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Abstract
In this paper, we compute the maximal and minimal codes of length 2p  over finite 

fields q  with p and q are distinct odd primes and ( ) = 1p pf −  is the multiplicative order of q 
modulo 2p. We show that, every cyclic code is a direct sum of minimal cyclic codes.
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1.  Introduction

Cyclic codes over finite fields play a very important role in the theory 
of error correcting codes. These codes have rich algebraic structures given 
the importance of the mappings that define them: the linear and cyclic 
mappings between a finite vectors spaces over a finite fields. Moreover, 
the implementation of these codes can be efficiently encoded and decoded 
using shift registers. It is well known that any linear cyclic code C of length 
n over the finite field ,q  is an ideal C in the principal ring [ ]/( 1),n

q x x −  
that is = ( )C g x〈 〉  with ( )g x  is the nonzero monic polynomial of minimal 
degree in C that divides the polynomial 1.nx −  If 11 = ...n

tx g g−  is the 
complete factorization of 1nx −  into different irreducible polynomials, then 
the cyclic codes ( )ig x〈 〉  generated by polynomials ( )ig x  are called maximal 
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cyclic codes. On the other side ( 1)/ ( )n
ix g x−  is a generator polynomial of 

a so called minimal or irreducible code. In [14],  the authors study the 
minimal cyclic codes of length 2 .np  In this paper, we are interested in the 
computation of all maximal and minimal cyclic codes of length 2 ,p  where 
p is an odd prime, over the finite fields q  of q elements, where q is an odd 
prime distinct from p and ( ) = 1p pf −  (f  denotes Euler’s phi-function), is 
the multiplicative order of q modulo 2 .p  In the same conditions as above, 
we show that each maximal cyclic code can be decomposed as an unique 
direct sum of three minimal cyclic codes. Finally, we show that each cyclic 
code of length 2p  generated by the product of two distinct minimal 
polynomials, is the direct sum of two minimal cyclic codes. These cases are 
an examples of the well known structure theorem for ideals in semisimple 
algebras [15].  Finally, we note that the following authors Pankaj, Manju 
Pruth, Sunil Kumar and Mohand Ali Mohamed have investigated in the 
papers [9],[10],[11], and [8]  on some special classes of cyclic linear codes.

The paper is divided in three sections. The first section is devoted 
to the introduction of the problem studied in this paper. In the second 
section, we give some preliminaries useful for the paper. Finally, in the 
third section we give the main results obtained with illustrative examples. 

2.  Preliminaries 

In this section, we state some useful preliminaries that are needed 
to derive the main results of the paper. Let q  be the finite field with q 
elements, where = nq p  for some prime p, and let n be a positive integer 
co-prime to q. And let ,n

q  2,n ≥  be the n-dimensional vector space of the 
n-tuples 0 1 2 1( , , , ..., ),na a a a −  with the usual operations of addition of n-tuples 
and scalar multiplication of n-tuples by the elements of .q  A cyclic code 
C of length n over q  is a linear subspace of n

q  with the property that, if 
0 1 2 1( , , , ..., )na a a a C− ∈  then the cyclic shift 1 0 1 2( , , , ..., )n na a a a− −  is also in C, 

i.e, the linear code C is invariant under a linear cyclic mapping called a 
cyclic shift. We can also regard C as an ideal in the principal quotient ring 

:= [ ]/( 1).n
n qR x x −

The mapping defined by
1

0 1 2 1 0 1 1( , , , ..., ) n
n na a a a a a x a x −
− −+ + + 

is an isomorphism between the vectors spaces n
q  and .nR
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It is known that any ideal C in nR  is generated by an unique monic 
polynomial ( )g x  of the least degree in C. We can prove that the polynomial 

( )g x  is a divisor of ( 1),nx −  and is called the generating polynomial of 
the code C. The integer = deg ( )k n g x−  is called the dimension of the 
subspace C. A minimal ideal in ,nR  is called an irreducible cyclic code of 
length n over .q  Again, a maximal ideal in ,nR  is called a maximal cyclic 
code of length n over .q  Given the set of integers = {0,1, 2, ..., 1}.S n −  For 

