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ABSTRACT. In this paper we present two constructions: the Lipschitz closed injective
hull ideals and the Lipschitz interpolative ideals of a Lipschitz operator ideal. These
procedures aim to construct new Lipschitz operator ideals between pointed metric
spaces and Banach spaces. The new ideals are characterized by specific criteria
that determine whether a Lipschitz operator belongs to them, using summability
properties and interpolation formulas.
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1. Introduction and notation. Inspired by Farmer and Johnson’s work [13],
which extends the concept of p-summing linear operators to the Lipschitz frame-
work, several researchers have proposed various classes of Lipschitz operators be-
tween pointed metric spaces and Banach spaces. In specific contexts, these concepts
broaden different categories of ideals of linear operators between Banach spaces.
(see [1, 2, 3, 6, 10, 11, 12, 14, 21, 23, 25], and the references therein). It is worth
mentioning that Achour et al. provide a detailed and systematic study of Lipschitz
operator ideals in [5] (see also [2, 6]). Jarchow and Pelczyriski outlined a method
for generating new Banach operator ideals from a given one, known as the closed
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injective hull (see [15]). Subsequently, Matter [18] (see also [16]), used this method
to introduce another procedure that assigns new Banach operator ideals from a
given one, known as the interpolative ideal procedure.

Our study aims to introduce and characterize the Lipschitz closed injective hull
ideals and the Lipschitz interpolative ideals. In addition, we show some properties
and describe the closed injective hull of a Banach Lipschitz operator ideals of the
composition type.

This paper is organized as follows. In Section 2, we introduce and characterize
the closed injective hull of Lipschitz operator ideals and determine the closed injec-
tive hull of a Lipschitz operator ideal obtained, through the composition method
from a given linear operator ideal. Several examples illustrating this concept are
also provided. In Section 3, we define the interpolative method by introducing and
characterizing the interpolative Lipschitz operator ideals and establish the rela-
tionship between the three notions, the interpolative Lipschitz operator ideals, the
Lipschitz injective hull, and the Lipschitz closed injective hull. As an application,
starting from the well-known Banach operator ideal of p-summing linear operators,
we construct a new Banach interpolative Lipschitz ideal. This is achieved through
the composition of the space of all Lipschitz operators and the class of (p,o)-
absolutely continuous operators. We characterize this new class through integral
domination inequalities and summability inequalities.

As usual, X,Y and Z will denote pointed metric spaces with the base point
denoted by 0, and the metric will be denoted by d. We denote by

Bx ={re X :d(z,0) <1}

the closure of the ball centered at 0 with radius 1. Also, F, F' and G will stand for
Banach spaces over the same field K (either R or C). The topological dual of E
is denoted by E*. A Banach space E will be considered as a pointed metric space
with the distinguished point 0 (the null vector) and metric d(z,2') = ||z — 2'||.
The Lipschitz space Lipg(X, E) is the Banach space of all Lipschitz mappings T
from X to E such that T'(0) = 0, under the Lipschitz norm Lip(-), where Lip(T)
is the infimum of all constants C' > 0 such that |T(x) — T'(2')|| < Cd(x,2’) for
all z,2’ € X. The space Lipg(X,K) is called the Lipschitz dual of X and will
be denoted by X#. It is worth mentioning that the Banach space of all linear
operators L(E, F) is a subspace of Lipy(E, F), and thus E* is a subspace of E¥.
The space of molecules M(X) for the pointed metric space X is given by the linear
span of all functions X — R that can be written as differences of characteristic
functions, i.e., My o+ = X{z} — X{o} for ,2" € X. The norm for this space is given
by the formula

gy = inf 2 Jajld(z;,25), a; € R,
j=

where the infimum is computed over all representations of m asm = Z?,l ajMy; .
= R

The completion of (M(X ) Il X)) is denoted by (X)) and is called Arens-Ells

space associated with X (see [7]). Consider the canonical Lipschitz injection map
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0x : X —E(X) defined by dx (x) = mg o, which isometrically embeds X in E(X).
A Lipschitz map T' € Lipy(X, E) always satisfies a factorization scheme through
the space BE(X) asT =T 0d6x : X —E(X) — E. The map Ty, : £(X) — F
is the unique continuous linear operator (referred to as the linearization of T) that
satisfies T'= T, o 0x and ||T.|| = Lip(T) (see [24, Theorem 3.6]).

