD.

» Using the Lagrangian:
The Lagrangian is:

L=T-U =1mx'2—lkx2.
2 2
D =Eav2 =1ax'2
2 2

The Lagrange equation is then written:

HL)(2)--2

dt\ ox OX OX

) 1 ., 1, .

WithL=T -U :me —Ekx +cte
a—lf:i(lmxzjzlmi(xz):im(zx):mX:i(a—F]:i(mX):mi(x):mX’
oXx ox\ 2 2 OX 2 dt\ ox dt dt

d_2 [—lkxzj=—1kﬁ(x2)=—%k(2x)=—kx

o ox\ 2 2 ox
D:Eavz:laxz:>a—[_):i(laxzjzlai(xz):10{(2)():0:)'(
2 2 oX ox\ 2 2 OX 2

N ¢ a .
. . X+—x+—x=0
mX+kx = —ax = m m
X+ x+20%=0

a)j:%:woz\/%and 25:%:5:%

Using the PFD: > F =ma=mg +T +R +f =ma = —kxi —mgj +Rj —axXi =mxi’
By projection on x'Ox:

kX —aX =mX = mMX +kX +aX =0=X+—x +—X =0
m m
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b) Or the disk-spring system opposite 6 «1. Find the equation of motion if M=1kg, k=2

N/m, R=10cm, r=5cm, a=8Ns/m.

%

M O},

N

Using the Lagrangian:

T=E, =T[Disk]=%m2
1

J ==MR?
2

T =1(1 Mszéz
2\ 2

U=u, :gx2+kxx0+cte

With Sin¢9=%:>x _Rsing

U=U, :kzx 2 +kxx, +cte =%(Rsin6’)2 +k (Rsin@)x, +cte

At low amplitude sino~ 6@

U =kER2(6*2)+(ka0)(6*)+cte

In equilibrium

aJl _g

0050

N K R?x20— (kRx,)

o0 2

ouU k
%9:0:6’=0:>E><R2><2(¢9:0)—(ka0)=—(ka0)
ouU

§g=0=0:>_(kRXO)=0:>X0=O

U =kER26?2+cte.
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D =£av2 =£05X'2
2 2

X=r@=D =%a(r9)2

4y () o
dt\og) \ o0 00
1(1

WithL=T-U =U ==| = MR? 92—5R202+cte
2\ 2 2

oL_29 1(EMRZjéZ :1(1Mszi(éz)zE(EMRZJ(zé)z(EMszé
06 00\ 2\ 2 2( 2 o6 2( 2 2
:i[a—".jzi (EMRZJQ :(EMRZJE(Q):(EMW]@

dt\ o) dtll2 2 dt 2
ﬁ:i(—lkRzezjz—ikRzi(az)z—lkRz(ze)z—kRZQ
06 o060\ 2 2 06 2

p=Ltavi=Lari :,G_P:i[larzazj:larzi(QZ):EarZ(ze'):arza
2 2 00 00\2 2 00 2

2 2

1 O+ 1kR O+ 106r 0=0 (5,2, 201"

. . +—0+ =
(EMR2j9+kR29:—ar20:> (ZMRZJ (ZMRZJ = M MR?
., . 0+a}0+256=0

0+w?0+250=0

2 2
0=, - /% and 25 =22 5=
M M MR MR

3.5.2 Exercises and problems

Exercise No. 1

We consider a mechanical oscillator k +m+ . The instantaneous position x(t) of the
mass m is represented by the graph in the following figure.
1. What is the evolution regime of the oscillator? Give the differential equation
involving the damping coefficient and the natural pulsation. Give the expression of
D(t).
2. Determine the pseudo-period graphically T..
3. Recall the definition of the logarithmic decrement D. Determine it graphically and

deduce the damping coefficient and the proper period To.
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Solution
1.a. The regime is pseudoperiodic.
1.b. Differential equation is:

. kooa,
X+—Xx+—x=0
m m

K+ @fx+25%=0

, k K
(00:E:>a)0= a

wo : Undamped system proper pulsation (that is to say when =0 )
&: Damping coefficient.
2. Ta value of the graph:

Ta:23:>a)a:27[fa:§_—ﬂ:27ﬂ=7[rads_l

a

3. The expression of D :

oo

X, X, 1 Two successive crests

D=1In 24 =0.448
16

D=5Ta:>5=2=%
T 2

a

5=0.224s"
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On the other hand, we have

2 2r  2rx

T, ="=0="-=""=rrads™
w, T, 2
o, =) —5°

22 2 22 2
O, =0, -0 = ay =0, +J

T, :2—”:1.993

Wy
Exercise No. 2

A body of mass m=0.5 kg resting on a horizontal plane is connected to a fixed frame by a
spring of stiffness k=245 N/m.

Moved xo = 3cm from its equilibrium position then released without initial speed, it
performs free oscillations damped by a dry friction coefficient ;,=0.1.

1- Calculate the period of oscillations To.

2- How many half-periods does the body perform and at what distance does it stop?

3- What total distance will he have traveled? Deduce the resistive work of the friction

force.
4- Compare the potential energies of the spring before and after these oscillations,

conclusion?
Solution

. kooa
X+—Xx+—x=0
11 m m

K+ i x+26%=0

wgzaza)oz\g—iﬁ 2z \Fzr 0.28s

2. We know that the amplitudes decrease linearly according to:

T . .
— | with a fixed

2um
% =X —n[ﬂ—g) That is to say the amplitude decreases each half-period ( 2

k

2
pitch ( ,ukmg)
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X, : Absolute value of amplitudes.

2.1. The system stops when the restoring force becomes smaller than the friction force, that is

to say:
kx, <umg

kx, =kx,—n(2umg)
kx, <umg =kx,—n(2umg)< umg
—kX o +n(2umg )>-pmg = n(2umg )>-umg +kx,

n(2,umg)2 —umg | kxg o —pmg ke, -1 kK
(2umg)  (2umg) (2umg) (2umg) (2umg) 2 (2umg)
kX, 1
nz= —=
(2umg) 2

Digital Application :n>6.85=n=7

2.2. So the system stops after having completed 7 half-periods

X, =1.4x10"°m
3.1. Distance traveled

D =X, +2(X, + X5 + X, + X5+ X5 )+ X,

X, :xo—4><(2'u%j, Xg :x0—5><(2'u%j, Xg =x0—6><(2'ukmgj

D=14x0—492“%:> D=0.22m
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3.2. The resistant work of friction force
o(f,)=-fd=-umgd
a)( fs) =-0.11J
4. Variation of U:
AU =U (x,)-U (%)
1
AU =§k(x72 -x})
AU =-0.11J

That's to say AU = aw( f, ) the energy lost by the system is transformed by fr of the heat.

Exercise No. 3

We consider a series RLC electrical circuit. We give ¢ =10.F, L =100mH . The capacitor is

initially charged. At time t=0, we close the RLC circuit and let it evolve freely. We set the

resistance successively to the following three different values: rR =100 2,150 ©, 250 Q2.

lC
gt

1. Determine in each case the operating regime of this oscillator. In what cases are

oscillations observed? Then deduce the pseudo-period.

2. What value should we give to R to be in critical mode?

Solution
DV, =0=V, +V, +V, =0
q di . dg . d . . : .
V.=—,V =L—,i=—=4=V, =L—qd=Lg, V, =Ri=R
cTo VL at dtq:L dtq 4, Vg q
q

Lj+—=+R4=0=> Lq'+%q+Rq:0

c
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q+iq+5q—0
LC L

G+w’q+264=0

, 1 1
Oy =——=> 0, =,|—
LC LC
25=E:>5=i
L 2L

C=10uF=10x10°F, L=100mH=100x10"3H.

Three Cases:

1) O < @, : Low Damping = Pseudoperiodic Regime.

2) o= (Jy - Critical Damping = Critical Regime.

3) O > @), : High Damping.

@, =\/ 1 =\/ 1 — =10"rad.s”
LC 0.1x10%10

Calculation of 6 = i
2L

R =100 0,150 Q3,250 Q
R=100Q=§=500s" < @, =10°
R=150Q=5=750s" < @, =10°
R=250Q=§=1250s" > @, =10°

So:

1. R =100 €2 pseudoperiodic regime

w, =2rf, =2—7T
Ta
Ta:2_7Z
)

2. R =150 €2 pseudoperiodic regime
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a)a
w, = Jo? —5* =661.4rad.s =T, =0.009 s

For the critical regime it is necessary that & = «, :

o= | L
* \LC
5-R

2L

R

1 _Rewen Loy /ngﬁzzﬁ
LC 2L (critical) Lc JL\c C
R =200Q.

(critical)
Exercise No. 4

I-Undamped free regime

We consider a system with one degree of freedom in the following figure. The homogeneous

disk of mass M and radius R can pivot around its fixed horizontal axis passing through its center.

A rigid rod of length | and without mass is attached to the disk and carries at its free end a point

mass m. A horizontally placed stiffness constant spring is connected to the disk as shown in the

following figure, the other end being held fixed. The system is in static equilibrium when the

rod is in its horizontal position. In movement the rod is identified in relation to this position by

the nail @(t) . We place ourselves in the case of low amplitude vibrations and we admit that

Sin@ = @ andcos @ ~1.

1- Calculate the total potential energy U (#) of the system. Determine the deformation Ax

of the spring at static equilibrium. Then simplify the expression of U (#).

2- Calculate the kinetic energy T (€) of the system. We give J . = % MR?

3- Write the Lagrangian of the system L(é,@) and deduce the differential equation

governing the movement of the system and its proper pulsation.

I1-Damped free regime

The system now experiences viscous friction represented by a damper with linear

coefficient o placed as indicated in the
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2mgl

k= R?

M
m=—,
8

I
R :E’ show that the differential equation of motion is written:

0+ 280+ @0 = O we specify the expression of & and wo.

L Y

Solution

I-Undamped free regime

U=U, +U_
ko, . —X :
U, —EX +kxx, +Cte with S|n¢9=?:>x:—Rsm6’

U, =gx2+kxx0+cte=g(—Rsin49)2+k(—Rsin49)x0 +cte
U, =-mgh

sinH:IE:h:Isin@:Um =-mgl sin &
=U=U,+U_ =§(—Rsin9)2+k(—Rsin9)xO—mgIsin0+cte
U :ng(sin 0% )—kRx, (sin 6) —mgl (sin 6) +cte

U :%Rz(sinez)—(kao+mgl)(sin9)+cte
At low amplitude sin @ =~ &

U :%Rz(ez)—(kaxo +mgl)(0)+cte
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In equilibrium

ll g

00 |,

%:%xR2x29—(kRX0+mg|)

aul| kK .,

—| :10=0=_—-xR*x2(60=0)—(kRx, +mgl)=—(kRx, +mgl)
20|, 2

ou mgl
%X_OZO:_(kRXOergI):O:XO:_%

—U =§R2(6’2)+cte.

T =E, =T [mass]+T [ Disk] :%mv2 [mass]+%\]9'2 [Disk]=%m>‘<2 [mass]+%Jéz[Disk]
T[mass]:%mi(2 [mass]
x=10
1 N2 1 )
T[mass]zgm(le) :Emlzﬁ2
T[Disk]:%Jéz[Disk]
1

J ==MR?
2

T[Disk]ziJéz[Disk]ZE(EMRZJQZ[Disk]
2 2\ 2
T:1m|292+1(1MR2j92

2 2\ 2

T zl[ml2 +(1MR2D92
2 2

Then, the Lagrangian of the system is written:

- -, =T-U =3[+ w012 ()
2 2 2

Th tion of motion f Il oscillati s S L0
€ equation oT motion 1or small oScilations IS: dt 59 00
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L:l[mm(lMRZDéz—5R2(92)+cte

2 2 2

a_o)1 m|2+(1MR2j g2 |2t ml2+(1MR2J i[ézj
00 00| 2 2 2 2 00
a—l‘.:l(mlz+(1MR2D><29:(mI2+(£MR2D9

00 2 2 2

d [‘%j Eml2+(1MR2Dé

dt 2

a_L:i(_K (92)j__5R23(92)=—5R2x29=—kR20
ool 2 2" 20 2

(m|2 ( jj9+kR29 0
0+ 6=0

o o]

0+al6=0

) kR? [ KR
wy = =0

) (o)

I1-Damped free regime

Th tion of motion f Il oscillati d—é—L AN
€ equation oT motion 1or small oSciliations is: dt 00 69
o
2 2 2
E(a_'ijz(mm(lmzné
dt\ 06 2

oL — =-kR%0
0

D= a(b6)' = a(0%0*) = ab’d’

e i SR G R IR
2 00 2
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mI2+ J9+kR26’+ab«9 0

ml? + )9+kR29++ab9 0

o
[ P
o

] o]

9+a)06’+259 0

I kR
a)0= 1 :>a)0= 1
mI2+(MR2j mI2+(MR2j
2 2
2 2
25 = ab = 5= ab
(mIZJ{ZMRZ)j 2(m|2 ( MR D
When
8 R 2
2
(ml%(MRZD
2
s
8

Exercise No. 5
A mass m is welded to the end of a rod of length | and negligible mass. The other end of the
wire is articulated at point O. The rod is linked at point A to a Frame (B1) by a spring of stiffness
ki. At point B, the rod is connected to a Frame (B:) by a spring of stiffness k2. The mass m is
linked to the Frame (B2) by a damper with a friction coefficient a. OA=1/3, OB=2I/3 and OC=I.

1. Calculate the kinetic and potential energy of the system.

2. Deduce the Lagrangian.

3. Find the differential equation of motion.

4. Determine the solution of the differential equation in the case of low damping, the

damping coefficient 3, the natural pulsation wo and the pseudo-pulsation wa.

-76 - Dr.Ghellab Torkia



(B1)

AT

W
&;:mﬁmm
-
3
0

Solution
1.1- Potential energy

u=u, +U,+U,

U, :%xzjtkixx0 +cte

sing = ——
OA

2
U, =ﬁx2+klxxo+cte=ﬁ I—sinej +k, Lsing X, +cte
o2 2\ 3 3

U, :k—zzx2 +k,xx, +cte

sinG:inzx =ﬂsin0

OB 2l

3
2

U, =k—22x2+k2xx0+cte =k—;(%sin0j +k2(%sin0jxo+cte
U, =mgh
l=h+x=h=1-x
cosez%:x:lc059:>h:I—Icosé’zl(l—cose)

U,, =mgl(1-cosd)
2 2
U :ﬁ(l—sine) +k1(|—sin6jx0+&(ﬂsin9j +k2(£sin9jxo+mgl (1-cos@)+cte
2\3 3 23 3
02

At low amplitude Sin& ~ & and cod zl—?
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K, (1 ) | k, (2l 21 6>
U =?1(§9) +kl(§0)xo+72[?6’j +k2[?¢9jxo+mgl(1—[1—7J)+cte
2 2 )

X0+ mg IEHZ+cte

2 2

U :[ﬁ('_j k(2T g '_jgz+[k1('_)+k2(ﬂjjxog+cte

23 23 2 3 3

1 1Y 21 ) | 21
U =3 k, 3 k,| — | +mgl |67 +]| Kk, 3 +k, Y X .0 +cte
In equilibrium
NI g
00 |y
Qzl[kl[l—j +k2(£j +mg|}<26’+(kl[l—)+k2[gjjxo
o0 2 3 3 3 3
ouU 1, ., | 21 | 21
%Hzo:az()ja(kl —2mg|)><2(0:0)+(k1(§)+k2 ?jjxo =+(kl(§j+k2[?jJX0

] comloon (2]
26 |, 3 3
2 2
u-1 kl[l—j +k2(£j +mgl 6% +cte
2 3 3

1.2- The kinetic energy

T =T, :lmx2
2
X =16
T _lm(|9)2=lm|29’2
2 2

2- The Lagrangian of the system is written:
2 2
L=T —U =1mi2¢ —l{kl[l—) +k2[£j +mgl }92 +cte
2 2 3 3

3- The Lagrange equation for a damped system is d[a'—j_[a'-}{aDj

dt\a6) \o6) oo
Dziaﬁ
2
D=2 a(16) = a(1%6*) = al’é’
@:i(£a|292j:1a|2i(gz)zlmz(zg):mzé
00 00\ 2 2 oo
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L:%mlzéz—%(kl(%jz+k2(%jz+mgIJ¢92+cte
%:%Emlzéz}:(%mlz)%[éﬂ

%:(%mlzjx%?:mlzé

d (al_j .y

S-S0 3 oS 2 ]t
(4] _j+mg.]xw:_(klg)lkzgﬂmg.je
mI29+(kl[|3 2 k, —J +mg|]0+al29=0

S (5T )

o i
00

_1

0+—06=0
ml? ml?
4- For low dumping
4.1- 0(t)=Ae ™ cos(m,t +9)
By analogy with:
2
kl(l] K (2'] +mgl
3 3 a -
0+ 5 0+—0=0
ml m
0+a)00+250 0

4.2- The proper pulsation:

()l ) [T (T o]

=, =
ml 2 ml 2

w, =

4.3- The damping coefficient:
26=Lo5s5=2
m 2m

4.4- The pseudo pulsation:

@, =\ — 57
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Problem 1

By turning the disc opposite can move up and down thanks to the non-slip and inextensible
thread wrapped around the furrow circular of radius r. At equilibrium the spring k was
compressed with a distance yo. The a damper represents the friction

1. Find the Kinetic energy of the system.

2. Find the potential energy according to y.

3. Simplify U using the equilibrium condition.

4. Find the Lagrangian and the dissipation function D.

5. Derive the equation of motion. (& << 1. The moment of inertia of the disk is | = % MR2).

6. Knowing that M= 2kg, R= 50cm, r= 25cm; k=10N/m; find the maximum value that the
coefficient o must not reach for the system to oscillate.