, ,a b S∈  we say that a b  if (mod )ia bq n≡  for some integer 0.i ≥  The 
relation   is an equivalence relation on the set S and partitions the set S 
into disjoint equivalence classes called the q-cyclotomic cosets. For ,s S∈
the class of s denoted by sC  is given by 12:= { , , , ..., },sn

sC s sq sq sq −  where sn  
is the smallest positive integer such that (mod ).nssq s n≡

We recall that to factor 1nx −  over ,q  it is necessary to find an 
extension of the field q  which contains all the roots of the polynomial 

1,nx −  i.e, the polynomial 1nx −  can be factorised as 
1

=0
1 = ( )

nn
i

i
x x a

−
− −∏  

with ia  is n-th root of unity. In addition, if a  is a primitive n-th root 

of unity in some extension field of q  then, 
1

=0
1 = ( ).

nn i

i
x x a

−
− −∏  For more 

information see, for example, [4],  [6]  and [1].
The following standard notions and definitions in cyclic codes can 

been seen in some famous books in coding theory. For the notion of 
minimal polynomial see, for example, the book of Huffman and Pless 
[4, section 3.7]  or S. L. Chaoping Xing [2, section 3.4].  For the notions 
of minimal and maximal codes see, for example, J. H. Van Lint, G. Vander 
Geer [15, section 4]  or R. Lidl, H.Niederreiter [6, chapter 8, section 2]. 

Definition 1 : If a  is a primitive n-th root of unity in some extension 
field of .,q  then the polynomial ( ) = ( )

s

j
s

j C
m x x a

∈
−∏  is called the minimal 

polynomial of sa  over .q  
The 1 = ( )n

s
s

x m x− ∏  gives the factorization of 1nx −  into irreducible 

factors over ,q  where s runs over the complete set of representatives from 
distinct q-cyclotomic cosets modulo n.

Definition 2 : The cyclic code sm  in nR  generated by ( 1)
( )

n

s

x
m x

−  is called a 

minimal cyclic code of length n over .q  Minimal cyclic codes are also 
called irreducible cyclic codes. 
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Definition 3 : The cyclic code sM  in ,nR  generated by ( ),sm x  is called a 
maximal cyclic code of length n over .q  

3. � Determination of minimal and maximal cyclic codes of length 2p 
with p is an odd prime

In the paper [14],  the authors investigated in the computation 
of the minimal cyclic codes of length and 2 np  with 1n ≥  is an integer, 
over the finite fields q  where q is a power of an odd prime number and 
gcd( , ) = 1.p q  The authors obtains 2 2n +  q-cyclotomic cosets modulo 2 .np  
In this paper, we determine in the special case = 1n  and q is an odd prime, 
the minimal cyclic codes and the maximal cyclic codes of length 2p  over 

,q  with ( ) = 1p pf −  is the multiplicative order of q modulo 2 .p

Proposition 4 : Given the set of integers = {0,1, 2, ..., 2 1}S p−  and ( )pf  is 
the multiplicative order of q modulo 2 .p  Then S, can be partitioned into 
4 q-cyclotomic cosets given by, 0 := {0}, := { },pC C p  1 := {1,C  ,q  22 , ..., },pq q −  

2 := {2,C  2 ,q  222 , ..., 2 }.pq q −  

Proof : For ,s S∈  the class of s denoted by sC  is given by 
12:= { , , , ..., }sn

sC s sq sq sq −  modulo 2 .p  
For = 0,s  we have 0 = {0,C 0 ,q 20 ,q ..., 10 }snq − = {0}.  And for = 1,s  

we will show that we have 1 := {1,C 1 ,q× 21 ,q× ..., 11 }snq −× = {1,  ,q  
22 , ..., }pq q −  with = 1.sn p−  Suppose in the contrary, there is an integers 

,i j  with 0 < 2i j p≤ ≤ −  and = .jiq q  Multiplying both sides by ,jq−  we 
obtain (mod 2 )jiq q p− ≡ (mod 2 )j jq q p− ≡ 0 (mod 2 )q p ≡ 1(mod 2 ).p  But we 
have 1 2j i p≤ − ≤ −  and this contradict the fact that the order of q is 1p−  
modulo 2 .p  Then necessary, jiq q≠  for all { }, 1, 2, ..., 2i j p∈ −  with .i j≠  
Since, the integer 2 is not in the classes 0C  and 1C  then 2 := {2,C  2 ,q  