The notion of linear operator ideals is extended to Lipschitz version by Achour
et al. in [5]. See also [2, Definition 2.3] and [6, Definition 2.1].

DEFINITION 1. A Lipschitz operator ideal Zy;, is a subclass of Lipy such that for
every pointed metric space X and every Banach space F, the components

Zrip(X,E) := Lipo(X,E) N ZIpp
satisfy
(i) Zpip(X, E) is a linear subspace of Lipy(X, E).
(ii) vg € Zrip(X, E) for v € E and g € X#, where (vg)(z) = g(z)v for all z € X.

(iii) The ideal property: if S € Lipo(Y,X), T € Ip;p(X,E) and w € L(E,F),
then the composition w o T oS is in Ty, (Y, F).

A Lipschitz operator ideal Zr;, is a normed (Banach) Lipschitz operator ideal
if there is ||-||z, . : Zrip — [0, +00] that satisfies

(") (Zrip(X, E),[Illz,,,) is a normed (Banach) space and Lip(T) < ||T]|z,,, for
all T € Zr, (X, E).

(it") |lidx : K — K, idg(A) = All7,, = 1.
(iii") If S € Lipo(Y, X), T € Irip(X, E) and w € L(E, F'), then

[woT oSz, <Lip(S)|Tlz,, llwl-

Now, we recall the composition method introduced in [5] to produce the Lip-
schitz operator ideal ZoLipy, from a given linear operator ideal Z. The Lipschitz
operator T : X — F belongs to ZoLipy(X, E) if there are a Banach space G, a
Lipschitz operator S € Lipo(X,G), and a linear operator u € Z(G, E) such that
T =wo S. This definition is equivalent to say that T, € Z(&E(X), E). If (Z, ||-||7)
is a normed operator ideal, we write

1Tl 2o Lip, = 10f [lullz Lip(S) = [|T¢]lz ,

where the infimum is taken over all u, G, S as described (see [5, Proposition 3.2]).
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2. The closed injective hull of Lipschitz operator ideals. Let Z;;, be a
Lipschitz operator ideal. Recall that the closed hull Zr,, of a Lipschitz operator
ideal Zy;,, is the class of Lipschitz operators formed by components Zy,;, (X, E) that
are given by the closure of Zp,;,(X, F) in Lipy(X, E) (see [5]). According to [5] or
[4], the Lipschitz injective hull IZ;; of Zr;p consists of all Lipschitz operators T' €
Lipy(X, E) such that JgoT € Zp;,(X, loo(Bg-)), where Jg : E — oo (Bg-+) is the
natural metric injection given by Jg(y) = ((¥,¥")),-cp,.- Also, Irp is said to be

injective if Zp;), = IZL% In [4] it is proved that if Z7,;, is a Banach Lipschitz operator

ideal, then IZL’% is also a Banach Lipschitz operator with ”T”Iﬁﬁ; = Ve oTl,,,
for all T € I, (X, E).

Our first result provides a criterion for determining that the class Zr;, C Lipg
of Lipschitz operators is a Banach Lipschitz operator ideal.

THEOREM 2. The class Irip endowed with a map |||z, Trip — [0,+00) is a
Banach Lipschitz operator ideal if and only if the following conditions are satisfied:

(i) Lip(-) < ||'qup on Iy, and idg € Ip;, with ||idﬂ<||zu,, =1.
(i) (Zrip, HHILp) enjoys the ideal property and the ideal inequality.
(ili) If (To)n C Zrip(X, E) with 32, o [|Tullz,, < oo, then