7. With a damper with coefficient a= 5N.m™.s, the system oscillates but its amplitude decreases
over time. Find the time t necessary for the amplitude to decrease to 1/2 of its value.

8. Calculate the logarithmic decrement D.

9. The previous damper is now replaced by another with coefficient o': We then notice that the

amplitude decreases to 1/3 of its value after 22 complete oscillations. Deduce the value of the

coefficient o'.
Solution
. : Yoz Liae o Tz 1 vz a2
1. T:T[DISk](Translation)+T[DISk](R°taﬁ°n):EMy +EI0 :EMy +E(EMR ’

Since the wire is inextensible and non-slippery, when the disk descends a distance y it rotates

R - Ry
through an angle 0 such that: y=r6, from where 6 = % = RO = Ty = RO = Ty
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9=Y Rro=R _po- N

2
T:£|\/|y2+£(1|v| R_jy =

2 212 r?

2. Going down a distance y the disk also rotates through an angle 0, so the displacement

R
of point A during the movement is Y+ RH:(1+?jy. As the spring is connected to

point A and was already compressed initially, its total compression is

R
Yot Y=Y, +(1+ ?] Y. From where

2
U:UDisk+USpring:_ng+%k(y0+y+R9)2:_ng+%k(yo+[l+—jy]
2
U:—ng+lky02+lk(1+5j y?+k (1+Ejyy0
2 2 r r
1.2
We haveEkyO =Cte

2
U :%k(1+5j y2+((1+$Jyo—ngy+Cte
r

ou

3. The condition of equilibriumis <~ | _ g, allows us to simplify U

y=0

2
U =lk[1+5j y2+[[1+5jyo—ngy+Cte
2 r r
ou 1 RY R
U RY R R
—_— y=0 1+— =0 1+— —-M =||1+— -M
ayy:O y :(+rj X(y )+[(+rJYO gj ([Jrrjyo gj

ouU R
— =0=||1+— —Mg (=0
00 |p_o (( r)yo gj
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2
=U :%k(u%j y? +Cte

4. The Lagrangian of the system is written:

2 2
L=T-U =1M 1+ RZ yz—lk 1+B y2+Cte
2 2r 2 r

L L D
5. The Lagrange equation for a damped system is i(a—j — [a—j + [6_] =0
dt\ oy oy oy

1 o2 1 (0 R.Y 1 RY .2
Dzaa(y+R0) =Ea(y+?yj =Ea(l+?j y

oD ( Rjz.
—-— = 1+ — Yy
oy r

r’ 2r?
(r+R)2 (r+R)2
. kK2 . a5 __0:>2+2kO+Rf _+2aU+Rf 0
y 2 RE)) arey) Y M(mJ+W)y M(mZ+W)y_
M 2r? M 2r?
6. The equation is of the form
2k(r +RY’ 2 R)’
*M(gz+ Loy R o (Y a(reR)
+R) M(m-+R) = of = ———and 5 = 2
M(zr +R) M(zr +R)

V+aly+25y=0

-82 - Dr.Ghellab Torkia



For a damped system to oscillate, it must be in a pseudo-periodic regime, so it is necessary that:

a(r+RY 2k (r+R)’ M(2r*+R?) | 2k(r+R)’
- <0=>8<wy,=> < Sa< —~.
M(2r°+R*) \M(2r’+R?) (r+R)® \M(2r’+R?)
2 4R 2kM (2r? + R?
B CICRLT R CTICRLS
(r+R) (r+R)

Digital Application
o < 5.16 N.s/m. This is the value that a must not reach for the system to oscillate.
7. Since the damped system oscillates its movement is pseudo-periodic: the time
equation is: y(t)=Ae ™ cos(wt+¢)=Ae™” COS(W’[+¢)
For the amplitude to decrease to 1/2 of its value, a time t is required such that
Ae~7) = 1 Ae " = e+ = le"st —e e = le"st e = 1

2

:>Ine’&=ln£:>—&:_|n2:n:|n_2
2 )

Digital Application
Since 6=3.75s' = r ~0.18s

8. The logarithmic decrement is p =T =& 27 _ 527

w0 4/a)02 -5
Digital Application D ~ 24.33
9. Since the amplitude decreases to 1/3 of its value after 22 oscillations, we have

Ae—é"(t+22T') — 1 Ae—c‘i't = e—ﬁ'(t+22T') — le—é"t = e—é"te—ZZJ'T' — le—é"t — e—?_?_é"T' — l
3

3

= Ine?T = In%: 226'T'=1In3

445" 1)’
T':Z—”I:>445'1,=|n3:>445'L=|n3:>(;Z—”,)zz(lns)2
0] 0] ol —5" Wy —0

(In3)” w?

(447" +(in3)’")

= (447) 67 =(In3)’ (@ - 5%) = ((447)" +(In3)" )6 =(In3)" &} = 5 =

@, In3
J(447) +(In3)’

Digital Application

Soo'=

'(r +R)? M (2r?+R?)s"
S5'~0.03s™*. Since 5'=%:a'= ( 2) .We find @'~ 0.04Ns/m.
M (2r® +R?) (r+R)
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Problem 2

Consider the electrical circuit below.

1. Using the mesh law, find the equation for the movement of the charge in the circuit.

2. Derive the differential equation for current i.

3. Derive the differential equation for the voltage V. across L.

4. Knowing that L= 2H, C= 50nF; find the maximum value that the resistance must not reach
for the circuit to oscillate.

5. With a resistance R= 500, the circuit oscillates but the amplitude of V. decreases over time.
Find the time t necessary for the amplitude to decrease to 1/5 of its value.

6. Calculate the quality factor of this oscillator.

7. The previous resistance is now replaced by another weaker one R'. We then notice that the
amplitude decreases to 1/9 of its value after 12 complete oscillations. Deduce the value of the

resistance R'.

Solution

1. The law of meshes gives us ZVi =0=V, +V,+V, =0

q
v, =34
cC
di . dq . d . ..
v =LS il gov 1 Sg=L
e e
V, =Ri=Rqg
L+ 2+ RG=0= LG+—q+R4=0
C C

1 R
ol — — ) = l
g+ C q+ . dg=0 (1)
2. By differentiating once equation (1) we find;

Eq+iiq+5£q—0:>d_2q+iq+51q—0:>d_2|+L+Eﬂ—
dt° LCdt Ldt dt?° LC  Ldt dt? LC Ldt

3. By differentiating once equation (2) we find;

0@
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3. . 2%
dii 1 di Rdl_0

o —t—— =
dt LCdt Ldt

0

di di Vv 1dv 1 R dV
ince V. =L—, we have — =—- Fromwhere = —-+—V +——Lt=
Sinee Y= dt L Ld? L’C " L% dt

1 . 1 R.; ’ 1 R

:>EVL +RVL +FVL = 0:>VL +EVL +IVL =
4. The equation is of the form:
.1 R..
VL +EVL +IVL = 0

V, + @V, +20V, =0

PO SO ENPP B

For a damped system to oscillate, it must be in a pseudo-periodic regime, so it is

necessary that: 6’ —a} <0= 5 <, :>2—F:_< /é = R< 2\/%.

Digital Application: R<12649Q. This is the value that R must not reach for the circuit to
oscillate.
5. Since the damped system oscillates its movement is pseudo-periodic: the time
equation is: V, (t)=Ae ™ cos(wt+¢)=Ae™” cos(\/ﬂtﬂo)
For the amplitude to decrease to 1/5 of its value, a time t is required such that

Ae*ﬁ(IJrT) — 1

TS U
5 5 5

Ae_& — efﬁ(tﬂ')

=Ine™” :In£:>—5r:—ln5:>r=|n—5
5 )

Digital Application
Since 6=125s? = 7~ 0.013s.

1) 1 L
6. Th lity factor of thi illator i =0 _= |=x126
e quality factor of this oscillator is Q 25 R\C

7. Since the amplitude decreases to 1/9 of its value after 12 oscillations, we have
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A0 (12T _ 1 Ae—0t =y @ o (1H2T) _ Ee*‘“ et 20T Ee—{)"t 20T 1
9 9 9

=Ine™T = In%:>125'T '=In9

245" 1)
T':z—’f:>245'1,=|n9:>245'L=|n9:>%=(ln9)2
) w w§_5|2 a)o_

(In9)° w?

((247)"+(1n9Y’)

= (247)" 67 = (In9)’ (w5 ~5) = ((247)" +(In9)" )6 = (In9Y’ @ = 6 =

@, In9

J(247) +(In9Y

Digital Application &'~92.2s™. Since 5'=2R—L:>R'=2L6'. We find
R'~368.8Q2.

Soo'=

Problem 3

The system below consists of a cylinder of mass M rolling without sliding on a horizontal table.
A massless rod of length L is stuck to the cylinder and carries at its end a ball of mass m; of
density p and very small radius in front of L. In its back and forth movement on the table, the
disk causes the ball to swing inside a liquid of density po.

1. Find the kinetic energy T and potential energy U of the system as a function of @ <1, then
construct the Lagrangian. (Due to Archimedes' push, the apparent weight of the ball is
P=mg-fa)

2. Assuming that the ball is subjected to a viscous friction force from the liquid: f=—av;

find the dissipation function D and the equation of motion.

3. The sizes of the system are: M= 20kg, m= 1.125kg, L= 50cm, R= 25cm, a= 0.93N.m™.s,
p= 1751kg/m*; g= 10m/s*. By observing the oscillations of the system we noticed that the
amplitude of the separations decreased to 1/6 of its value after 23 oscillations. 1. Use this
observation and the table below containing the densities of some liquids to discover the liquid
in which the ball is immersed.

4. Calculate the quality factor of this oscillator.
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R M
L 7
m@  p,| |" ‘Iﬁi h o
At rest In motion

Liquid Density po(kg/m?)
Milk 1035
Sea water 1028
Water 1000
Olive oil 910
Benzene 879
Alcohol 789
Solution
1.
T= TCyIinder (Translation) +TCyIinder (Rotation) +TBaII = % MX* + E 16 = % Mx? +% 167 + % mVBaII2

When the disc advances a distance x=Rsing on the table it swings the ball backwards a distance
Lsin0.
{xBaH =x-Lsin@=Rsin@-Lsin@~RO-LO [V, gy ~(R-L)O
=
Yoar =LCOSO~ L Vy(gany =0

2 2 2 52
= Vaan =V xgan) TV y(gan z(R_ L) 0

T=1m (ROY +1£1|\/|R2j9'2+1m(R—L)2 o =1FMR2+m(R—L)19’2
2 22 2 2|2

Because of Archimedes' push, the weight P of the ball inside the liquid is not mg but
P=mg—f,=mg— 0,gVg,-

Since Vg, L mg— f, =mg _pogm: m(l_&Jg
P P
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So the potential energy is not mgh but, U = m(l—&j gh= m(l—&J g (L —Lcos 0)
P P

2
u zm[ —&ng{l—(l—H—B:U zlmgL[l—&thCte
p 2 2 p

The Lagrangian is: L=T —-U :%BMRZ +m(R—L)Z}92—%mgL(1—&j02+Cte
yo,

2. The dissipation function is: p = %aVBaHZ = %a(R —L)* 6

Equation of motion:

i[ij—[%j+(a—pj:03[§MRz+m(R—L)2}6‘+mgL 1-£o 9+a(R—L)29:O
dt\ o8 oo o0 2 Yol

Yo,
2mgL(1—°j 2
.. 2a(R-L
=0+ L o+ a( )

=0
[3MR*+2m(R-L)" | |3MR®+2m(R-L)’]
3. The equation is of the form
_Po
) ng"[l p] 2a0(R-L)Y
b+ 0+ —0=0
[3VMR?+2m(R-L)" | |3MR*+2m(R-L)’|
0+wl0+250=0
ZmQL[l—’D‘)j 2(R-LY
= o) = P —and & = -
| 3MR?+2m(R-L)’ | |3MR? +2m(R-L)’ |

To discover the nature of the liquid you have to find its density po which is hidden in wo:

Since the damped system oscillates its movement is pseudo-periodic: the time equation
is: O(t)=Ae" cos(wt+p)=Ae™ cos(,/a)j -5 t+¢)

Since the amplitude decreases to 1/6 of its value after 23 oscillations, we have
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Ae—ﬁ(t+23T) — l Aefb‘t — e—ﬁ(t+23T) — lefét — e75t67236'|' — lefb‘t — e723é'|' —
6
=Ine®" = In%:>23éT =In6
4667’
T :2—7[:>465£:In6:>465L:In6:>%:(In6)Z

@ @ /wg_é‘z @y, —0

((467)" +(In6)’ )57

= (467)" 6" = (In6)’ () ~ %) = ((467)" +(In6)’)5* = (In6)" &} = o = (T

J(467)" +(In6)’5

In6

Sow, =

Digital Application
5 ~0.0155" = @, ~1.2rad / s= p, ~879Kg /m°.
We discovered the nature of the liquid without having examined it. In fact, according to the

table given, this density corresponds to benzene.

Wy

4. The quality factor of this oscillator is: Q = s~ 40.
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Chapter 4:
Linear systems forced to one degree of

freedom

-90 - Dr.Ghellab Torkia



4.1 Excitation force

To overcome the friction responsible for energy losses and slowing down of moving
systems, it is necessary to apply an external force called excitation.

4.2 Lagrange equation of forced systems

If in addition to friction f = —c«q , there exists an external excitation force (t), the

Lagrange equation is written:

i(%j _(%] = —EQJ +F (t) (In translation)
dt\ ox OX OX

i(%j _(%j = —(@j +M(t) (In rotation)
dt\ oo 00 00

4.3 Equation of movement of forced systems

The equation of motion for linear systems damped by f = —cd and excited by F (t)

is of the form (a is a constant)
F(t)

G +wiq +254 =

4.4 Solving the equation of motion

Solving the equation § + @’q + 2549 = is very simple for sinusoidal excitation

F(t)

. . . F
F(t) = F, cosQt . In this case the equation is written: § + @wZq+25¢ = —2cosQt .
a

The general solution to this equation is: q (t)=q; (t)+q, (t).
v' g, (t) is the (transient) solution of the homogeneous equation (without F). It depends

on the sign of 62— we? It is called transient because it goes out over time (see chap. 3.)

v oq, (t) is the (permanent) solution of the non-homogeneous equation (with F). It is called

permanent because it lasts throughout the movement.

Figure 4.1 shows the superposition of the two regimes:
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T
e 1

W/\Nw— —= General solution: Damped regime
W\/W\ANV —= Special solution: Sinusoidal regime

MV\/\/\/W —= Total selution: General selution + Specific solution

- f
t=0
g -
Transitional Permanent

regime regime

Figure 4.1: Superposition of the Transitional regime and the permanent regime.

In the case where the excitation is sinusoidal of type: q(t) = Acost . We find A and ¢ using
the complex representation as follows:

F(t)=F,cosat ->F (t)=Fg'

q(t)= Acos(Qt+g¢) - q(t) = AeU?) = Al

4+200+ wiq =%coth — (i'+25€1+a;§q :%e(iﬂt)

— _O2Reli®) 25]QAe(jm) " a)oz Aelio) _ ie(jgt)
a

= QA+ 25 QA+ a)gA:i
a

o [T

= A=

(0 —Q%)+25jQ

N—

A
d

\/(a)g ) +45°0°

The amplitude of the movement is therefore: A= | A=

The phase ¢ of the movement is given by: tan¢ = Im(A) __
. Re(A) wf -’

Finally, the solution for steady state motion is: q(t) = Acos(Qt+¢)
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4.5 Resonance

The excitation pulse o for which the amplitude A reaches its maximum is called the resonance

(amplitude) pulse wr. 4 is maximum when % 0.

_ 2 A2 2 F%
A |40} ~©?) +85 Q]( a) o
a_Q:oj . % =0=—4(af -Q%)+85° =0

2[(605—92) +45292}
- 2 2 1
Either Qg =\J@y —20" < Qp =, [1-—=
4Q
A R Q
At this pulsation, the amplitude is: A, = 8 oA, =
J452 w2 — 45 aw,” |, 1
-7

1 1
For there to be resonance, it is necessary that: @,” —25°>0= 1—( . ) >0=0Q >——
2Q J2
The quality factor must therefore be greater than \/}_ _., damping must be low.
2

Im(
Re(A) &-Q

when Q=wo This pulsation is called phase resonance pulsation

A T
According to the equation: tan¢g = ;\) |=- 24 ~ we have tang = —00(¢ = —Ej

4.6 Bandwidth and quality factor

The instantaneous power provided by the excitation force is:

dw  Fdgq
dt dt

The total solution is then written as follows: p = =

Using the equation ¢ (t) = Acos(Qt+¢) we find

P =—F, cosQt x QAsin (Qt +¢) = —%QAFO [sin(ZQt + @) +sin ¢]

The average power is
tan ¢

J1+tan ¢
F -
% Im(A) 2580

According to the equations A= |Al= and tang = =
Yot @) a5 Re(A) @i -©

1 a l i 1
(p)== |, Pdt=—" OAF,sing =~ OAF,
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925(':02}

a

p =

(») (02 Q) +45°Q°

Q=
d o
(p) is maximum when % =0= F2

<p>max - 4Qa

The pulsation Q¢ and Qc for which is half of its maximum are called cut-off pulsations. The

7] e

(@} -0?) +45°2% 2

width Qc-Qc1 is called the Bandwidth. According to(p) =

(low damping: § < wo) Wwhen Q =awy —6,Q, =w, +6,B=Q,-Q_, =20.

D _ % _ isthe quality factor (see chap.3).
3 =5s=Q quality ( p.3)

The graphs of 4, ¢ and (p) depending on the excitation pulse w are:

(P)
/o
) "Ir.m
A=—_Fje p=tan"! | 2L | (P)= —39-,\(_1—;5/@9
V(@3-02) +an202 (w3-02) (w3-02) 442202
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Example

q
C L R
&=
£)
dv 1 di
—kz—av+F =m— — [idt+ L=+ Ri—E=0
z—ap+E=m— sz+dt+z_
F=—v+jmwe+av E=—i+jLwi+ Ri
Jw jCuw
Mechanical Impedance Electrical impedance
F k E 1
v Jw . JCuw
i+ 267 + wiy = A(t)
Aft=0 Alth=zi)
Homogeneous equation GE"E?"ﬂJ equation
i+ 267 +wiy =0 ¥+ 269 + wiy = A(t)
- . 1
| . We are looking for a particular
We are looking for a gf 4
. . solution ye(t)
homogeneous solution vt
characteristic equation
| A=A, Alt=Aycos(0ae)
2+ 205+ wi=10
r
; F)
4-0 sple) =22
Ly
¥ult) = A;8™t + 4,6%0 A<D
—-h+ ',‘."E A=0 ¥
5z = T _}'F.(t) = ypeos(Nie + @)
r ¥ = Ao
0= T — —
v (t) = (4, + 4,0)e™5 J i — 022 + 45202
M 260
yult) = Ae  coslapt + @) ® = —dArctyg (‘*‘E: _n:)
2 .-
ap = '~.II wy — 6°

Figure 4: Flowchart of the solution of a second order differential equation.
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4.6.1 Exercises and problems

Exercise No. 1

Arod of length | and negligible mass articulated at point O carrying at its free end a point mass
m. At a distance a of O from the rod we attach vertically a spring of stiffness k, the other end
being fixed to a fixed frame at point A. At static equilibrium the rod takes a horizontal position
(6=0).

We attach to the rod, at a distance b = 3 R vertical shock absorber, a. A harmonic vertical

force of the form F (t) = F, cos(<2t),(adjustable Q) is applied to the mass m.

1- Write the differential equation governing the forced vibrations of the system based on
the results obtained previously.

2- Knowing that m=2kg, k =250N.m™, & =5N.m".s *can we observe resonance?
3- If yes for what value of Q do, we observe the resonance in the system? Then calculate

the corresponding amplitude.

Req: we take a:%.

E(t)

Solution
1.U=U,+U_

The potential energy of the rod equals zero because the mass of the rod is neglected.

U, =gx2+kxx0+cte
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With sing =X = x =asin@
a

U, =gx2 + kox, +cte:g(asin¢9)2 +k(asind)x, +cte
U, =-mgh

sin0:|E:>h:Isin0:>Um =-mglsin@
=U=U, +U_ =g(asin6?)2 +k(@sin @) x, —mglsin 6+ cte

U= gaz (sin 6% )+kax, (sin @) —mgl (sin 0) +cte
U= gaz (sin 6% )+ (kax, —mgl)(sin ) +cte

. O?
At low amplitude SIN @ ~ @ and COS O zl—?

U :ga2 (67)+(kax, —mgl)(6)+cte

In equilibrium

ou

= =0
80

6=0

o k ,

—— =—xa"x260+(kax,—magl
op = 2 <@ x20+(kax,—mal)
oy
00 lp—g
oU mgl
— =0=(kax,—mgl)=0=Xx,=+—
X |2 (kax, ~mgl ) ° ka

:Hzoz%xa2x2(0:0)+(kaxo—mgl )=(kax,—mgl )

That is to say, the spring is elongated by x, = +m_g|

=U =ga2(6’2)+cte.
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Then, the Lagrangian of the system is written:

L=E,—E,=T-U=—m? —5a2(92)+cte
2 2

The equation of motion for small oscillations is:

%(%}(%j{%j: F(t)=F,lcos(at)

a—l‘.:imlzxzéz mlzézi(a—lfj:mlzé
o0 2 dt\ 0@

A K20 ka0

00 2

D=2 a(00) = a(b'6") = abd*

DL Laver |- Lav S(07) - 2w (20) - a0

20 00\ 2 27" 06

ml*d + ka6 +ab’6 = F, lcos(Qt)
N 2 2 . F lcos(Qt
0+ka2¢9+ab29: olcos(@Y)

ml ml

6+ w?6+ 256 = F, (1)

, ka’ ka®> a [k
a)o :_2:>(00: —2:— —_—
ml ml I \m

__ab2 ab?

= =45=
ml? 2ml?

We have; b:3%and a:%

kLIJZ a(gl jz
.. . F I Q
G2 g, \4 _ Rolcos(et)

ml? ml? ml?

ml?

20
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.. . F cos(Qt
9+ixig+gxﬁgzo—()

16 m 16 m ml
0+ w20 +256 = F, (1)

) k 1 k 1 [k
Wy =% — (R Pree e .

16 m 16 m 4\m
s 4 s 9@

16 m 32 m
2. The resonance of the system

LS
" 4\'m
5=ixﬁ

32 m
) 1
- = < —
PR

9 «a 9 |%« [¢
5 32°m \m \m 9\/5\/2\/H 9«
—:g: = ==, — X, — X,|—=—X
@, 1k 32 |k g8\m \Vm Nk 8 Jkxm
4\m 4 \m

Digital Application:
We have m=2kg, k =250N.m™*,  =5N.m*.s™*

o 9 a 1
—=Ff=—X =0.25<—=0.7
@y d 8 Jkxm J2
izézO.?

@,

O, = iy [1-26° = O, =10.45rad s~
3. The amplitude of the resonance:
I:O

49max=\/( 2 zr;" — 00230
wy — O )+40°€,

Omax: is proportional to Fo and inversely to I.
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Exercise No. 3

In the system in the following figure, the rope rolls without sliding around the cylinder of mass
M=5kg and radius R=40 cm and which can rotate around its fixed axis. The free end of the rope
carries a mass m=1kg. A spring k=600 N/m, fixed horizontally to a fixed frame, is attached to
point A of the cylinder distant r=20cm from the axis of the cylinder. The mass is subjected to

viscous friction represented by a damper with linear coefficient a, and a vertical harmonic force

of the form F (t)= F,cosw,t .

|. Undamped free regime (a=0 and F(1)=0)

1. Find the potential energy U (6)of the system. Say whether or not the spring is deformed in
equilibrium, then simplify the expression for U (6) (equilibrium corresponds to 6=0).

2. Find the Lagrangian L, then establish the differential equation for small amplitude
oscillations and deduce the natural pulsation. We give Jeylinder=1/2 MR?

I1. Damped forced regime (a#0 and F(t)#0)

Show that the differential equation governing forced vibrations can be put in the form:

0+ w0 +250 = F, (1)

specify the expression of 26 and F,(t)

Knowing that £=0.5, then give the appearance of the curve 0o (we) (amplitudes of vibrations as
a function of the pulsation of F(t)). In this case, calculate wrfor which 6 will be maximum.

What do we call this phenomenon?

k M
—
¢ Y. ’X
‘\\“‘/— 5
a2
Y a
T

1/ Undamped free regime
U=U+U_ +Ugy,
U ey = 0 because : (hy,, =0)
U=U,+U_
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k
U, ==X +kxx, +cte
2
; X )
With SIn@=—=X=rsin@
r

U, :gx2 + kxx, +cte:g(rsim9)2 +k(rsin@)x, +cte
U, =-mgh
sin9:%:>h: Rsind=U_ =-mgRsiné

=U=U+U, =g(rsin¢9)2 +k(rsin8)x, —mgRsin 6+ cte

U =—r?(sin6%)+krx, (sin@)—mgR sin 6) +cte

U=

NI N X

r? (sin 6% )+ (krx, —mgR)(sin 6) + cte

92
At low amplitude sin @ ~ & and C0S0 zl—?

U :gr2(02)+(ero ~mgR)(6)+cte

In equilibrium
L
90 lo—o
ou k
=5 =" r?x 26+ (krx, —mgR)
ou| . k
—| :160=0=—xr*x2(6=0)+(krx,—mgR) = (krx, —mgR)
00 |, 2
ou mgR
—| =0=(krx,—-mgR)=0= X, =+——
OX o ( 0 g ) 0 kr
. N mgl
That is to say, the spring is elongated by X, = +k—
a

U =ga2(6’2)+cte.
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T =E, =T [mass]+T [Disk] =%mv2 [mass]+%\]6"2 [Disk] = %mx2 [mass]+%\]a9'2 [ Disk]

T [mass] = % mx? [mass]

X = R0

T [mass] :%m(Ré')2 :%mRzé2

T[Disk]:%Jéz[Disk]

J ZEMRZ
2

T [Disk] =%J92 [Disk] = %(% Mszéz [ Disk |

T =1mR292 +3(1 MszéZ
2 2\ 2

T _1 mR? +(1MR2] 6>
2 2

Then, the Lagrangian of the system is written:

=B, =T-U =3[ SR ()
p 5 2 >

The equation of motion for small oscillations is: | = | [ 2=

e equation of motion for small oscillations is: | =7 |=| = 5
L=1(m|2+(EMR2D9’2—Er2(02)+cte

2 2 2
a—l_.zi E mR2+(lMR2j 9'2 =£ mR2+(lMR2] il:ezj
06 6|2 2 2 > 0
8_L.:1 mR2+(£MR2j %20 = mRZJr(EMRZj 0
00 2 2 2
25} o)
dt\ 060 2
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ﬂ=i(_KrZ(QZ)j=_5r2_(92)=_5r2><29=—kr29
00 o6\ 2 2 06 2

[mRzJ{%MRZDéHkrz@:O

2
0+ kr 0=0

[mRz +(1 MRZD
2
6+wi0=0

) kr? I kr?

) el

2/Forced damped regime
The Lagrange equation for a forced damped system is

d (GLJ_(GLJJ{GDJZFg(t):FoRcos(a)et)

dtlod) \ad) (a6

Dzlaﬁ
2

D=2 a(RO) =~ a(R0") = aR?d"

8_[? = i(laRzézj = lozR2 i(éz) = lOzR2 (26’) = aR?0
08 00\ 2 2 00 2

(mRZ +(% MRZDé+ kr’0+aR*0 = F, R cos(w,1)

2 2
0+ kr 0+ aR 0= R R cos(a, t)

(mR%(lMRZD (mR%(lMRZD [mRz{l MRZD
2 2 2
0+al0+250=F,(t)

) kr? B ! kr?

)] o)

aR? aR’

|
25 - (mRZ +GMRZJJ e z[mRz +@MR2]}

F,(t)= R R cos(a,t)

]
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2/

£=05< 2 The resonance condition is verified, i.e. resonance can take place in the system.

Ml

Résonance (Solution divergente

1
|
1
1
1
1
|
1
I
|
1
L
o,

Pulsation de résonance

@, = ay\[1-2E2 =3.27 rad.s™ This is the phenomenon of resonance.

Exercise No. 4

We consider a system with one degree of freedom in fig.4. The homogeneous disk of mass M
and radius R can pivot around its fixed horizontal axis passing through its center. A rigid rod of
length (1) and without mass is attached to the disk and carries at its free end a point mass m. A
horizontally placed stiffness constant spring is connected to the disk as shown in fig.4, the other
end being held fixed. The system is in static equilibrium when the rod is in its horizontal
position. In movement the rod is identified in relation to this position by the nail 6. We place
ourselves in the case of low amplitude vibrations. The system is subjected to viscous friction
represented by a damper with linear coefficient o, and a vertical harmonic force of the form:
F(t)=Focosot.

1. Find the potential energy of the system, the kinetic energy of the system and the Lagrangian.

2. Establish the differential equation for small amplitude oscillations and deduce the proper

pulsation wo, the damping coefficient & and Fe.

o W N

L Fig
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Solution

1. The potential energy of the system, the kinetic energy of the system and the Lagrangian.
U=U,+U,

U, :gx2+kxx0+cte

sinG:%:x:Rsinezuk :g(Rsiné?)2+k(F\’sin6)xO +cte
U, =-mgh

sin0=|E:>h=Isin6’:>Um:—mglsin9
U =§R2 (sin6”)+(kRx, —mgl)(sin 6)+cte
At low amplitude SIN@ ~ & =U =gR2 ((92)+(kaxo—mgl)(49)+cte

In equilibrium U :5R2(92)+Cte.
2

T=T_+T,

.2

Tmzlmx
2
x=10=T, ==m(16)" = = mI*¢*

2 2
1 .
T, ==J6?
° 2

1=1wmr? =T, :1(1 Mszéz
2 2\ 2

71 I2+(1MRZJ o?
2 2

Then, the Lagrangian of the system is written:

L-T_Uu=2 m|2+(1MR2J 92—5R2(02)+cte.
2 2 2
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1. The differential equation of small amplitude oscillations, the proper pulsation wo, the

damping coefficient 6 and Fe.

The Lagrange equation for a forced damped system is

d [(ELJ E&_LJJ{&D] F, Rcos(at)
dt 00 00
D=1af
2
x=3—|9
4
2 2
D=1a(3—l) 6? a—p=a(3—lj 0
2 4 1517, 4
%)
2
0+ kR 0+ 4 0= KR cos(Qt)

o) o] o ]

O+ ai0+250=F,(t)

Exercise No. 5

Consider the vibrational system shown in the figure below. The rod is attached to the disc and

the assembly rotates around a horizontal axis which passes through the center of the disc. The

spring, wire and rod have negligible mass. The thread is inextensible. We consider the masses

fixed to the rod as point. At equilibrium the rod is vertical. It is assumed that the vibrations are

of low amplitude. We give Jpiskc=ml?

1- Show that the system admits a single degree of freedom. We choose 6; the angle that the rod

makes with the vertical, as a generalized coordinate to describe the vibrations of the system.

2- Show that the kinetic energy T (6) of the system is written: T :gmlzé2

3- Show that the potential energy U (¢) of the system is written:
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U =%(kl2 —2mgl) 6 —(Kix, +2mgl ) 6+ cte

4- Find the initial elongation xo of the spring. Then simplify the expression of U (6)

5- Write the Lagrangian of the system.

6- Find the generalized force Fy associated with F(t)=F, cos(e,t)and the dissipation
function D.

7- Write the Lagrange equation and deduce the differential equation of motion.

8- What condition must o verify to observe resonance in the system?

9- Then calculate  (the damping ratio) so that the pulsation at resonance only differs from (the

: ; ((00 _wr)
natural pulsation) by 1%, i.e. ——==1%

F(t)
2m i E
z |
o
I\ o
2m )'(
/A
2m m
yv
Solution
U :Uk +Um +UDisq +U2m +U2m(Disq)

UDisq :O(hDisk :O)
U :Uk+Um+U2m+U2m(

Disq)

Uk:5x2+kxx0+cte
2
L —X :
With S|n0=T:>x=—Ism6?
k 2 k - 2 -
UKZEX +kxxo+cte:5(—lsm49) +k(—Isin@)x, +cte

U, :%Izsin &% —Klx, sin 6 +cte

- 107 - Dr.Ghellab Torkia



U,,=-2mgh, 2l =h+x=h=2l-x
cos¢9=%:>x:2I cosé
h=2l-2lcosd =2l(1-cosd)=U,, =—4mgl(1-coso)

U, =mgh
2l=h+x=h=21-X

cosH:Z—XI:> X =2lcosd
h=2l-2lcosd=2l(1-cos@)=U_, =2mgl (1-cosé)

U, m(oisc) = —2Mgh

(Disk

sind =Ih:> h=Isin0=U, 4 =—2mglsing

U :kEI ?sin 6% —klx, sin @ —4mgl (1-cos ) +2mgl (1-cos&)—2mgl sin & +cte

2

At low amplitude SIN @ =~ @ and cos @ zl—%

U= glzsin 6% —Klx, sin @ — 4mgl (1-cos )+ 2mgl (1 cos &) — 2mgl sin 6 + cte

U :EI 0 —kIx,0 —4mgl | 1- 1—? +2mgl| 1- 1—? —2mgld +cte

U= glzé’2 —kix,0 — 2mgl&? + mgl&? — 2mglé + cte

U= glzez —klx,0 —mglg® —2mglé + cte

U =%(kl2 —2mgl) 6% - (Klx, +2mgl ) 0 +cte

In equilibrium
L

o6 |,

ou 1
EY
ouU
e

A =0:>—(k|x0+2mgl)=O:>xo=—2mg| __2mg
20 |, kI K

(k1% —2mgl )x 26 —(kIx, +2mgl )

:6?:0:>%(kl2 —2mgl )x2(¢9:0)—(klx0+2mgl )=—(kIx, +2mgl)
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. . 2mg
That is to say, the spring is elongated by X, = ————

U =%(k|2 —2mgl )6 +cte.