T:= 3 Th€lp(X,E) and [Tz, < 2;1 1Tallz,,, -

n>1
Proof.  Firstly, we will show that conditions (i), (ii) and (iii) implies Zp;, is a
Banach Lipschitz operator ideal. By the inequality Lip(-) < H'”Iup’ if ”T”Zup =0
then T'= 0 € Zy;;,. Also by (iii) we have S+ T € Iy, for every S,T € Zp;,. For
a €K,
ol =uqoToidx € Irip(X, E),
where u, € L(E, E) given by us(z) = az. Thus, we have shown that Zp;,(X, E)

is a vector subspace of Lipg(X, E). The triangular inequality and the homogeneity
of |||z, ,, are derived directly from (iii). Now let 0 # g € X# and v € E. Then

g-v=uoidgog € Irp(X,E),

where u € L(K, E) given by u(«) = cww. In order to prove that (ILip(X, E), ||||ILp>

is a Banach space, we will consider a Cauchy sequence (T,),,~; C Zrip(X, E). Then,
it is possible to obtain a subsequence (T, );>, of (T),>, such that

||Tnk+1 - TnkHILip < 2_k7
which means that >, <, [|[Th,+1 — Tn,llz,, < oo. By (iii) we have Sj = 3 (Th, 41—
- " k>j
T},,) belongs to Zp;,(X, E) and [[Sjl7, < 2-U=1 for all j > 1. Now, note that
Sj = (Sl + Tnl) — Tnj, and then

. . 1
lim HT"J‘ — (S1+ Ty, = lim HSjHILip < =

im z,,, =, tm < lm o
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This shows that (Tnj)j21 converges to S1 + T, € Zr1;p(X, E) with respect to the
norm ”'”Iup' Which means that the Cauchy sequence (7,),>, has a convergent

subsequence (Tnj)j21 . Then (7,),,>, is convergent in (ILip(X, E), ||HIL1P) .

Conversely, if (ILZ-p, H”Isz) is a Banach Lipschitz operator ideal, then the

conditions (i), (ii) are valid and (iii) is derived directly from the completeness of
(Tein (X, B). I, ). 0

Before studying and characterizing the closed injective hull of a Lipschitz oper-
ator ideal, we present the following result, which can be seen as a generalization of
[22, Satz 4.1] to the Lipschitz case. Our result can be compared to the the linear
and polynomial versions stated respectively in [8, Lemma 3.1] and [9, Theorem
3.4].

THEOREM 3. Let Zy;, be a Banach Lipschitz operator ideal. A Lipschitz operator
T: X — E belongs to I}; (X, E) if and only if there are a Banach space G and
a Lipschitz operator S € ZIr,,(X,G) such that

n

> ai (T(a;) = T(x})

=1

<

; (1)

Zai (S(xi) = S(xf))

for all (x;)7_,, (x})f—, in X and (a;)j—, in R. Moreover, ||T|;in; = inf ||S||z,,,,
Lip

where the infimum is taken over all G and S in (1).

Proof. For the “if” part, suppose that inequality (1) holds. Consider the normed
space Gp C G spanned by S(X) and the linear operator Ry : Go — F given by

Ro (Z a15($1)> = Z aiT(l‘i).

By using (1), we can check that Ry is well-defined, continuous with || Rl < 1 and
then has a unique continuous linear extension R to the completion Gy of Gy. The
metric extension property of £o.(Bg~), (see [20, p. 33]), guarantees the existence

of a continuous linear operator R : G — {o(Bg+), satisfying that
JgoT =RoS €Tpriy(X, loo(Bp-)).
This means that 7' € IZZ(X, E). In addition, we have

ITlzses < ||| 1S 0zes, < 1Sz,

To prove the “only if” part, it is enough to take G = {(Bg~) and S = JgoT. O
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The next result provides a characterization of the closed injective hull ILipmJ
of a given ideal 7, of Lipschitz operators by means of a norm inequality.
Recall that if p > 1 and (E;){2, is a family of Banach spaces, then the ¢,
o0
direct sum ( &P Ez) is the space consisting of all (z;):2; € [[;2, E; such that
i=1 Vi

Yoo lzi||” < co. This is a Banach space under the norm

)2l = (Z mnf’) p

(see [20, p. 35]).

THEOREM 4. Let Ir;, be a Lipschitz operator ideal. The Lipschitz operator T :

X — FE belongs to fg;(X, E) if and only if for each € > 0, there are a Banach
space G. and S: € Tr;,(X, Gc) such that

Zai(T(mi)—T(ﬂﬂﬁ)) < Zai(se(mi)—ss(xé)) +EZ|ai|d(fEi,fE§) (2)

for all (x;)P_q, (z})™, in X and (a;)?; in R.

Proof. Take T € TLTZD(X, E) and € > 0. Then Jg o T is a limit of a sequence
(Sm)m C Trip(X,loo(Bg+)) with respect to the norm Lip(-). We can choose pos-
itive integer m. such that Lip(Jg o T — Sp.) < €. On the other hand, for each
(x)q, (@), in X and (a;)!~; in R we have

S alT(as) - T(x;»H
=1

= Zai(‘]E oT(z;) — Jg OT(ID)H

i=1

< | S, (@) 5, (wé))H
> (o T = Sm) (@) = (Jo o T — Sm.) (21) ’
=1
< | S, ) = S ) | + 2 D el ).

Conversely, assume that (2) holds for a given € > 0 and a Banach space G.. By
using the linearization of the Lipschitz operators T and S, we obtain

1Tz (m)[| < [[(S2)(m)]| + ¢ Z |aild(ws, z7),
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for all molecule m € M(X) with representation m = 377" | a;m,, .. Therefore,

1T (m) || < [[(Se) ()] + & [[m] g x) -
Consider H. = (G. ® &£ (X)),, - Define the injective linear operator I. : /£ (X) —
H. by I.(m) := ((S:)r,em). According to the injectivity of I., we can define

a linear mapping A. : R(I.) — FE by A. (I.(m)) := Tr(m). This mapping is
continuous with ||A.|| < 1, indeed, for all m € M(X) we have

[ A< (L (m)) | < [[(Se) (@) + & [[m]] g x) = [[Le(m)]].

Using the metric extension property of {o(Bpg+), we can extend Jg o A. to the
linear operator A, € L(H.,loo(Bp~)) with H;l: <1

X2 mx) e p 72y (Bp)

L
& l(s& /

G5L>Hs

We put
B, := A, 0jJe0 S, € ILip(Xa goo(BE‘*))v

where j. : G¢ — H. is the linear operator defined by j.(t) := (¢,0). Define C; :

X — loo(Bg~) by Ce(x) := A (0,emy o). Because of

(@) — Cela)] < |42

10, emg o) || 1, < ed(w,2"),

for all 2,2’ € X, the mapping C. belongs to Lipg(X, oo (Bg+)) with Lip(C;) < e.
Taking into account that B.(x) = A, ((Se)r(my0),0) for every x € X, we obtain
B. + C. = JgoT and then Lip(Jg o T — B.) = Lip(C.) < e. Since this holds for
all € > 0, it follows that Jg o T € Z1;,(X, E). The proof is concluded. O

In the following result, we characterize the closed injective hull of a given Banach
Lipschitz operator ideal (Zr;p, ||~||IMP), which will be used in the sequel.

COROLLARY 5. Let (Zpp, H'”Iup) be a Banach Lipschitz operator ideal. The Lip-

schitz operator T': X — E belongs to TZ;;(X, E) if and only if for each € > 0,
there are a Banach space G, a Lipschitz operator S € Zr,;,(X,G), and a function
N : Ry — Ry such that

< N(e)

Y ailT(a:) = T(a})
=1

D ai(S(@) = S(@))|| +e Y laild(wi,7f), (3)
i=1 =1

for all (z;)?_;, (z})", in X and (a;)?_; in R.
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Proof. It is enough to show that (3) is holds for T € TLTZO(X , E). According to
(2), for each m € N there are a Banach space G, and Sy, € Zr;p(X, Gp,) such that