T =T[2m]+T[m]+T[Disk]+T [ 2m(Disk)]
T[Zm]:%me(2

% =216

T[2m] =%2m(2l6")2 = 4ml?6?

1 \2 .
T[m]:Em(ZIH) =2ml°¢?
T[Disk]:%Jéz[Disk]

J =£MR2 =£2m|2
2 2

T [Disk] =%J92[Disk] =%(%2m|2)92 [ Disk ]

T[Disk]:%mlzé2
] 1
T| 2m(Disk) | = = 2mx?
[ m(Dis )] > mx
x=16
. 1 N2 .
T[2m(Disk)]==2m(16)" =mI?6?
[m( is )] 5 m( ) m
T = 4ml?6? + 2ml?6? +%m|26"2 +ml?6?
T:Emlzé'2
2

Then, the Lagrangian of the system is written:
15

K

in the negative direction of the axis X.

L=E.—E_=T —U =—m|20'2—1(k|2—2mg|)92+cte
© P 2 2

In the case of Forced damped regime

The Lagrange equation for a forced damped system is

%[%J—(%j+(g—gj =F,(t)=F,2lcos(a,t)
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D=1af

1 .2 1
D:Ea(le)zzE a(1%6) = Zal 262

a_f?zi[la|292j 1.2 a(492) 1 ol? (20) = al?6
20 90\ 2 27 86 2

L =L mizg —l(kl ?—2mgl )6* +cte
2 2

a—".:i{ﬁml 292} :[Eml zji[éﬂ
00 00| 2 2 00

L _ (5512 )x20=15m1%
20 "\ 2

d (aL
dt\ 06

a_a (_l(kv—zmgl)(ez)J 2(kl ~2mgl ) 59(92) %(klz—ngl)x2¢9:—(klz—2mgl)0

) 15ml 24

00 80\ 2
15ml 26 + (k1% —2mgl )0 +al %6 =0
15ml %6 + (k1% —2mgl )0+ a1 °6 = F, 21 cos(a, t)

Jke-amgl) gt Fp2l

= t
15ml 2 +15mI2 15m|2cos(w)
6+a0+250=F,(t)
2_(kI2—2mgI) . (kI —2mgl )
" 15ml? o 15ml 2
26=% ~5-_%
15m 30m
F,2l
Fy (t) =77 cos(ot)

8. The resonance condition

Cf=i<%:>oc<\/30m[ _2|ﬂj

a)O
9.
o, = oy [1-28
R ”0_”0\/@:1_\/1_?:1%:0.01:5:0.1
W, W, 1
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Exercise No. 6

A series RLC circuit is subjected to a sinusoidal e.m.f: e(t) = E, sin(<t). By varying the

pulsation o of the e.m.f. we note that a voltage resonance is produced across the unknown
capacitance C Knowing that V¢ max) = 60 V, Eo=3V, R=75 Q, L=0.8 mH.

1) Determine the overvoltage coefficient Q

2) Evaluate the capacitance C and the natural pulsation wo of the circuit.

3) Determine the width of the bandwidth Aw and its limits o1, w..

4) Find the power that the source must provide to the circuit to maintain oscillations whose

maximum amplitude of the current intensity is 1o=30 mA.

Solution
¢(max) 60
1.Q= =—=20
° E, 3
2.
1 o
=== =25
Q=g =25~ @ =20
26=R__ > _g37505°"
L 0.8x10
w, =20Q =18.75x10" rad.s™
1
@y :L:C: =355.5x10“F"

JLC L?
3. AQ=25=937505"

Q ~ o, —A—Za’ =18.75x10% —93—;50 =18.25x10" rad.s™

Q, ~ W, +Aw=19.22x10" rad.s™

4.

AQ 93750

Q. ~w, —— =18.75x10" — =18.25x10™ rad.s*
1 0 2

Q, ~ w, + AQ=19.22x10"° rad s

P—ZRIZ=275(30x10°)" =0.034 watt
2 2
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Exercise No. 7
The following figure shows a device designed to record seismic tremors. We admit that the
tremors have a sinusoidal shape of the type:

X, (t)=acos(w,t)
1- Establish the differential equation of the forced vibrations of the mass m due to the exciting
force of the shocks.
2- Then give the expression for the amplitude xo and the initial phase ¢o as a function of we.
3- Show that the amplitude of the shock and that of the mass are identical in the case where the
damping and the pulsation are very weak. In this case, what is the phase shift between x. (t) and

X (t).

Solution

The spring undergoes a deformation of its two ends x on the mass side and Xxe on the ground

side.

F=—k(x—x,)
Likewise damping, which by moving its two ends with speeds (X;x,) respectively:
f=—a(x—X%,).

mx=f, +F =—k(x—x,)—a(X—%,)=—kx+kx, —ax+ax,

mX+kx + aX = kx, + aX,

.k a, k a .
Rt Xt X=X+, and x, (t)=acos(a,t)

k a
X+—X+—%x=Ccos(wt+0
m m (@, ):>C:a,\/a)g‘+4§2a)e2 and tgezzaa)e
[0)

2
X+ @i x+25% =Ccos(aw,t+0) 0

The solution to this equation is x (t) = x,, (t)+ X, (t)
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Xh(t)—>0

t—0

X(t) = x, (t)= Acos(a,t +¢)

Ao a»\fa)g +45°a)
\/(a)(f ~ ! )2 +45%w?
2 3

tg(p——a)o (a)o )e+452a)e2

X + @iX + 25X = Cel™

ﬂ(a)oz —? + jZé'a)e)ej“’et =Cel™!

= C
A_( a)ez+j25a))
= C
Al =T=——
\/(a)o -, + jZé‘a)e)
_ImA_ 200;
"“Ren” @} (0 - af ) +45° 0]

3. 45°) <<y and o << 0} = A=a,tgp=0=¢p=0

Problem 1

We consider a system with one degree of freedom in figure bellow. We place ourselves in the
case of low amplitude vibrations. The system is subjected to viscous friction represented by a

damper with linear coefficient a, and a vertical harmonic force of the form: F(t)=F, cosQt.

1

Find the potential energy of the system, the Kinetic energy of the system and the

Lagrangian.

2- Establish the differential equation of small amplitude oscillations and deduce the natural
pulsation wo, the damping coefficient 6 and Fo.

3- Find using the complex representation, the permanent solution of the equation. (Specify

its amplitude A and its phase o).

4- Give the pulse of resonance Qr

5- Give the cut-off pulses Qc; Qc2 and deduce the bandwidth B(5 < a,).

6- Calculate wr, B; and the quality factor for: M=2kg, m=1kg, k=51N/m, a= 0.3N.s/m, R=
25cm; L= 50cm,g= 10m/s?.
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Solution
1. The potential energy of the system, the kinetic energy of the system and the Lagrangian
U=U,+U_

U, :gx2+kxx0+cte

sin6'=%:>x= Lsind =U, =g(Lsin¢9)2+k(Lsin¢9)x0+cte

U, =-mgh
2L=h+x=>h=2L-x

cosezi: x=2Lcosé
2L

h=2L-2Lcosd=2L(1-cos0)
U, =-2mgL(1-cosé)

U :g(Lsin 6)" +k(Lsin @) x, —2mgL (1-cos 0)+cte

i 6*
Low amplitude SIN@ ~ @and cOs O =~ 1— -

k 6
=U = > L2 (g2)+ kLx, (6)— 2mgL[1—(1—?D+cte
U= [g L*— mng(02)+ KLx, (0)+cte

In equilibrium

U =[§ L2 —mng(02)+cte.
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T=T_,+Tp

T =im>'<2

xz2Lé:>tn=%n(2Léf:=anBé2

1. .,
T.==J6
)

J =1MR2:>TD _ 11 yre o2
2 2\ 2

'rzl[mmf+E£MR{D92
2 2
Then, the Lagrangian of the system is written:
1 2 1 2 2 k 2 2
L=T-U=2]4ml*+| ZMR® | |6°—| Z1* —mgL |(6%)+cte.
2 2 2

2. The differential equation of small amplitude oscillations, the natural pulsation ®0, the
damping coefficient 6 and Fo.
The Lagrange equation for a forced damped system is

Eﬂ%j_[%j+(a—Dj =2F,Lcos(wt)
dt\ 00 00 00

D=laf
2
X=L60

D =1aL292 — a_p = al®0
2 00

[4mL2 +(% MRZDéu(g K —mngemﬁé = 2F,L cos(Qt)

k
Z(Lz—mgL) )
2 0s al’ g 2F L

o) o ] o ]

0 +ai0+250=F,(t)

6+ cos(Qt)

2(k|_2_2mg|_) 20{'.2 . 4F0|_
(8mL* + MR?) i (8mL* + MR?) o= (8mL? + MRz)COS(Qt)

60 +wi0+250 =F, (1)

0+
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k
2 2[2 L2 —mgLJ 2(kL* —2mgL ) 2(kL* —2mgL )
Wy = = 2 2 = o = 2 2

(4m|_2+(1 MRZD (8mL* + MR?) (Bmi"+ MR°)
2

2012 K K
25 = o _ a 5= 2

(8mL2+MR2) (4mL2+(;MR2D (8mL* + MR?)

2F,L

Fﬂ(t)‘@mm(;mz)j

3. The permanent solution is #(t) = Acos(Qt +¢) Let's use the complex representation to

4FL

COS(Qt) = (SWTRZ)

cos(Qt)

find A and ¢:
4F,L

(8mL* + MR?)

0 = Acos(Qt +¢) — 6 = Ae'™

ARL o
(8m|_2 +MR2)

cos(Qt) —

AL cos (Qt) We obtain

(8m|_2 + MRZ)

From the equation @ + @?0 + 260 =

= —0? A" + 25 jQA™ 4 w2 Ae = _ARL
(8m|_2 +MR2)
o A+ 25 jOA+ f A= — Rk
(8m|_2 n MRZ)
4F,L
(8m|_2 + MRZ)

:>A=(w§_92)+25j9

AF L
(smL2 + MRZ)

\/(a)g ) +45°07

The amplitude of the movement is therefore: A= | Al=

The phase ¢ of the movement is given by: tan¢g = Im(A) __ 2R
. Re(A) wf -’

oA :
4. The resonance pulse fora—Q =0is Qp =/af —257
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5. When 6 < a)o:<p>=

<pzmax -FOFch = @, —5, ch = @, +0

=B=0,-0Q,=25
6. Digital Application Q ~1.14rad /s, B = 0.06Hz , The quality factor is Q = % ~19

Problem 2

The wire around the discs underneath is inextensible and non-slippery. F(t)=F,sinQt.
1. Find T, U, and the dissipation function D.

2. Find the Lagrangian then the equation of motion as a function of x: (0 <1).

3. Find the permanent solution to the equation using the complex representation.
(Specify its real amplitude A and its phase ¢)

4. Give the pulse of resonance Qr

5. Give the cut-off pulses Qc; Qc2 and deduce the bandwidth B(5 < a,).

6. Calculate wr, B; and the quality factor for: M=2kg, m=1kg, k=27N/m, a= 0.6N.s/m.

F(t)

Solution
1.

T=T_+T +T,

m

1 .,
T, ==MXx
M2

Tm=1|¢9'2 vvithl:lmFeZ:Tm:1 Lmlreer=1(im X* (because : RO = x = RO = X)
2 2 2\ 2 2\ 2

11 inleifin )'(2+£M>'(2=1(M +m)x°
2\ 2 2\ 2 2 2

U, Ky it
2

2. The Lagrangian of the system is written: L=T -U = %(M + m)>‘<2 —Ex2 +cte.
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The Lagrange equation for a forced damped system is

58] 2) e

D=£a)’(2:>8—[.)=a>'(
2 OX
(M +m)X+kx+ax = F,sin(Qt)
K ¢ %= i sin(Qt)

) em) T (M m)

X+ apx+26%=F,(t)

2 k _ k
DT Mrm) T T (M m)
o o K .
25:m:> "~ 2(M+m) and F"(t):(l\/l +m)sm(m)

3. The permanent solution is x(t)=Acos(Qt+¢) Let's use the complex representation to

find A and ¢:
F . K ot
- J Qt J
(v em) ()= e

X = Acos(Qt+¢) — X = Ae

o ; F i
From the equation X + @ X +26% = ——2—sin(Qt) We obtain
(M +m)

s 02 Rel ™ 4 25 jORIY 4 g2 Rl = __To g
° (M +m)
s A+ 25 jOA+ A=
(M +m)
I:O
~ M +m
:>A:( > ( > ) -
o —Q*)+25jQ
FO
(M +m)

The amplitude of the movement is therefore: A= |Al= >
\/(a)g ~QF) +45°C7
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The phase ¢ of the movement is given by: tang = Im(A) ___ 2D
. Re(A) wf -0’

OA
4. The resonance pulse for — - = 0is Qn =+a@f —25?

(P) e

7. When 6 < a)o:<p>=T. For Q, =w,—06,Q, =w, +6

=>B=Q,-Q,=26

“o

5. Digital Application Q ~3rad /s, B =0.2Hz ,The quality factor is Q = 3 ~15

Problem 3
Either the system opposite. F(t)=F,sinQt.

1. Find T, U, and the dissipation function D.

2. Find the Lagrangian then the equation of motion as a function of 6: (€ <« 1).

3. Find the permanent solution to the equation using the complex representation. (Specify
its real amplitude A and its phase ¢)

4. Give the pulse of resonance Qr

5. Give the cut-off pulses Qc1; Qc> and deduce the bandwidth B(5 < ).

6. Calculate Qr, B; and the quality factor for: M=3kg, mi=1kg, m>=2kg, a= 0.5N.s/m,
R=0.5m, L=1m, ki=12N/m, ko=20N/m.
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Solution
1.

T :Trnl +Tmz +T 4

1 ] . . . 1 N2 .
T, = Emlx2 with x=2L0 =T, =Eml(2L9) = 2m, %67

T =i withx=Ld=>T =3m2(|_49')2 Lz
2 2 22 2
T, =210 with | == MR? =T, =1(1MR2j92
2 2 2\ 2

T :3(4m1L2 +m,L? +1MR2j92
2 2
u=U, +U, +U_ +U_
K, > K
Uy :EX + K, XX, + cte
sin6’=%:>x=2Lsin6’:>Ukl =%(2Lsin6’)2+k1(2Lsin6?)x0+cte

k
U, = ?sz +k,xx, +cte

K,

sin(9=%:>x= Lsind=U, =?(Lsim9)2+k2(Lsim9)x0+cte

U, =+mgh
sin9:2—XL:>x:2Lsim9
U, =+2mgLsind

Umz =-m,gh

sint9=%:>x=Lsint9

U, =-m,gLsing

m.

=~

U =-—2(2Lsin 6')2 +k (2Lsin8)x, +k—22(Lsin 9)2 +k, (Lsin@)x, +2m,gLsin & —m,gLsin & +cte

U=

2
%(4k1+k2)Lzsin 67 +[ (2K, +K, ) X, +(2m, —m, ) g |Lsin O +cte

Low amplitude (9 <1) we have SIn@ =~ @

U =%(4k1+k2)L26?2+[(2k1+k2)x0 +(2m —m,)g |LO+cte
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In equilibrium

NI g

90 |y

£=E(4k +K, ) L x 20 +[ (2K, +k; ) X, +(2m —m, ) g |L

ag 2 1 2 1 2 0 1 2

% :9=0:>%(4kl+k2)LZ><2(¢9=O)+[(2k1+k2)x0+(2ml—m2)g]L
6=0

ouU

=5 = +[ (2K, +k,) %, +(2m —m,) g L
6=0

ouU 2m, —m, ) gL

EH:O:>+[(2kl+k2)xo+(2m1—m2)g]L=O:>xo:—( (21k1+|2<2))

=U =%(4k1+k2)L26’2 +cte

2. The Lagrangian of the system is written:

L=T-U :%(4mlL2 +m,L? +%MR2j92 —%(4k1+k2)L202 +cte.

The Lagrange equation for a forced damped system is
E[%J—[%] +(@j = F,Rsin(Qt)
dt\ o0 00 00

1 1
D=>ax’+>ax,’
g ¥ TR %

Sax? =—a(2L0) =2 a(4L6") - 201"
%05)'(22 :%a(Lé)z :%a(Lzéz):%aLzéz
Dzﬁaﬁﬁ

2
D 2017 2 (67)=5al?6
00 2 06
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(4mlL2 +m,L* +%MR2jé+(4k1 +k,) L’0+5aL%0 = F,Rsin(Qt)

(4k1+k2)Ll2 e Bol” 1 G- F,R

6+
(4m1L2+m2L2+MR2j (4m1L2+m2L2+MR2j (4m1L2+m2L2+lMR2j
2 2 2

sin(Qt)

0 +a0+200=F,(t)
2 2
(8mL*+2m, > + MR?) ~ (8mL*+2m,L* + MR?) ~ (8m,L* +2m,L* + MR?)