Zai(T(xi)*T(x')) Zai(sm(fcz‘)*sm(wﬁ:)) +27 Y Jagld(wi,at) (4)

i=1

for all (z;)7—, (z5)7—; in X and (a;)}—; in R. Putting G = <EB Gn> and for each
neN ¢

k € N consider the canonical inclusion I : G, — G, then I o Sy 16 Trip(X,G)

and

——— || I 0 Sk < —— || I || ||IS — =
]; ok HSkH H k © kHZLip — ; 2k Hsk” ” kH ” k”ZLip Z ok 7

Lip Lip k=1

which means that the series > po, 27* ||Sk||EL1p I, o Sy converges in the Banach

space (ILip(X, G), ”'”Iup) to the Lipschitz operator

Tt follows from ||-|| < |||l 7,., that such series is pointwise convergent. The inequality

——— [ oS € ILip(Xa G)
||le,,

(4) implies

<2 Sullz, [1D02 ™ 1Sz, as (Sune:) — Sunla))

+27 " ag| d(@i, 2)
=1

i=1
< 2" ISz, > (D2 ISklz,,, ai (Sle) = S(@)|| +27™ D lail d(wi, 25)
k=1]li=1 i=1

+273 " Jag| d(a, ).

=1

= 2™ Syl

Zaz x;) S(x;))

Finally, for all m € N, if we consider the function N : Ry — R, defined by
N(e) = 2|81l fore>1and N(e) = 2" [|Snll7,, for 27™ <e < 27™F we
get the result. O

The next result describes the closed injective hull of a Banach Lipschitz operator
ideal of composition type.

PROPOSITION 6. For a Banach linear operator ideal Z, we have

I o Lipo = I o LZpo
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Proof.  Since 7™ is closed then T o Lipyg is closed. On the other hand, for a
given T in Lipy(X, E), suppose that Jg o T belongs to "o Lipo(X, Lo (Bpg+)).
The uniqueness of the linearization maps gives

=inj

(JEOT)LZJEOTL el (]'E(X),goo(BE*)).

Then, the injectivity of 7™ gives T, € finj(PE(X) ,E), so
T =T, 06x €T o Lipy(X, E),

and this shows that "o Lipg is an injective Lipschitz operator ideal. Now, since
TcC fmj, we obtain

i Ty M g
ToLipy " cI™ oLipy =1I" oLipo.

For the converse inclusion, given 7' in "o Lipo(X, E) then there are a Banach
space G, a Lipschitz operator S € Lipo(X,G) and a linear operator u € Z' (G, E)
such that T'= uo S. For € > 0, choose v € Z(G, oo (Bg~)) such that ||[v—Jgou| <
m and v o S belongs to Z o Lipg(X, {oo (Bg~)). We have

Lip(vo S — JgoT) < (1 + Lip($)) v — Jg o ul <e.

Therefore JpoT € Z o Lipy(X, loo(Bg~)), which means that T € Z o Lipomj (X, E).
a

The subsequent result provides several illustrations of the notion of a closed
injective hull. Indeed, Jiménez-Vargas et al. in [17] introduced Lipoz, Lipox, and
Lipgyy, the ideals of Lipschitz finite-dimensional rank, Lipschitz compact operators,
and Lipschitz weakly compact operators, respectively, as an extension of the linear
case.

PROPOSITION 7. We have (Lipox)™ = Lipox, (Lipow)"™ = Lipoy. Conse-
quently, Lipg;mj = Lipok.
Proof. Firstly, note that the ideals K and W of linear compact and linear weakly

compact operators are injective (see [20, p. 72]). From [5, Proposition 3.6] and [4,
Proposition 2.4], we get the injectivity of Lipox and Lipgyy, indeed

(Lipox)™ = (KoLipy)™ = K™ oLipy = Lipox,
(Lipow)inj = (WOLipo)inj == Wi"jOLipo = L’ipow.
Now, since £, (Bg~) has the approximation property, then it follows from [5, Propo-

sition 2.8] that if T' € Lipo(X, E), then Jg o T € Lipor(X,lo(Bg+)) if and only
if JgoT € Lipoxc (X, loo(Bg+)). This is equivalent to the fact that the operator T
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belongs to Lipox (X, E). ]

Taking into account that Lipox, Lipow are closed ([5, Corollary 3.3 and Propo-
sition 3.6]), we obtain the following.

PROPOSITION 8. Lipo;cln] = Lipox and Lipowlnj = Lipow .

3. The interpolative Lipschitz operator ideal. In this section, we present
another method for generating new Lipschitz operators ideals from a given Lipschitz
operator ideal, which is called the interpolative method. From (3), by taking
N(e) = ¢ 7 for a constant 1 < r < 400 and computing the minimum of the
right-hand side with respect to €, we infer that condition (3) is equivalent to the
following inequality

<

Z a;(T(x;) — T(7))

_1
1

n T
(Z |ai|d($i,$§)> :
i=1

DEFINITION 9. Let 71, be a Lipschitz operators ideal and 0 < ¢ < 1. A Lipschitz
operator T' € Lipg(X, E) belongs to (Zrip), (X, E) if there are a Banach space G
and a Lipschitz operator S € Zr;,(X, G) such that

< (7"7ﬁ + rrlﬁ)

> ai(S(x) — S(af))
i=1

1-0o

<

<Zai|d(‘%‘i7$2)> ) (5)
i=1

for all (2;)7_,, (})j=; in X and (a;)j—, in R. For each T' € (i) (X, E) denote

D ai(T(w) = T(a})|| < 1D ail(S(a:) — S(x7))
i=1 i=1

Il s, = i0f 1127,

where the infimum is taken over all Banach spaces G and operators S € Zp,(X, G)
working in the above inequality.

Note that if we take n =1 1in (5) we get Lip(-) <[ - [|(z,.,), -

PROPOSITION 10. If (Zpp, | -|/z,,,) is an injective Banach Lipschitz operator ideal
then ((Zrip)o, || - l(zy.,),) is injective Banach Lipschitz operator ideal.

Proof. 'We check the conditions (ii) and (iii) in Theorem 2.

(i) Let R € Lipo(Y,X), T € (ZIrip), (X, E) and w € L(E,F). For all ¢ > 0
there are a Banach space G and S € Zp,;,(X,G) satisfying (5) and ||S||Z; <
1+ €)||TH(IMP)U. For every (y;)7q, (y); in Y and (a;); in R,

n

Zai(w oToR(y;) —woToR(y,))

i=1

<
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< Jlwll Lip(R)” |3 ai (S © R(y:) — S o R(y)

(Z ai|d(yi7y§)> :

i=1

This means that w o T o R is in (Zpsp), (Y, F) and

N

|lw|| Lip(R)” ||S o R|3,°
lwl| Lip(R)(1 + &) Tl (z,.,). -

”w oTo R”(ILip)o.

IN

as ¢ is arbitrary we obtain (ii).

(iii) Let (7,.), be a sequence in (Zp,) (X, E) such that Z 1Tnll(zps), < o0
Since Lip(-) < || - ll(z,.,), on (Zrip), and Lipo(X, E) is a Banach space, there
exists T = Z T, € Lipo(X, E). For each k€N and all ¢ > 0 choose a Banach

space Gy, and Sk € Trip(X, Gy) satisfying (5) and ||Sk||%:2 < Tkllzps), +g/2%.
Hence

oo oo c
Z ISkl <D N Tkllzpn), + oF < o0
k=1 k=1 k=1

Introducing G = (@ Gn) and the k-th canonical injection Iy, : Gy — G, then
neN 0

the series Y o, 19kllz,,, ISk converge to S € Zpip(X,G).  Now select
(x)Pq, (@) in X and (a;)]—; in R. An application of Hélder inequality reveals
that

<x;>>‘ < g ; (Telw) — Ti(a ))H
< f iaznsknh et - 5|
x (Z al|Sel5 7 das, o »)a
<

(Z > aillSkllzy, (Sk(w) — 5k($2))H>
k=1 ||i=1
X Z(Z|ai|||5k||§zg,d(wi,$§)>> (6)

k=1 \i=1
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We have to estimate the latter expression of the right-hand side of (6), we get
00 n 1-
<Z Zaz”SkHIL (Sk(2:) — 5k($2))H>
k=1 —
(Z (Z jailllSkliz, o d(wi, )))

k=1

n 1—0o

X

Z (Z ail[ull5;2 d(as, >)>

(Z ||5k||zw> Zai(s(%‘) - S(z%))
<Z|ai|d(zi,z;)> :

i=1

(7))