0 +l0+250 =F,(t)

) (8K, + 2k, ) L2 (8K, +2k, ) L2
Do = 2 2 2y @ = 2 2 2
(8m,L* +2m,L* + MR?) (8m,L* +2m,L* + MR?)
2 2
25 — 10 S Sal
(8m,L* +2m,L* + MR?) (8m,L* +2m,L* + MR?)
Fo0)= oo ()
(8m,L* +2m,L* + MR?)
3. The permanent solution is 6(t)= Acos(Qt+¢) Let's use the complex representation to
find A and ¢:
2 2FOR2 2 Sln(Qt)_) 2 ZFORZ 2 eth
(8m,L* +2m,L* + MR?) (8m,L% +2m,L* + MR?)
0 = Acos(Qt+¢) — 6 = Ae’™
. 2} 2 ] 2FOR H .
From the equation € + @6 + 260 = > > —Sin(Qt) We obtain
(8m,L* +2m,L* + MR?)
= —0? A" + 25 QA + 2 Ae™ = . ZFORZ el
(8m,L* +2m,L* + MR?)

2F,R

= —O?A+25 jOA+ A=
(8m,L% +2m,L* + MR?)

2F,R
- (8mL*+2m,L* + MR?)
= A (@2 -0%)+ 2502
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2FR

_ - (8m L% +2m,L* + MR?)
The amplitude of the movement is therefore: A= | Al= =
\/(wg ~QF) +45°Q°

The phase ¢ of the movement is given by: tang = Im(A) ___ 2D
. Re(A) wf -’

OA
4. The resonance pulse for — = Ois Qp = [} —25°
(P e

5. When O << @, :<p>=T. ForQ, =@, —96,Q,=w,+0

=B=0Q,-Q,=25

6. Digital Application Q. ~325rad/s, B=0.39Hz The quality factor is
Dy
=—~8.33.
Q B

Problem 4
Either the excited circuit. E(t)=E;cosQt.
1. Find the equation of movement of the charge q circulating in the circuit using the mesh
law.

2. Find the permanent solution to the equation using the complex representation. (Specify
its real amplitude A and its phase ¢)

3. Give the pulse of resonance Qr

4. Give the cut-off pulses Qc1; Qc2 and deduce the bandwidth B(5 < ).

5. Calculate wr, B; and the quality factor for: R=20Q, C=1uF, L=5H.

R C
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Solution

1. The law of meshes gives us >V, =E(t) =V, +V, +V; =E(t)

q
Ve =—
cC
di . dg
V=L—,i=—=(4q=V, =L—(g=L
L t at q L q=Lq
V, =Ri=Rq
Lq’+%+Rq:Eocoth:Lq‘+éq+Rq=E0coth

N | R. E
+—0g+—(q=—cosQt
a LCq Lq L

.1 R. E
+—0q+—(=—cosQt
d LCq Lq L

G+ wfq+ 254 :%coth

pio o [L
°LC ° \LC
25=E:>5=i

L 2L

2. The permanent solution is q(t)=Acos(Qt+¢) Let's use the complex representation to

find A and ¢:
5coth —>5e"Qt
L L
0= Acos(Qt+¢) — G= Al

From the equation ¢+ w2q+25q = %cosgt We obtain

= -2 A" + 25 jOAU™M 4 2 Ael ) = %ejm

= _?A+25 jQA+w§A=%
E

—0

L

:A:(a)j—Qz)JrZéjQ

d

The amplitude of the movement is therefore: A= |Al=
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oA :
3. The resonance pulse fora—Q =0is Qg =Ja&f —26?

(P) e

4. When 6 << :<p>=T. ForQ, =@, —0,Q,=w,+6
—=B=0Q,-Q, =26
5. Digital Application Qg ~447.2rad/s,B~4Hz The quality factor

@y
=—~111.8.
Q B
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Chapter 5:
Linear systems with several degrees of

freedom
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5.1 Degrees of freedom

The independent variables necessary to describe a moving system are called degrees of

freedom. If there are N independent variables ¢; we write N Lagrange equations:
da) (A

dt{od, ) \oq,) ad,

gL (A D gy

dt\ ad, ) \ da, od,

TERNE A RRCRAYE

dt{ ody ) \day ady

5.1.1 Coupling types

5.1.1.a Coupling by elasticity

The coupling between the two systems is through a spring (capacitance).

prm—

mj >

RSN

A o o

Figure 5.1: Different mechanical and electrical systems coupled by elasticity.
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5.1.1.b Inertial coupling
The coupling between the two systems is through a mass (coil).

}_i:

|
‘ |
L1 %L Ll

Figure 5.2: Mechanical and electrical systems coupled by inertia.

5.1.1.c Viscous coupling
The coupling between the two systems is through a damper (resistor).

Figure 5.3: Viscous coupling of different mechanical and electrical systems.
5.2 Free systems with two degrees of freedom
5.2.1 Equation of motion

Or the free system opposite. The two independent variables are x1 and x.. k is called the

coupling element.

The coupling

x1(t) 'xl' (t)

Figure 5.4: Oscillatory movement of a coupled system with two degrees of freedom.
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For the kinetic energy we write as follows:

2.1
E, =T =) =mx

i
i=1

1 ., 1
i2 :_m1X12 +—m2x22
2 2

For the potential energy we have:

1 2
22"

i=1

E

1 1 1
. xf:—kle+5k2x22+5k(xl—xz)2

:U :%k (Xl—X2)2+

Hence the Lagrangian is written:

1 . . 1 1 1 2
L=T-U —Emle+ mzxzz—Ekle—Ekzxzz—Ek (X, —X,)
1 . . 1 1 1
L =§m1x12 +=m,X2 —Ekle —Ekzxj—ak (X7 +%5—2x,%,)
1 1 1 1 1 1
L _Emle +=m,X2 —Ekle —Ekzxzz—akxl2 —Ekxz2 _Ek (—2x,%,)
L =%m1x'12 +%m2x'22 —%kle —%kzxf—%kxf —%kxz2 + kXX,

The two Lagrange equations are written: (For D=0, F=0: undamped and unforced system)

The coupled differential system then becomes:

d (oL oL d (oL - [ oL

—| = ]-]=1=0 —| — |=mX,,| — |=—-kx, —kx, +kx,
dt { X, OX, dt { X, OX,

da ﬁ N =0 d ﬁ =m,X,, oL =—k,x, —kx, +kx,
dt { oX, oX, dt { oX, oX,

L (ky+k) k
{m1X'l+(kl+k)Xl—kX2=0 1t m, Xl_m_lxz_o
=
m,X, +(k +k,)x, —kx,; =0 X'2+(k +k2)x2—Lx1:O
m2 m2

5.2.2 Proper modes (Normal)

In normal mode, the solution to the previous equation is the form of a superposition of the two

proper (normal) modes, as follows:
x1= A1 c0Ss (Qt+1).
x2=A3 c0os (Qt+¢2).

A1, Az, @, Dependent on initial conditions. To find Q, let’s use the complex representation:
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X, = A cos(Qt+g,) —> & = Ae ) = Aei
= A, cos(Qt+p,) —> X, = A = A el

~ :Alejgt _ jQ/&leth ):(.1:(JQ)2 Aieth :_QZAieth
= =

~ . ry ot ~ R o ~ . ~ .
=A% = joRe™ (%, = (1) Ae™ -7 Ae!

° '_?<lo

% M kL _O2R et 4 (k K) & on LN
X, + m X, mlxz_OZ> Q°Ae m Ae mlAQe =0
O (k+k2) _ k _ 2 A th (k+ ) ot jot
X, + m —2 X =0 w°Ae m Ae Aie =
2 jot (kl ) ot k ~ jot ( + J gl ( k j A a0t _
QA 211 T At 2 ARt Ae Ae"™ =0
Ae" + m A m Ae _ ”‘1
2 jot (k+k2) A AJOt k ~ jot 2 k+k th k A AJQL
Q Aze + m2 Aze —m2 Ale 0 —-Q + A2 m—z Aie —O
2 (k1+k) Lare 2 k +k (k)z
[ O+ o A o A,=0 Q +—m1 A o A,=0
(k+k,) )z K )z - k (k+k,)) ~
[—Q + m2 JAZ—(m—ZjAl:O —[m—ZJAi-F(—Q + m2 ]AZZO

For the equation to be true without A and A,being both zero, its characteristic determinant
must be zero:
(-@*+a) b

< (-Q'+d)
AQ)=0Q"-0’d-Q%a+ad -bc=Q' —(d +a)Q’ +(ad —bc) =0

A(Q)= =(-Q%+a)(-Q" +d)-(-c)(-b) =0

This gives us the characteristic equation:

—(d+a)Q*+(ad —bc)=0
The two real and positive solutions w: and w: of this equation are called proper or normal
pulsations. The smallest is called the fundamental, the other is called the harmonic.

First eigenmode: For =01, the system implies that:
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(- +a)A-bA,=0  |(-Q°+a)A =bA,
A+ (-Prd)R =0 |(-0%+d)A,=ch

A(1) _—0f+d > 0.
Al ¢

The vibration is said to be in phase because the solution is written in this case
X0 = Ay cos(Qt+9)
Xy = Popyy COS(Qt +90)

Second eigen mode: For Q=0,, the system implies that:

A 2
M _+d <0. The vibration is said to be in phase opposition because the solution is written

A2 c

in this case:
X2 = Ay cos(Qt +¢)
X =Py cos(Q,t +¢)

In the general case, the system vibrates in a superposition of these two proper modes.

When ki=ko=k et mi=my=m : The new differential equations of motion

(o B

ONERTS

m m
The proper pulsations are

()

Aw)= m oo

_E [_Qz + %j
m m

e
m m m)L m
2 2
(—QZ+%] —[hJ :O:K—Q%%—hj[—QH%Jrkj:O
m m m m m m
(—QZ +£j[—(22 +%j =0
m m
Sle:\/gande\/K
m m
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5.3 Forced system with two degrees of freedom

5.3.1 Equations of motion

Or the system opposite.
F
A ER A ey
ko —x % A

Figure 5.5: Oscillatory motion of a coupled system with two degrees of freedom.

For the kinetic energy we write as follows:

For the potential energy we have:

2

1 1 1 1 1
E,=U :Ek (erz)2+5izllki><f :Ekle+§k2x§+5k0(xl—x2)2

Hence the Lagrangian is written:
1, .2

1 ., 1 1
L=T-U :Emle+5m2X22—Eklxl —E

1
k2X22 _Eko(xl_xz)2

1 . 1 . 1 1 1
L zzmle+§m2x22—Ekle—Ekzxf—ako(xfjtxzz—lexz)

L :%m1)<12 +%m2)<22 _%k1X12 _%kzxzz_%koxlz_%koxzz_%kO(_lexz)

L :%mlx’f +%m2x'22 —%kle _%kzxg_%koxf—%kox22+k0xlx2

The two Lagrange equations are written: (For D = %ap’(f + % a,%; and F, cosQt)

dfob) fa aD =+F dfa =mX a =—k X, — K X +K,x @:ax
dt\ox ) | ox ax1 dt | &%, s %, KT T 2" 0%, '
-

S (D)D) () i, P
dt\ox, ) (ox, ) ox, dtlex, | 2%\ ox, 22 o °X1’a>'<2 ?
(k+ko) Ky Ly
{nyxl+(k1+ko)x1+al>'<1—kx =F, cosQt % m, Xl_ﬁ 2+EX1_H1COSQt
=
m,X, + (Ko +K, ) X, + %, =KX, =0 X2+(k°+k2)x2——°x1+—2x2=0
mZ 2 2
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5.3.2 Resonance and antiresonance
(With D=0 and F+#0: forced but undamped system). The permanent solution is:

X, = A cos(Qt+Q,))
X, = A, cos(Qt+Q,)
A, A, Q1, Qo depend on the excitation pulse Q and Fo. To find 41, 4, let’s use the complex

representation
When D= 0:

¥ = A cos(Qt+qp ) — % = Ae'?) = Ael
X, = A, Cos(Qt+¢,) > X, = A7) = A el
F(t)=F,cosQt — F(t) = Fe’
g — ”’eth o _ -QNeth o =(i0 2 ~eth :_QZ~eth
{?A}imjx-ijpj D)E(J)Aj. A:l
X, = Ae %, = jQAzeth %, =(jQ)2 Aze‘m _ _QZAzeJQt

5(1+(k1+k0)x1_&x2 ziejm _QZAleth+(k1+k0)A1eth_ﬁAzeth ziejm
m m m _ m m, W
(h+hk) . Ky e (ktk) - ko
Ko +——25%, ——2% =0 —QP AR 420 2L ARl - 0 Al =0
e Aol e S A 0
~ Ki+Ko) = or Ko 5 i Fy
QZ eJQt + ( 1 0 eJQt _ "o eJQt _ _oeth
Al m, Ai mlA2 m,
. Ko+K,) ~ ior Ky 5
Q2 eJQt -l-( 0 2 eth _ o eth =0
Ao S Ae 0 A
[_a)2+(kl+k0)j'&iejm_(ﬁ]'&zelm ieJQt
_ m m m

Case where: mi=mo=m and ko=ki1=k>=k.

By possessing (2 = k , the equation becomes
° m
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T

m (-0 +205) A -QIA, = ()

“A
k ~ ) kK~ 2 5 2 2\ K _
_EA&_F(_Q +gaj —0  |-QA+(-Q°+20})A, =0.......(2)

- - - 0O? o
2)= +(-Q%+ 202 ) A =+ = H— 3
(2)=+( VA=A = A= (3)
replaces (3) with (1)
. Q2 ~ F ~ Q! ~ F
—QP 202 A -2 —— 0 A== (-Q°+20%)A - 0 =L
( o)A O(—QZ+ZQ§)A1 m:( o)A (—Q2+2Q§)Al m

CTUPYCT AT & S )
j[( @'+ 20) (—QZ+ZQ§)JA1 m

(-0 +202)(-02 + 202 ) - 5&:5: (_Qz+2Q§)Z_Qg A:F
(-0 +207)

- F (-97+20))
A&-zﬁ 2 2 4
((—Q +207 ) —QO)
: % ;R ("+207)  F o
Az:ﬁAl:_ —0)? 2 2 4 “m 2 4
(') ©m (-0 200) (-0 20f) -af) ™ ((-0+20) -0l

A1=A>=0 when
v Q=0Q,=Q_ (called first resonance pulse).
v Q= \/§QO = Q., (called second resonancepulse).
v A1=0 when Q= ﬁQo = Q, (called antiresonance pulse).

4

4, | | 4, |
| ‘ | | |
|
1

[

| f l
| |\
|

/\/\ N

w
WR1 A

WA W2
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5.3.3 Input and transfer impedance
(With D#0 and F#0: Damped and forced system)

U
In electricity, impedance is defined by Z =

. By analogy, we define the mechanical
1

impedance by 7z 5 Ze =— is called input impedance.Z; =
Vv

— is called transfer
12 v,
impedance. To find them we still use the complex representation

~ : = jQv,
F(t)=F,cosQt - F(t)=Fe!and {Xl B

X, = le72
. k k k ~
~ ~ ~ om, + 2+ -2 4+ 5 — 0y —F
{m1x1+(k1+ko)il+a1)‘(1_koiz =F [J m jQ  JjQ aljvl V2

jQ
k—2+k—°+a2 172—%(—0171=0
2 jQ Q2

By possessing j<am, +_k—£12+a1 — 7, jom +X g =7,
j

o ~ iod ~ :>
M, %, + (K, + K, ) &, + %, —K,%, =0 [ij .
2

kO

= 7, we obtain

J
(Z~1+Z~o - ~0 2 F . . Z 2 - . Z~22~0 -
oL >kF=\+l,—F—— V=, +———= |V
(Zz+zo)V2_ZoV1 0

R
3

-

0
(Z,+7,)

_ _ F (. 7,7, I,+1,
» Inputimpedanceis Z¢ =~ =| L1t ———~ || —=
v, (Z,+7,) 1

. . F o~ 5 Zle~2
> The transfer impedance is Z; =—=2,+Z,+ 7
1%
2 0

5.6.1 Exercises and problems

Exercise No. 1

We consider the free oscillations of the system with two degrees of freedom in the figure
bellow:

-

f\"; 'I'l__’
mmni_ 1 ; JB’W_ 2
R T
X

X
1) Calculate the kinetic and potential energies of the system.

2) For k1 = ko = k et my= m, m,=2m, and using the Lagrange formula establish the differential
equations of motion. Deduce the system's own pulsations.
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Solution
1- Kinetic and potential energies and the Lagrangian:

1 ., 1
T:En"nle+§m2x22

1 1 2
U :E 1X12+Ek2(xi_xz)

1 ., 1 ., 1 1 2
LZEle12+§m2X22_Ekle_ikz()ﬁ_xz)

2- Differential equations:
dfoL)_fa]_g .
delox ) (ox ) j{leﬁleﬁkz(xi—xZ):O

dfaL) (o), m,%, -k, (x,—%,)=0
dtlox, ) \ox, |

m¥X, + 2kx, —kx, =0
By replacing the constants, we find:

2m%, —k (% —%,)=0

The proper pulsations: We propose the following solutions:

% = Aei (—mQ* +2k) A —KkA, =0
e A plict = 2

X, = Ae —M+(—2mQ +k)A2=O

In complex notation we have {

We calculate the determinant:
(—sz + 2k) —k

Ale)= —k (—2mQ2 +k)

= (—mQ2 +2k)(—2m§22 + k)— k?=0

A(w)=2m’Q" -3mkQ* +k? =0= A =m?k?
The lowest frequency term corresponding to the pulsation Q; is called the fundamental. The

other term, with pulsation Q, is called harmonic. The two proper pulsations are:

k k
Q= [— d =, |—.
! \fm and \lZm

And the solutions are written as:
X, = A, cos(Qt+q )+ A, cos(Q,t+¢,)
X, = A, cos(Qt+ ¢ )+ A, cos(Q,t+ @, )
A1, A1z, A21, A2z, p1 and @2 are integration constants determined from the initial conditions.

The system oscillates in the first (fundamental) mode, the solutions are written:

{xl = A, cos(t+¢,)
X, = A, cos(ut+ o)
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The solutions of the oscillating system in the second mode (harmonic) are given by:
{xl = A, cos(t+¢,)
X, = A,, cos(2,t +¢,)
The constants A1, A1z, A21, A2, @1 and @2 are integration constants calculated from the initial
conditions.
Exercise No. 2
Consider the system with two degrees of freedom.

m m
L E = k
x;(t) x; 1)

1. Calculate the kinetic and potential energies and the Lagrangian of the system.
2. Find the two proper pulsations Q1 and Q> of the system.

Solution

A system with two degrees of freedom admits two Lagrange equations of the form (Free

regime)
dfaL) (o),
dt{ ox, 0%,
dfaL) (e,
dt{ ox, OX,
1- Kinetic and potential energies:
1 1
T=-mx +=mx
5 X1+2 2
_121 2 1 5 _1212 Vo2, 1y
u _Ekxi +§k(X1_X2) +§kx2:>U —Ekx1 +Ek<x1—2x1x2+x2)xl+§kx2

u :%kxf+%kxf—kxlx2+%kx§+%kxzzju K +0C ki,

L (0 %y 5) =T =U =2 i i — o — o+
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& = mX :>i & =mxX o —2kx, +Kkx,
axl_xl dtaxl_x“ x| %

i(aLj (aLj 0= mX, +2kx, —kx, =0
dt\ ox X,

oL ; d( oL " oL
— |[=mX, > —| — [=mX,, — =—2kX2+kX1
0%, dt{ o, 0X,

d[aL] (aL] 0= mX, + 2kx, —kx, =0
dt OX

Cak ko,
{mk’i+2kx1—kx2=0:> MR TR

mX,, + 2kx, —kx, =0 " k k
X, +2—X,——X% =0
2 m 2 mxl
+2Q Q X, =0
QSZ — Xl 2X1
m X, +2Q5X, — 0x1_0
In complex notation we have
B L L S e
Y:L:'A&ejﬂt Xl mxl m 2 A&jZQZeJQt+ZQ§AeJQt_QSAZeJQt :0
X :Kzejﬂt k Kk = szzgzejm+292;2ejgt_92;1ejgt =0
? X,+2—X,——x =0 0 0
m m

E&Q el | 20y? AieJQt 0 AzeJQt -0 (_AQZ"'ZQS'E&—QS&)GM ~0
—AQ% £ 202 A1 — 02 A =0 (-AR0" +202A, - QA )e!™ =0

{( —0F+20%)A-02A, =0 [(-Q*+20%)A-Q2A, =0
=
(

—0F +207)A, QA =0 | -Q}A (-0 +2Q3)A, =0
(-Q*+207) —Q2 (Aj_(o]
—p (-r+2)\A) o

We calculate the determinant :
A=(-0% +202) ~0f = 0= (-Q% + 202 ~02)(-Q2 +202 + Q) = 0
(-Q* +Qf)(-Q* +30%) =0

So we find that Q =+/3Q, and Q, = Q, .
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Exercise No. 3

1. Establish the differential equations of the mechanical oscillatory system in the figure A.

2. We give the excitement F(t)=Fe'*. The solutions xi(t) and x2(t) of the permanent regime

being of the same type as the excitation, give the matrix writing of the differential equations in
complex amplitudes £ (t)and %, (t).

3. Deduce, when £ = 0, the existing resonance pulsation.

4. Establish the differential equations in current then in charges q: and g of the electric
oscillatory system of the figure B.

5. Is there any analogy between these two systems? If yes, give the correspondences between
the mechanical and electrical elements. Deduce, when R=0, the existing resonance pulsation.

L
ia(t)
1i(t)
- —C
B <« F(t)—» L
k R
m —fmmm\— m
T TR
<+—X—» +——> @
Fig. A. Forced mechanical system Fig. B. Electric oscillatory system.

with two degrees of freedom.

Solution

1. Differential equation of motion :
1 1
T=2mx+=mx
gy
1 2
U =Ek(X1—X2)
The Lagrangian: L :%mxf +%m>‘<§ —%k(x1 -%,)’

The dissipation function: p = %ﬂxf

2- Differential equations:
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ala ) o
ala a0

my, +k (X, =%, )+ B% =F (t)
m&, +k(x, —x)=0

ok v B B
><1+m(x1 X2)+mx1 e

I
X2+E(XZ -x,)=0

2. Complex solutions xl( )and %, (t)are written as:

_ k-
I ( +J— jA —A = R
e o
2 ‘a’“[ )R
2 y) k
(—Q +m+JEQj 0 [z&j [ij
= — = m
_h (_qu_h) A2 0
m m
We calculate the determinant:
(—Qz+£+j£§2j _k
Alw)= mom m =0:>A(a))=(—§22+£+jﬁQj(—Qz+£j—(—
k [ ) kj m " m m
— _Q + —
m m

3. If f=0 et F(t)=0

2
A(a)):(— 2+£j(—92+£]—k—2:0
m m) m
2 2
:(—Q2+£j _K _O:(—Q2+£—£j(—92+£+£j:0
m) m’ m m m m
2k
= le F:QR
Q,=0
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4. The differential equations of figure B

di, o Lli. oy
{VL -|—VR -I—VC:U(t):> LE+RI]‘EJ(I1_I2)dt_U(t)

VitVe =0 L%—é (i, i) dt =0

dg_ . di

EETIRRTa

Lg, + Rq +£(q -g,)=U(t) |q +5q +i(q -q,)=U(t)
1 1 C 1 2 N 1 L 1 LC 1 2

.. 1
qz_E(ql_qz)zo

Fig. C. The law of meshes and knots in figure B

5. Yes, there is an analogy, we see:
2

X—>q,R—>B,m—Lk —>%, F(t) > U (t)and the resonance pulsation: Q; = c

Exercise No. 4
Consider the oscillating mechanical system in the following figure: x1= x1(t) and X.=x(t) are

respectively the dynamic positions (amplitudes at each instant) of the masses m; and m; relative
to their rest positions (equilibrium). F(t) exciting force applied in mj.

1. Write the differential equations with: m;= m; = m and k1= ko= k.

2. Find permanent regime solutions knowing that F(t)=kacosQt.

3. If p=0 and F(t)=0, for this value of ©Q do we have resonance. In this case, give the

condition for which the 15t mass remains immobile.
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Solution
1. The differential equations are

1 ., 1
T :§mle +§m2X22
1 1
U =Ek1X12 +Ek2(X1—X2)2
The Lagrangian: L =%ml>'<12 +%m2).(22 —%kle —%kz (% =%)"

The dissipation function: D = %ﬂxlz

Lagrange's equations:
i i - % = Fx (t)
dt{ ox, O%, '

d( oL oL ) oD
dt\ ox, X, ) OX,

. X1+ﬁxi+£( X ): F t)
{leI+kl)(1+k2(xl_)(2)_':(t):> moom Y m,
Mokt )+ A% =0 5<2+£(X2—X1)+ﬁ>‘<2=0

2 m2
2k k F(t
X +—X——X =
By replacing the constants, m Eﬂ m
X2+EX2_EX1+§)'(2=
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2. The permanent regime solutions F (t)=kacosQt — F (t) = kae'™

, 2k}~ k-~ ka
[—Q +FJAI_HA2_

{z%e“’t:
X =A™ | kg (o1 kiilala-
mA1+ Q +m+JmQ A =0
02y 2k _k
( O + mj - ('E&J [@J
e — = m
_k (—Qz+£+j£9j A 0
m m m
We calculate the determinant:
(—Qﬁﬁj .S ka
A(a))= k m km B
-—— (—Q2+—+ jﬁQj 0
m m m
2
:>A(a))=(—§22+%j(—§22 5+J£Qj— hj
m m m
ka k
%:L m m =L@(_Q2+_+jﬁgj
A(a))o (QZ+£+jﬁQ) A(w) m m 'm
m m
L [Q+mj m| 1 Ka
2" Ao) k o Alo)m’
m

3. Calculation of pulsations for =0 and F(t)=0:

Lz _k
A(a))z(Q mj m j=[OJ:>A(a))=(QZ+%j(QZ+

h [_QZ k 0 m
m m
2 2 2 2
Q“_%Q? k—2:0 A:9k2_4k2:5k2 N 5&
m m m= m m
L
Ql _m > m
The equation admits two solutions: = 3K "
R_BE
Qz _m m
2
o o , k k
1%t mass remains immobile X, =0and f#=0=-Q +E:0:>Q: p=
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Exercise No. 5

Consider the assembly of the following figure. The 2 oscillating LC circuits are coupled by a

capacitor C. Here C;= C,=Cand L1=L=L

1. Write the 2 differential equations in iy and i2 (Then in g and g2).

2. Find the proper pulsations of the system and give the general solution knowing that at t = 0,

only C; has a charge g.

LI ]

Solution

1. The differential equations of motion: » 'V, =0

i=1

The law of meshes gives us

L,

di, 1 1
{VL1+VC1+VC—O Lia _ljlldHEj('l_'Z)dt_o
-
Vi, +Ve, +Vc =0 di, 1 1¢,.
de—‘l'c—zj Zdt___[(ll |2)dt—0
i—d—q—q:d—i—d
dt dt
11
L1q1+aq1+5(q1—qz)=0
11
L2q2+C—2q2—E(q1—qz)=0

- 144 -

L,

Dr.Ghellab Torkia



2. The system's proper pulsations: Ci= C,=C and Li=L,=L

2 1 2 1
L, +=0, - =0, =0 |G +—0——0,=0
bt -0 bt oo

2 1 3 2 1
LG, +=q,——0, =0 |G,+——0,——0, =0
G+ 2% % G+ %%

In complex notation we have
1

2 1 i 2 = .
{qlzﬂiejm ot g% =0 Ailzgze’mﬂLEA&e'Qt—EAzejm:0
e =
:AzeJQt . 2 1 0 A 202l 2 = jot 1 % jot
— = e +—Ae" ——Ae" =0
btich 1% Al o’ TR
= i 2 — 1 - a2, 2 7 1 &) o
_ 250t |, = ot~ jar _ —-AO +_ I el =0
AQe! = Ae LCAZe 0 (Al A LCAzj
_ _ 2 _ _ S T
— QZeJQt + — eJQt JQt = _— eJQt = O
R [Az EA-eA
(—Q2+i)ﬂi—iﬂ2:0 (—Q2+—) 1 _
LC LC LC (AJ_(O
1~ ;2 )= , 2)[A) (o
- A+ Q' +— |A = - —QF 4+ —
ch ( Lch2 LC [ Lcj
We calculate the determinant:
(o) &
Alw)= =0

(o o B

2 2
= _Qz_{_i _ i :0:> _Qz_{_i_i _Q2+i+i :O
LC LC LC LC LC LC

3
1 3 1= \1c = V3
3(_QZ+ j(_gz j_o
LC LC 1
*"\ic
mode 1
(_i+i) 1 11
lezij LC LC LC 6&203 LC LC ,51:0
LC 1 _iijAz o) |1 _11]A)\0
LC LC LC LC LC

~(ze)l3 SR o) somere-(3)
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11
Then the passage matrix is P =[ 1 J and the general solutions are

[‘hj [Aicos(glt"‘(ol)j

=P

d, A, cos(Q,t+@,)
g, = A cos(Qt+@ )+ A cos(Q,t+¢,)
d, =—A cos(Qt+e@, )+ A, cos(Q,t+,)

The constants A1, Az, @1, @2 are determined using the initial conditions 4 unknowns so it is

necessary to have 4 equations:
¢ (t=0)=q,q,(t=0)=0
Q1( :O)ZQZ(t:O):O
0, (t=0)=A cos(¢,)+ A, cos(p,)=0q=>2A cos(¢,)=0q=2A,cos(¢p,)
g, (t=0)=—Acos(¢,)+ A, cos(¢,)=0= A cos(¢p,)=A,cos(¢p,)

0, = A cos(Qt+¢, )+ A, cos(Q,t + ¢, ) G, = —AQ,sin(Qt+ ¢ ) - AQ,sin(Q,t+¢,)
0, = —A cos(Qt+¢, )+ A, cos(Q,t+p,) - G, = AQ, sin(Qt+ ¢, ) - AQ, sin(Qt+¢,)
G, (t=0)=—AQsin(¢)-AQ,sin(p,)=0=2AQ sin(¢)=0
4, (t=0)=AQsin(¢,)-AQ,sin(p,)=0=2AQ,sin(¢p,)=0

=9, =0A=A=1
- ( s(Q,t)+cos(Q,t))
q

q,=- (cos(Qt) cos(Q,t))
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Exercise No. 6

Two identical simple pendulums O1A; and O2Az of mass m and length |, are coupled by a
horizontal spring of stiffness k which connects the two masses A1 and A. In equilibrium, the
horizontal spring has its natural length lo as it is lo= O10.. The two pendulums are identified, at
the instant t, by their angular elongations 1(t) and 6-(t) assumed to be small compared to their

vertical equilibrium position. We designate g the acceleration of gravity.

Proper modes:

1. Determine the Lagrangian of the system.

2. Establish the coupled differential equations verified by the two instantaneous angular
elongations 1(t) and 6(t).

3. Express as a function of g, k, | and m, the two proper pulsations Q1p and £, of this system.
Digital applications:

4. Calculate Q1 and 92, knowing that: m= 100 g; 1=80 cm; k=9.2 N/m and g= 9.8 m/s?.

We release the system without initial speeds at time t=0 under the following initial conditions:
01(t)=6o and G(t)=0.

5. Deduce the laws of evolution 1(t) and 6-(t) at times t>0.

6. What is the phenomenon studied.

Forced modes:

Mass As is subjected to a horizontal exciting force of the form: F(t)=F cosQt.

7. Write the new coupled differential equations in 81(t) and 6a(t).
8. Express the complex relationships which concern the linear velocities V1 and V> of the points

A and Az in forced regime.

9. Deduce the complex input impedance Z, =\;
1
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Solution

Proper modes:

1. The Lagrangian of the system:

The system has two degrees of freedom expressed in #1(t) and a(t)
The kinetic energy we have: T = % mV,> +%mzvmz2

By calculating the speeds relative to the fixed reference:
Oml:[xmlzlsinalJ J :[Xmlzlél.coselj
Yo, =lc0S6, " Y, =-16,sin6,
- :> . .
Omzz(xmz_lsmezj v =(xm1:I92.c0302J
Yo, =lc0s6, " Y, =—16,sin6,

V2 =% +y2 =(16, cos¢91)2 +(~16;sin 91)2 =126} (cos 6] +sin 67 ) =1°6;

=
V2 =% 4y =(16, c0502)2 +(~16,sin 92)2 =120} (cos 6; +sin 07 ) =1°6;
T :%m|2912+%m|26"22

For the potential energy we have:

U =%k(xml—xmz)2+mghl+mgh2

X, =lsing, x, =Ising,,h =I-lcosg,h, =1-Icosé,

1 "*m,

At low amplitude
2

sin@~ 6 and cosezl—%:xml =10, x =I6?2,h1=%h9f,h2 :%Iélz2

1 'm,

1 2 1 o, 1 L 1 2 L1 2 L2
U _Ek(lel—lez) +5Mglg; +2 mgld} = U _E(kl +mgl)6; +E(kl +mgl) 6 —KI*6,6,

The Lagrangian is then written:

L=T-U :%mlzé?f +%m|2922 —%(klz +mgl )67 —%(klz +mgl ) 6; + K66,
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2. Coupled differential equations:

dfoL)_fa)_, i}
dt\ad, ) a6 )~ {ml201+(klz+mgl)01—k|292_0

dfoL) (o), mI*6, + (kI +mgl )6, —kI*6, =0
dt{ 06, ) |06,

. (kI*+mgl 2 . [k k
(91+( mlzg )91—:1"292:0 91"'(5"‘%)91_692:0
2 ..
(k?mgl) 2 €2+(£+2j92_£91:o
ml? L oml? e m | m

0 +

3. The two proper pulsations Q1p and Q2p of this system: We consider the solutions of the

sinusoidal type system: In complex notation we have

AQze‘m+(%+%jEe‘m %Aze’“‘_o [—RQZ+(%+%)E—%&J@Q 0
-
K g)= . k — Kk g)\= k=
_ QZ jot ~ Y jor ™ JQt_O _ 2 N~ Y o jot
AQ% +(m+|jA2e mAie (AZQ +(m+|]A2 mA_Je 0

The system admits non-zero solutions if only if A(w)=0:
We calculate the determinant:

Aw)= =0
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sl (oo ()
AR RO e e e Ea

oK Q, :\/%7:3.5 rad/s
:(—QZ+%j(—QZ+—+%):0:>
m
Q,, = ,%4‘% =l14rad/s

Q,,=35rad/s
Q,,=14rad /s

4. Digital applications: {

5. General solutions:
6,(t) = A, cos(Q, t+g; )+ A, c0s(Q, t+ 9, )
0, (t)=—A, cos(Q t+ ¢ )+ Ay, cOs(Q, t+ 0, )

By applying the initial conditions, we find:

Q t+Q Q t-Q
x,(t)=Ccos| ———2t |cos| —E—2Pt
2 2
Q t+Q Q t-Q
xz(t):—Csin[%tjsin(%tj

From where:
X, (t) =Ccos(AQt)cos(Qt)
X, (t) =Csin(AQt)sin(Qt)
And AQ = %LAQ — Mt
6. The phenomenon studied is beats.