1-0o

IN

X

(Z ||S/€||IL”,> —S(@))| X (Zlaild(:ﬁi,wé)> :

So > T, converges to T'= ) T, € (Zrip), (X, E), moreover

n=1 n=1
oo
ITl(zss), < (Z ||Sk||zm> ISIZ,2 < Z I1Skllz,0
< S B, + 3 = S iz, +e
k=1 k=1 k=1
and the proof follows. o

Next, we show that the inclusion between a pair of Lipschitz operator ideals of
the class with different parameters behaves as expected.

ProPOSITION 11. Let 0 < 01,02 < 1 such that o1 < 02 and let Zr;;, be a normed
Lipschitz operator ideal. Then

(Zrip) 5, (X, E) C (ZLip),, (X, E).
Moreover, we have ||T|(z,.,)_ s HTH(IMP)U1 for every T' € (Zrip),, (X, E).
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Proof.  Let T € (Irip),, (X, E) and € > 0. Choose a Banach space G and S €
T1ip(X,G) such that \|S||;L;'1 < (1+9)|Tl(z,.,), - For all (z)7y, ()7 in X

and (a;)?; in R, we have

n

i=1
< DD ai(S(a) — S(af)) <Z |ai|d($i7$§)>
i=1 i=1
< Lip(8)72~% Zai(S(mi) — S(x})) <Z |ai|d(xi,x§)> .

i=1

Hence T € (ILip)g2 (X, E) and

1Tz, < Liv($)72 1Sz, 02 < ISIZ 7 181202 < A+ )TNz,

Trip

The result follows. |

Let us establish the relationship between the Lipschitz injective hull, the Lips-
chitz closed injective hull, and the interpolative Lipschitz operator ideals.

PROPOSITION 12. If 7y, is a normed Lipschitz operator ideal, then

I (X, B) C (Trip) (X, E) C Ipip (X, E).

In addition, ||T||I ~ins <|N7Tl(zpsy, < IT

zini for every T € IZZ,(X E).

Proof. Take T € IZZ;(X, E) and fix ¢ > 0. According to Theorem 3, choose
Banach space G and S € Zp;,(X,G) such that ||S|z,,, < (1+¢)||T| ins and for

every (z;)i 1, (z5)?, in X and (a;)?_; in R, we have

< Lip(S)

S(a}) (Z |ai|d<xi,x;>>

from which we deduce that T' € (ZLsp), (X, E) with

1Tl (zp, < Liv(S)7NSIIz,7, < (1 + )T

Trip

ing .
Iri

The second inclusion is a straightforward consequence derived from the introduc-
tory statements in this section. a

The following outcome provides the interpolative Lipschitz operator ideal of a
normed Lipschitz operator ideal of composition type.



14 R. YAHI, D. ACHOUR AND E. DAHIA

PRrROPOSITION 13. Let Z be a normed linear operator ideal and 0 < ¢ < 1. Then
(Z o Lipo), = (Z), o Lipo. (7)

Moreover, we have

[ - ”(I)UoLipo = H‘”(zoLipo)U :

Proof. ~ Take T in (Z o Lipy), (X, E), m € M(X) and fix e > 0. Choose a
representation ., aiMy, o, of m, where z;,z; € X, and a; € R, such that

(Z Iaild(wi,w§)> < (I +¢e)[lmfl.
i=1

Then there are a Banach space G and S € T o Lipy(X, G) with
l1-0o
151 zoLip, < (1 +E) 1Tl (zoLipo),

and

[T (m)| =

Zai(T(%) T(zé))H

< > ailS() - S()) (Zmidm,x;))
i=1 i=1
< ISLm))*7 (14 <) [lm] 7

Since Sy, € Z(&(X), @) and the above inequality is holds for every € > 0, we get
Tr, € (7),(E(X), E) with

l—0o l1-0o
||TLH(I)0 < ||SL||I = ||S||IoLip0 < (1 +e) HTH(IoLipg)d :