Forced modes:

7. The new coupled differential equations:

é1+(£+gj01—£02:5c059t
m | m m

O+ —+=10,——0, =0
(k2 )o-La

8. The complex relationships that concern linear speeds Vi and V2:

{91 = Ae’™ :{\71 = jQ8,

0,=Ae"™ |V, =jQs,
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By replacing the solutions in the differential system, we obtain a

O L] \7—£\7:jQ5
m 1)) m?

2
9. Complex input impedance Z, = k——(m+k—m§22j

F_J
Vi Q mlg +k -mQ?
This mechanical system functions as a frequency filter since its impedance varies depending on
the frequency.
Problem 1
The 2 cylinders of the same mass M and same radius R roll without slipping, that is to say that
when they rotate respectively 81 and 6, their centers of gravity move respectively from x;=R0
and x2=R05.
Part I:
1) Determine the kinetic energy and potential energy of the system as a function of 4, and
2.
2) Establish the Lagrangian for ki= k> = k and £’=2k. Deduce the system of differential
equations of motion
3) Find the proper pulsations corresponding to the possible vibration modes.
4) Deduce the passage matrix and write the general solutions.
Part I1:
5) Establish the Lagrangian of the system as a function of x; and Xa.
6) We take ki= ko=k #k’, find the equations of motion. Deduce the proper pulsations.

7) Write the Lagrangian in the following form:
3 2
L= " M ()(12 +X -} ()(12 + X2 — 2KX,X, )) Deduce the expressions of mo? and K.

8) Kk’ is the coupling coefficient, show that it varies between 2 limit values.

9) Give the physical meaning of wo by comparing it to the proper pulsations found in
question 3. Deduce the effect of the coupling k’ on the proper pulsations.

10) We take ki= ko= k’=k, find the equations of motion

11) Calculate the proper pulsations

12) Deduce the passage matrix and the general solutions
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A S Sn

X, S
Solution
Part I:
1)

U =% X2 +%k2x§+%k'(x1—x2)2 =U :%kl(ZRHl)Z+%k2(2R02)2+%k'(R91—R92)2

1 1M>‘<§+1|9’f+1|9’§
2 2 2 2
1

% =R, %, =R0,, | =§|\/|R2

T=>Mx+

=T :%MRzef +% MR24? +%(%MR2J6’12 +%(%MR2)9§ =T :%MRZ (67 +67)

2) ki=kz = kand k’=2k

L —%MRZ(Qf +0'12)—%k1(2R¢91)2 —%kz (2R6,)’ —%k'(Rel— RO, )’
L :%MRZ(Qf +0'12)—%k(2R01)2 —%k(ZR@Z)Z —%2k(R91— R6, )’
L= % MR? (87 +67)-2kR® (67 +6,” )~k (RO, - R0, )’

L= % MR? (67 +67)-2kR? (67 +6," ) -k (R*6 + R*6,” —2R*6,6, )

L= % MR? (67 +67 ) —kR? (36 +36,> - 26,6, )
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dia) (a)y (3.,
dt| a4, 26, EMR 6, +kR?(66,-26,)=0
=
dfoaL ) fa)_, 3 MR2G, + KR? (60, — 26,) =0
dt\ 26, ) |06, 2
9.+kR2(691 2.92):0
l e
3 MR? 91+%91—ﬂ92=0
N 2 3M 3M
2 ..
5, RE020) o g 2Kg Ky g
3MR2 3M 3M
2
In complex notation we have
{g _Aejﬂt 1"‘%91—%92 =0 Ejzﬂzejgt+%ﬂlejgt—%ﬂzem =0
) =
_ . =
0, = A =12k 4k - . - 12k — 4k — -
2 AZ 62+m91_m6220 AZJZQZeJQt_'_mAZeJQt_mAieJQt=O
- 2git | v . ™ et _ —AOQ P+ A - et _ o
AQe! + oo At — o Ae o:(Al 3 e
o 12k — o 4k _ 12k — 4k =
_ QZeJQt - eJQt _ eJQt =0 _ 2 =en T jot —
A, +3MA2 3MA1 ( AQ +3MA2 3M Ai)e 0
(_QZ_FQJA_ﬂAZ—O (_924_%) _ﬂ
3M 3Mm - 3M 3M (Aj_(oj
_4_k'&1+(_92+%j'&2 :O _4_k (_Qz_{_%j A2 0
3M 3M 3M 3M
We calculate the determinant:
(_QZ_F%j _ﬂ
A(w)= 3M 3M 0
_ﬂ (_924_%)
3M 3M
)= 126) L2 (k)
3M 3M 3M 3M

2 2
= _QZ_{_% — 4_k =0= _Q2+%_4_k
3M 3M 3M 3M
o= [EK
:[—Q2+ﬂj(—92+@j—0:> " V3w
3M 3M 8k
SR ETY
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4)

mode 1

o 16K (‘%*fﬂkj ‘;T: g\:o:(‘f—&) ‘;T: A)_(0
1 J[AJU )[J@

=
3M B 4k (_16k 12k 0 B 4k [_ 4k 0
3M 3M 3M 3M 3M
4k (-1 -1\(A) (O _ (1
= — = = eigenvector : v, =
3M J\-1 1) A 0 -1
mode 2

RSN

_ _t
3M 3M  3M

(8 A

1
Then the passage matrix is P :{

N e L R

2 = =
3M 4k ( 8k 12k 0 4k (ﬂj
3aM 3M

1
J and the general solutions are

6, b A cos(Qut+¢,) 6, = A cos(Qt+@, )+ A, cos(Q,t+@,)
= =

6, A, cos(Q,t+¢,) 0, = —A cos(Qt -+, )+ A, cos(Q,t+@,)
The constants Az, Az, @1, 2 are determined using the initial conditions 4 unknowns so it is
necessary to have 4 equations: ¢, (t=0),q,(t=0),qG,(t=0),d,(t=0)
Part I1:
5)
1
2

o Lo, 1o, 1
T= fo+§|v|x§+§|9f+5|9§

% =R@, %, =R, | :%MRZ

1 1

=T :—fo+—Mx§+1(3foj+1(lmx§J:T ey (X% +%3)
2 2 2\2 202 4

U :% X2 +%k2x22+%k'((xl+R6?1)—(x2+R6?2))2 =U :%kle+%k2x22+2k'(x1—x2)2

L=T-U :%M (>‘<f+>'<§)—% 1xf—%kzxg—zk'(xl—xz)2
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6) ki=k=k#k’

L:%M()’(f+)’(§)—%ka—%ka—Zk'xf—Zk'x22+4k'x1x2
d( oL oL 3 2(k+4k') 8k'
el Bl el ol —MX +(k+4k")x, —4k'x, =0 X - =0
dtﬂaxi] [axij o Mok (ki ak)x = 4k, ATy M 2
3 . : 2(k+4k' '
dfoL) [at)_g, IMK, +(k+4K') X, —4k'%, =0 |, + (k+4k) 8 X, =0
dit| ox, ) | ox, 2 3M 3M
In complex notation we have
_.+2(k+4k') 8k’ 4
{Yfﬁae’“ WM Tam e
X, = A 2(k+4k" '
X, = Ae . (k+4k') 8k X, =0
3M 3M
KijZQZeth+2(k+4kl) Eejﬂ‘—s—klﬂze‘“ -0
— 3M 3M
_ o 2(k+4k") — o 8k' ~
ZQZ jot ot B JQt:0
A J7Q%e" + 3 Ae 3M Ae
_QZ+M 51_8_k"&2:0 _QZ+2(L4KI) _ﬁ
3M 3M 3M 3M ,&1 0
RARP 2(k+4K") - 8k 2(k+4k)) [\ A :(O]
g 2 7| e (g 2]
3M 3M 3M 3M
We calculate the determinant:
_QZ+M _K
A@) 3M 3M 0
)= =
3M 3M
o[ 2L 2k (o) a_
3M 3M 3M 3M
2 2
2(k +4k’ : 2(k +4k’ : 2(k +4k’ :
=|-Q%+ (k+4k) —[SK ] =0=|-Q°+ (k+ak) 8k -Q% + (k+ )+8k =0
3M 3M 3M 3M 3M 3M

_ 2k
3M

2k +16K"
3M

(-0 2o J-o=

Q, =
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\l
N—r

,_
I
<

>‘<f+>'<§)—%kxf—%kx§ oKX — 2K X2 + 4K XX,

L="M ()’(f+>‘(§)—%(k+4k')(xf +x22)+4k'x1x2

,_
I
<

Arlw pMlw bW

I 2(k +4k")(x2 +x2 -
%243 (k+ )(X1+ z)+16k xlle
3M 3M

3 2 2 : 8k
L:ZM X12+X§—3W(k+4k )[Xl2 +X22 —leXZJ}

On the ot_her hand

L:%M()’(f+>‘<22—a)§(xf+x§—2Kx1x2))

4K’
(k+4k")

:wgzgiM(k+4k'),K:

k'=0 — K =0 Very loose coupling.
k'=0 — K =1 Tight coupling.
So the coupling coefficient varies between the two values o and 1. 0<K<]/.

2(k+4k' 8k
(k)

ATy am =P 2

8) We see in and in o) =—(k+4k")
" +2(k+4k') gk'x o 3aMm
T Tam T

That oo is:

v The pulsation of the first cylinder when the second cylinder is blocked (x2 = 0).
v The pulsation of the second cylinder when the first cylinder is blocked (x1 = 0).
This result shows that the coupling of the two cylinders results in a separation of the two proper

_ 2k +16k’

pulsations. Q, _ 2 s o} :i(k+4k')<Q
3M 3M 3M

_3 .2 .2 5 2 5 2
L_ZM (x1 +x2)—5kx1 —Ekx2 + 4Kkx,X,

d( oL oL
Sl L B L 3. _ . 10k 8k
t( j (axlj o MBI —4kG =0 X o o =0

dt{ ox
3 1 10k 8k
d( oL oL . .,
Bl Il N el —MX, +5kx, —4kx, =0 X +—X ——X, =0
y j [ j—O 5 2 X, 2 3|\/|X1 M 2
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10) The solutions are of the type

X - Ok — o 8k — .
{Yi = Ae’ A jPQe! +—Ale‘Qt _mAze’Q‘ =0
R PR 10kA2 o k B g g
(_Qz 10|<in__AZ 0 (_Qz 10kj sk )
| (o[
A A ) \o
_ﬂAﬁ(_Qz 10ij2_ Bk (_Qz+@) A,
3M y =

We calculate the determinant:
8k

(_QZ 1ok) K
A(a))— 3M 3M 3
8k (_Qz 10kj
3M 3M
2
+%j _(ﬂj =0:>(—Qz
3M 3M

A(@:(—QZ

0, - 18k
18kj
+—|=0=>

m
&
3M

8k

w_|

3M

18k 18k . 10k 10k j
3M 3M

8k
3M ( 3M  3M
()G )R )e)= o2
= — _* |=| _ |= eigenvector :V, =
am -1 -1){A ) o 1
mode 2
( 2k +10k)
,_2 _ |\ 3M 3M
BEY I 8k
3M ( 3M  3M

{3 (R

Q=

8k

2
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_1_%_& -Q
3M  3M

18k31\r/|10k] @j @ -

o [0 &

, 10k 8k
+—+—|=
3M  3M

8k 8k
3aM  3aMm [[A) (O
8k 8k [@]_(0]
"3M  3M
8k 8k
aMm 3M |[A) (O
v o (200
M 3M
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[xij (Aicos(Qlt+gpl)j

- P

X, A, cos(Q,t+@,)
X, = A cos(ut+¢, )+ A, cos(Q,t+¢,)
X, =—A cos(Qt+ ¢, )+ A, cos(Q,t+¢,)

The constants A1, Az, @1, @2 are determined using the initial conditions 4 unknowns so it is

11
Then the passage matrix is P =[ J and the general solutions are

necessary to have 4 equations: ¢, (t=0),q,(t=0),q,(t=0),q,(t=0)

Problem 2

In the oscillating system shown in the following figure, the cylinder is homogeneous, of mass
M and radius R. This cylinder is connected to point A by a spring of stiffness coefficient K at a
frame B1 driven by a sinusoidal movement of amplitude So and pulsation w. It is also connected
by a damper of coefficient « to a fixed frame B2. The cylinder rolls without sliding on a
horizontal plane. The rod is massless and of length I. In the oscillating system shown in the
Figure, the cylinder is homogeneous, of mass M and radius R. This cylinder is connected to
point A by a spring of stiffness coefficient K to a frame B1 driven by a sinusoidal movement of
amplitude Sp and pulsation w. It is also connected by a damper of coefficient o to a fixed frame
B2. The cylinder rolls without sliding on a horizontal plane. The rod is massless and of length
I. One of its ends can oscillate without friction around the axis of the cylinder. At the other end
it carries a point mass m which is connected to a fixed frame B3 by a spring with a stiffness
coefficient k. In equilibrium the rod is vertical and the axis of the cylinder G is at the origin of
the coordinates O, we also assume that the springs are not deformed. The rotation of the rod
relative to the vertical is denoted by the angle @ and that of the cylinder by the angle 8. We

consider oscillations of small amplitudes.
: mg
We pose: 3M =2m,4K =k :T’X2 =lp,x, =RO
1- Show that the Lagrangian of the system can be written in the form:
.2 S S 2 » 1 1 .
L =mx +mxXx, +me2 —kx; —kx, X, —kx; +§kxls—§ks

2- Determine the differential equations in x1(t) and x2(t). Show that the system is equivalent
to a forced system subjected to a sinusoidal force F(t) of which we will specify the
amplitude Fo.

3- Express these equations of motion in terms of the speeds #i(t) and ().
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k
4- a- Determine xi(t) and 15(t) for the pulsation @ =@, = \/% . Deduce the behavior of the
system at this pulsation.

b- Determine the system input impedance, defined by é , at this pulsation.
X

f2k
5- a- Determine xi(t) and 4(t) for the pulsation @ = o, = o Deduce the behavior of the
system at this pulsation.

b- Determine the system input impedance, defined by é , at this pulsation.
X

J—b S(t)=Sycosmt

K

A
B,é e N e e
i
g WWG ZA -
M .
B;
-
Solution
The Kinetic energy:
T=T,+T,
1 2 l ) 1 .2 1 A2 1 .2 l 1 2 32 . A
Ty, ==MVS+Z10°==Mx"+=10"==Mx"+=| =MR* |6°, because =RO= X% =RO
M2 2 2 T 2" t512 (X1 ! )
1 ., 1(1 2 1(3 .2
T, ==—MxX"+=| =M =T, ==| =M
R FLJ R EITS
1

T, =Em(>'<1+>'<2)2 =T zl(gjmxf +%m(>’<l+>'<2)2 =T =%(2M +mjxf+%mx§+m(xlx2)
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N

1 1 Im
U=U,+U, +U_ :EK(le—s(t))z+Ek(xl+x2)2+5—x

U, :%K(in—s(t))z,uk :%k(x1+x2)2,um = +mgh

2

h=I-lcosp=I(1-cosg),we have COS(/)zl—%

I X
=h zz(pz,we also have x, = lp = ¢ :|—2

Hence the Lagrangian:

«
N

1(3 o 1 .1 2 1 1m
L=T-U :E(EM +m)x12+§mX22+mX1X2—EK(2X1—S(t)) —Ek(X1+X2)2—EI—X2

Wehave3|v|=2m,4K=k:$,xzzl(p,x1=R9
L = mx2 1 .2 sy ly2 ley?2 1 _1 2
= x1+§mx2+mx1x2 kx; —kx X, kx2+§ksx1 gks

o : 1 2 1 )
The dissipation function: D =Ea(2xi) =§a(4xf)

2-Differential equations in x1 and Xo:

From Lagrange's equations:

g(@j_(ﬂj@_
dt{ ox o) o " . 2m5<'1+m>'<'2+2kx1+kx2—%ks+4a>'(1=0

afao) o -0 mX, +mX, + 2kx, + kx, =0
dt{ ox, OX,

. 2m¥X, +mX, + 2kx, + kx, +4aX, :%kso Ccos ot

mX, + mX, ++2kx, +kx, =0

The system is subjected to a force F(t)= % ks, COS cwt = % ks,e'* of amplitude F,(t)= % ks,

and pulsation w.
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3- Equation according to the speeds .xi(t) and 1 (t):

E4a+2j(mw—£j)>’q+j(mw—£sz:Esoej‘”‘
w w 2
[ kj [ 2kj.
J|mo—— [+ ]j| mo—— X, =0
w w

fk
4' FOI’CU:CUO: -
m

1k . : :
a-x =——s,e'” and x, = 0at this frequency the rod remains vertical.