Which means that 7" belongs to (I),, 0 Lipo(X, E) and [|T'[|(z) orip, < HT||(IOLZ-pO)U .
Conversely, if T' € (Z),0Lipo(X, E) then for a fix £ > 0 there are a Banach space F,
a Lipschitz operator w € Lipy(X, F) and u € (Z),(F, E) such that T' = u o w with
Lip(w)||ullz), < (1 +e)ITl(z),0Lip,- The definition of (Z), assures the existence

of a Banach space G and v € Z(F, G) such that [[o]5 7 < (1 +é&)llull(z), . We have

> aT(a) - T(wé))H
i=1
u (Z ai(w(z:) - w(x;») H

S ailvow(@:) - vew(a)

l—0o

IN

Lip(w)”
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for all z;,2} € X, and a; € R, (1 <i<mn). Since vow is in Z o Lipg(X, G), the
Lipschitz operator T' belongs to (Z o Lipg), (X, E) and

. o l1-0o
||T||(IoLip0)U < sz(w) ||U © wHIoLipo
. 1—0 .
< Lip(w) vz 7 < Lip(w)(1 + ¢)lull(z)_
< (14T, oLipo-
Then it follows that ||T(| 7o, < I Tll(z), 0 Lipo- O

By the following example, let us complete the panorama of summability for
Lipschitz operators defined between pointed metric spaces and Banach spaces.

EXAMPLE 14. Let (II,, ||||Hp) be the famous Banach operator ideal of p-summing
linear operators (p > 1) which was introduced by Pietsch in [19]. When we utilize
the composition method for II,,, and subsequently apply the interpolative Lipschitz
ideal procedure for the Banach Lipschitz operator ideal IL, o Lipg, we acquire the
Banach Lipschitz operator ideal (II,), o Lipg. Note that (II,), is exactly the
Banach ideal II, , of (p,o)-absolutely continuous operators building from II, by
the interpolative ideal procedure (see [18, Section 4]).

Taking into consideration that T € (II, o Lipg) (X, E) if and only if T, be-
longs to II,, ,(AE(X), E) and by using [18, Theorem 4.1], we characterize the map-
pings that belongs to (I, o Lipg), by means of integral domination inequality and
summability inequality.

Note that the unit ball By of X# is a compact Hausdorff space in the topology
of pointwise convergence on X.

THEOREM 15. Let 1 < p < 00, 0 < 0 < 1. The following are equivalent for a
Lipschitz operator T € Lipy(X, E).

(a) T € (I, o Lipo), (X, E).

(b) There exist a constant C > 0 and a regular Borel probability measure { on
Bx# such that

<

> i) = T(a)

°\J
BX#

for any z;,2; € X, a; e R (1 <i<m).

1—0o n
(Z |ai|d(z, $§)> dp (f) ;

_Zai (f(zi) — f(2}))
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(¢) There is a constant C > 0 such that for any xg,x;j in X and all ag in R
(1<i<n,1<j<s), we have

l1—0o

P

1—0o

D

j=1

i=1

l1—0o

P
S o 1—-0o

< C sup Z

fe€By# j=1

> al(fal)—f(2l))

i=1

1—0o n
(z |az|d<xz,x;f>)
=1

Furthermore, the infimum of the constants C > 0 in (b) and (c) is equal to

1Tt 0ipy, -
REMARK 16. Note that if 7" belongs to (II, o Lipg), (X, E), then setting n = 1
in (c) we have T' € I (X, E), the space of (p,o)-absolutely Lipschitz operators
was introduced by Achour et al. in [6]. It is currently unknown whether this
latter class satisfies the linearization theorem. However, based on the above, the
class (I, o Lipg) indeed fulfills it. This means that this class preserves nearly
all the fundamental properties of the linear theory of (p, o)-absolutely continuous
operators.
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