4o 2
— : F,
b- The input impedance is Z, = =4«
X
2k
5-For o=, =,|—
m
a-x =0and X, =— J Ksoeja’t the cylinder does not move.

ra-s)’
(01
b-The input impedance is Z, :%: 4 is infinite.
Problem 3
We consider the mechanical system shown in the figure opposite. It is made up of a solid,
homogeneous cylinder, of mass M and radius R. This cylinder can rotate around a fixed axis
passing through the point O of its axis of revolution. It is connected to point A, such that
OA=R/2, to the fixed frame B1 by a horizontal spring of stiffness constant Ki. A point mass m,
connected to the fixed frame B2 by a vertical spring of stiffness Kz, is coupled to the cylinder
by a spring of stiffness Kz and a damper of viscous friction coefficient alpha by means of an
inextensible wire, without stiffness and mass negligible which wraps around the cylinder. In
equilibrium, point A is on the vertical and point B is on the horizontal, both passing through O.
We will be interested in low amplitude oscillations, the mass m is identified by its elongation
X2 and the cylinder by the angle & measured in relation to the equilibrium position.
A sinusoidal horizontal force, of amplitude Fo and pulsation Q, is applied to point C of the
cylinder.

1. Assuming that in equilibrium the weight of the mass m is compensated by the

deformation forces of the springs, determine the Lagrangian of the system.
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Determine the differential equations of motion according to the coordinates x;=Ré# and

x2. Deduce the integro-differential equations for the speeds x, (t) and x, (t).

3. Give the equivalent electrical diagram in the Force-Tension analogy, specifying the
equivalence between the different elements.
N F(t) _ .
4. Calculate the input impedance Z, :W of the mechanical system in the case where
X
2 Kz . .
o =—= and deduce the speeds x, (t) and x, (t).
m
5. Describe the behavior of the electric circuit at the equivalent pulsation at Q = fﬁ by
m
giving the corresponding diagram.
Solution
1.
1(1 oV 1, . .
T =5 EMR 0 +me2,we have x, = R0 = X, =R#
1(1 1
T=2| =M X +=mx
2(2 )Xi 2

2

1

2
U =1K1(R—9j BEPR: +%K3(x2 ~RA)’ =U =§(%jxf +1K2x§+%K3(x2—xl)2

2 2 2

1M 1 1/ K 1 1 2
L=T-U=2| — [+=m -2 =L |[x2 =K, x? —= K, (x, —
2(2}9 > Mk, 2(4}9 5 KXo =3 s(%—x%)
1,.
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2.

(3HE 20
dt{ ox ox ) % :>7X1+71x1+K3(x1—x2)+a(>'(1—>'<2):F(t)

i oL oL _}_@:0 m5('2+K2X2—K3(X1—X2)—a()'(1—)'(2)=0
dt | ox, oX, ) OX,

The integro-differential equations

M dx
2 dt

dx ; o o
md_t2+ szxzdt—K3I(x1—x2)dt—a(x1—x2):0

+%J.)'(1dt+KSI(Xl—Xz)dt+a(X1_X2): F(t)

3. The Force-Tension analogy
%@ Lme Lo R,%@C{l,Kz <ClL K, & Clx, ol, F(t)<e(t)

di,

Lla+ciljildt+ci3j(il—iz)dt+R(il-i2)=e(t)

di, 1. . 1. . o
L (AT A

b &, o L.
[
Q
cs'—t:rtl
—— -

# C_&

4.
% ()= A’ %, (1) = Ae'™ F(t) = Fe'™

{a+j(MQ—ﬁ—&ﬂxl—(a—j%j = F () M)

2 40 Q
{a+j(m§2—%ﬂxz—(a—j%}g:0 ......................... (2)
For Q° =%:> mQ:%equation 2 gives (a— j%j()’(2 -%)=0=>%=X%
And equation 1= j(%ﬂ—;—é}g =F(t)
from where Z, :%: j(%Q—;—é),&(t): F(t) _ i F ei(ﬂt*%j, % (1) =%, (t)
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K,
m

5. The pulsation of the electrical circuit equivalent to Q= is Q, = . At this

pulsation, we have by analogy i1 and i2 and consequently the electrical equations are decoupled
and give

dip 1 . -
—t+—|idt =e(t) Forced oscillations
LG te [idt=e(t)

di,

L
2 dt

+i_|.i2dt =0 Free oscillations
C,

To these two 2 equations, there correspond 2 meshes

7

L3

3 : :
Bl

o)

(il
©

{f
S

—

Or from the electrical diagram when €, = the impedance of the branch containing L.

1
JLC,

and C; is zero and the equivalent diagram is as follows
i /

ty
= 009

&
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SECOND PART:
MECHANICAL WAVES
Chapter 6
General information on the propagation

phenomenon
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6.1 Theoretical reminder
The mechanical wave is a temporary local disturbance that moves in an elastic, homogeneous

and isotropic material medium without transport of matter, as shown in Figure 6.1.

/ _\\ (A
A I

a AN

Figure 6.1
The mechanical wave propagates with energy transport.
» There are two types of environments:
1. Dispersive medium: The speed of the wave depends on the characteristics of the
medium and the wavelength.
Example: this phenomenon is seen for example in the air when the amplitude is large (in the
case of thunder, high frequency waves propagate more quickly than low frequency waves, the
air is dispersive)
2. Non-dispersive medium: The speed depends solely on the properties of the
propagation medium.
» There are two types of waves:
% Longitudinal wave: The wave is parallel to the direction of propagation, as shown in
Figure 6.2.
= propagation

déplacement

dilatation compression
I SR AR YVY
’ ‘"-::::m\‘\‘\\l\!!l‘-l”’.m)‘u LALLM T

Figure 6.2
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7

% Transverse wave: The shaking is perpendicular to the direction of propagation as shown in
Figure 6.3.

déplacement

u

S
propagation

WY
Wi, sl f %‘&‘Jw(wff»ﬂfﬁl

A '\F'h’v’(p,',"“"’w,h \\Q“\\-‘i-'
O
Figure 6.3

The speed of the wave is constant in a linear, homogeneous, isotropic and non-dispersive
medium. It depends on the inertia, rigidity and temperature of the environment.
The mechanical wave propagates from a source in different forms:

++ One-dimensional: Movement along a rope, a spring.

+« Two-dimensional: Circular movement on the water surface.

Example: When you throw a stone onto a surface of water, as shown in Figure 6.4 below:

Onde circulaire

Figure 6.4
The phenomenon apparent in the image is a circular wave propagating in a plane
++ Has three dimensions: Sound waves.
Mechanical waves have a double periodicity:

R/

%+ Temporal periodicity: Characterized by the period T (s).

R/

« Spatial periodicity: Characterized by the wavelength ; ().

The phenomenon of diffraction is characteristic of waves. It manifests itself when a wave
encounters an obstacle or an opening whose dimensions are of the same order of magnitude as

the wavelength, or even figure 6.5:
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R

Figure 6.5
«» If two identical waves meet, we will see that they do not necessarily reinforce each other,
on the contrary! they can cancel each other out: this is the phenomenon of interference, or

even figure 5.6:

Figure 6.6

Other examples for the interference phenomenon are:
¢ Young's experiment: light passes through two holes separated by a distance d. Circular

interference then appears on the screen as shown in Figure 6.7 above:

&)

@D))))\ Z

Plaque trouée Ecran

Figure 6.7
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The waves emitted by two loudspeakers as shown in Figure 6.8:

Figure 6.8

6.2 Applications

Problem 1

A source emits a mechanical wave y of frequency v propagating in the direction ox with a
constant speed V.

= Write the propagation equation

. . . X X
Posing the following variables: p =t +V—, q=t v

v Show that the solution to the equation is the sum of two types of signals.
v Deduce the form of the solution in the case of a linear and infinite homogeneous
medium in sinusoidal regime
Solution
* The propagation equation
62_’// =\ 262_V/
at o’
It is a one-dimensional partial differential equation.

= General solutions using the change of variables method are:

82
Pty ape O
2 Yt =W1(q)+V/2(p)
_ X oy
TNV (G 0P

- In sinusoidal regime, the solution has the form: v (t,x )= A cos a)(t —(ngx j
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Problem 2

A mechanical wave S of frequency v propagating in a radially symmetric medium with a

constant speed V.

= Write the propagation equation of S.
= Solve the partial differential equation.
= Express the general solution in the case of an infinite medium in sinusoidal regime. Interpret
the results.
Solution
= The propagation equation:
Z—SZ =V ?AS

= The general solution in the case of a sinusoidal regime:

8ol e

= The general solution in the case of a sinusoidal regime:

e[ (e )] oo o

= We obtain a spherical incident sinusoidal wave as shown in the figure

Figure 6.8: Propagation of a spherical wave

1
The factor (?j represents the damping of the amplitude of the spherical wave which is due to

the energy distribution of the wave in all directions equally.
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Problem 3

Consider a mechanical wave v of frequency v propagating in the plane (Oxy) with a constant
Speed V.

= Write the propagation equation.

= Determine solutions using the method of separation of variables.

= We pose the following conditions:

p(x=0)=2F (v =0)=0

= Determine general solutions.
Solution
= The propagation equation has two dimensions:

v _y, 2[62!// 821//}

+
at? x> oy?

= Solutions of the differential equation by the method of separation of variables:

S, (t.x,y)=A(x)B(y)T (t):§2§;+§8;:\%:23:Cste

%l(x)+ka(x)=0 kZ+k2 =k

B(y)+k;B(y)=0 With ®

T(t)+ T (t)=0 TV
So

A(x)= A cosk,x+A,sink x
B(y)=B,cosk,y+B,sink,y
T (t) =T, coswt +T, cos wt

= The propagation space is limited (finite), we obtain standing waves in three directions.

< By applying the boundary conditions we obtain:

l//(XZO)ZO _ _ ()
:{AL—O nd kin):nﬁj{A(x)—AzsmkX X

%/(y: )=0 " |B,=0 a B(y)=B,cosk,y

«» The general solutions are:

S; (tx,y)=Y. Asink{xcosk{"yT (t)
with A=AB,
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Chapter 7
Propagation of mechanical waves in different

environments
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7.1 Theoretical reminder

We will see how a wave can progress in a string.

Given a wire of length | and mass m, the linear mass of the wire (assumed to be constant along
it) is then:

~m_dm

1 dx

With a slight shock, let's create a small transverse disturbance (in order not to deform the cable

Y7

and keep its linear mass constant). Let us isolate, in the disturbed zone, a wire element, of length
dl:
Approximations
Each element of the string can be cut infinitesimally so as to be almost parallel to the x axis.
The angles &(x,t),0(x+dx,t) are therefore considered small

%+ The rope is considered deformable but not elongable so the norm of forces in the rope

is constant at all points regardless of the deformation.
For the rest of the reasoning, we use Figure 7.1 below:

Figure 7.1
The balance of forces gives:
F(cosf,,, —Cos6,)=0
F=dmi= o7y With dm =zl
F(sin6,,, —sing, )= dm—-
ot

Which means that there are no movements along x, and & represents the acceleration along y.

If the angles are really small, we have the first term of the expansion which gives:
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dx =dl
sinx = tanx ;ﬂ
OX

Newton's law applied to the mass dm = z«dx gives (we consider that each mass point only

moves along y because there is no elongation):
The tangents are given by the partial derivatives of the function y(x):

82
F ¥ _y =~ udx 2/
6X X+dx 8X X at
This results in the partial differential equation:
2 2
oy _Foy__[F
ot M OX y7i

It is called "the vibrating string equation™.

We check the units of £ are those of the square of a speed (m/s)?, as required by dimensional
2]

analysis. To simplify the writing, we put:

v= |5
H
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7.2 Applications

Problem 1

Consider a string vibrating transversely in the plane Oxy. The equation of motion has the form
vy =(x, t). Let T and u be the tension and linear mass of the string at equilibrium.

= Write the wave propagation equation.

= Deduce the speed V of the oscillations.

We consider that the original shaking is sinusoidal.

= Determine the solutions of the propagation equation using the method of separation of
variables.

Now the rope is fixed by both ends with distance a, released with no initial velocity.

= Determine the form of the general solution.

= Show that the vibration frequencies of the string are integer multiples of a fundamental
frequency f1.

Numerical application: For the third string of the guitar of length a=63cm in nylon, of density
p=1200 kg/m® and of section $=0,42mm?.

= Calculate the tension of this string so that it can emit the fundamental sound f1=147Hz.
Solution
= The propagation equation:

o’y T o%y F
7 ==V ==
ot M OX y7i

= Solutions to the free wave propagation equation:

A(x):AlcosVQx +AzsinVQx

(x) B(y) B (t)=B,cosat +B,sinat
= The rope is now fixed; the boundary conditions give us:

{y (x =0)=y (x =a):0:>{A1=Oet (o :(a)J @j{A(x):Azsinkx(”)x

y (t=0) B,=0 V ) a B(t)=B,cosmt
So the final solution:
¥ (xt)=Y Asink{"xcoso"t
With A=AB,

= The vibration frequencies of the string:
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k>(<n) _%: 27\7” :ﬂ_n: f, =nf,
a

With flzzi T
a\u

= Digital Application:

fl:i\/i:ﬁ =4a°pSf,* =T =17.3N
2a\| u

Problem 2

A homogeneous vibrating rope without stiffness, of linear mass p, stretched by a tension force
of constant intensity F. The rope at rest and horizontal and materialized by the axis Ox.
During the propagation of a wave, the point M of the chord, with abscissa x at rest, undergoes
the transverse displacement y (x, t) at time t. We neglect the influence of gravity on the rope,

but we take into account the damping force directed along the axis Ox, OxL0y and algebraic

value: —bV (x, t) per unit of length (with b>0), where v (x ,t):% is the transverse velocity

of the element of the chord with abscissa x at time t.
= Establish the partial differential equation of the displacement y (x, t).

We define k as the wave vector of this wave. We will assume the low damping (b<<uw).

(o) a)(l—jg(a)))

= Establish the dispersion relation in the form:k (@)= -

= Express the coefficients g and c based on the data F, u and b.
= Derive the equation for the wave y (x, t). What can we say about y (x, t)?
T

v(xy,t)

Where Ty denotes the projection onto Oy of the tension of the string at M (x).

We define the complex mechanical impedance Z =

= Express the complex mechanical impedance Z of the string in terms of F, u, b and w.
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Solution
= The partial differential equation of displacement y (x, t):

oy _udy by

_ —_—

ox2 F ot° F ot

WitV - ﬁ
U

= The dispersion relation:

y(t,x)= A" =k (0) = %(1— [ j

. F b
Wth = | d =
ith ¢ ’u and g(o) 2o

= The wave equation y (x, t):

bx . X
It is a damped traveling wave.

= Complex mechanical impedance:
o)
T
,_plox :>z”=—\/y_|:(l—j b j

,__ Ty _elex
V (x,t) ((Ztyj 2w

Problem 3

Part A: Vibrating string equation

A homogeneous and inextensible rope, of linear mass p, is stretched horizontally along the
axis Ox with a constant tension F, see the figure.

The rope, moved from its equilibrium position, acquires a movement described at time t by
the quasi-vertical displacement y (x, t), counted from its equilibrium position, of a point M of
abscissa x at rest.

At time t, the tension T (x, t) exerted by the part of the string to the right of M on the part of
the string to the left of M, makes a small angle 6 (x, t) with the horizontal.

We will admit 6 to be small, weak curvature of the string, and we will neglect the forces of

gravity.
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Tc+dx)

-

Equation of vibrating strings: We consider the section of the string between the abscissa .x,
rtdax.

= Establish the equation for propagation of the wave of the vibrating string.

= Deduce the speed VV of the wave as a function of u et F.

Part B: Electrical Analogy

Consider a slice of a lossless electric cell represented in the figure as follows:
Lind dx

ix,7) ixtdx,1)
—> I ——>
Codx —— -
i) u(x+dx,t)
] L] X
x x+dx f

= Show that the electric cell shown above is an analog circuit of a vibrating string element of
length dx

= Express the mechanical correspondents of the linear inductance Lind, the linear capacitance
Cap, the current intensity i (x, t) and the electrical voltage u (x, t).

Solution

Part A:

= The equation for the propagation of the wave of the vibrating string:

o’y F %y

Y F=dma=T(xt)=T(x+dxt)=F = X p o

With v = F
Y7,

-178 - Dr.Ghellab Torkia



Part B:

= The equation for wave propagation in the electric cell:

oi ou o o%i
—=LC, ——=—=L,,C. —
X o oxt ™M a?
. a

ox " ot
= Mechanical-electrical equivalence:
i, L0 0y udy
x? e ar O K TR ar
With

L:nd C)/J

. 1
Cau 3

oy
1(X,t)e —
(x.t)= =
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