222 , ..., 2 }.pq q −  The same argument as above, shows that we have 2 2 jiq q≠  
for all { }, 1, 2, ..., 2i j p∈ −  with .i j≠  Since the prime p is an odd prime then 
p is not in the classes 0 1 2, , ;C C C  then we have := { ,pC p ,pq 2 ,pq ..., 1}snpq −

= { }p  modulo 2 .p  Firstly, (mod 2 )p p p≡  because < 2p p  then .pp C∈  We 
have also, (mod 2 )pq p p≡  because q is an odd prime great or equal to 3, 
and in this case we can write = 2 1q t +  and consequently, we have pq =

(2 1)p t + = 2pt p+ ≡ (mod 2 ).p p  The same argument holds for ,ipq  i.e, 
(mod 2 ).ipq p p≡  Since 0| | | | 1pC C= =  and 1 2| |=| |= 1,C C p−  then we have 

0 1 2 0 1 2| |=| | | | | | | |= 1 1 ( 1) ( 1) = 2 ,p pC C C C C C C C p p p∪ ∪ ∪ + + + + + − + −

which is the cardinal of S. And this confirms that we have: 
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	 0 1 2 = .pC C C C S∪ ∪ ∪  	

Theorem 5 : The number of monic irreducible factors of 2 1px −  over q  is equal 
to the number of cyclotomic cosets of q modulo 2 .p

With Proof: Ref. [2].
In this section, we consider the complete factorization of 2 1px −  

over ,q  with p and q are distinct odd primes and ( ) = 1p pf −  is the 
multiplicative order of q modulo 2 .p

The unique complete factorization of 2 1px −  over q  into irreducible 
polynomials is 2 1 = ( ),p

sx m x− ∏  where s runs over the complete set of 
representatives from distinct q-cyclotomic cosets modulo 2p.

Since 2 1 = ( 1)( 1).p p px x x− − +  And we have:

( 1) =px − 1 2( 1)( ... 1)( 1)p px x x x x− −− + + + + +

and 1 2( 1) = ( 1)( ... 1).p p px x x x x− −+ + − + − +  Then,
2 1 2 1 21 = ( 1)( ... 1)( 1)( ... 1)p p p p px x x x x x x x x− − − −− − + + + + + − + − +

1 2 1 2= ( 1)( 1)( ... 1)( ... 1)p p p px x x x x x x x− − − −− + − + − + + + + +

The polynomials 1 2 ... 1,p px x x− −+ + + +  1 2 ... 1p px x x− −+ + + +  are 
shown to be irreducible in ,q  with q is an odd prime and ( ) = 1p pf −  is 
the multiplicative order of i modulo 2 ,p  see [3], [5] or [7].

The minimal polynomials corresponding to each cyclotomic coset are 
obtained below:

0 ( ) = 1,m x x −
( ) = 1,pm x x +

1 2
1( ) = ... 1,p pm x x x x− −− + − +

1 2
2 ( ) = ... 1.p pm x x x x− −+ + + +

And we have: 2

{0,1,2, }
1 = ( ).p

s
s p

x m x
∈

− ∏

Since the classes 0 1 2, , ,pC C C C  are all the distinct q-cyclotomic 
cosets modulo 2 ,p  then 0 0= ( ) ,M m x〈 〉  = ( ) ,p pM m x〈 〉  1 1= ( ) ,M m x〈 〉  

2 2= ( )M m x〈 〉  are precisely all the distinct maximal cyclic codes of length 

2p  over .q  And we have 
2

0 0

( 1)
( )

= ,
px

m x
m −〈 〉  

2( 1)
( )

= ,
p

p p

x
m x

m −〈 〉  
2

1 1

( 1)
( )

= ,
px

m x
m −〈 〉  



2

2 2

( 1)
( )

= ,
px

m x
m −〈 〉  are precisely all the distinct minimal cyclic codes of length 

2p  over .q  See [6], for the definitions of minimal and maximal cyclic 
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codes. The following tables 1 & 2 give the generating polynomial and the 
corresponding dimension of the above maximal and minimal codes.

Table 1
The maximal codes of length 2p  over q

 Codes Generating polynomial Dimension 

0M  0( )m x  2 1p −  
pM

 
( )pm x

 
2 1p −  

1M  1( )m x  1p +  
2M  2( )m x  1p +  

 
Table 2

The minimal codes of length 2p  over q

Codes Generating polynomial  Dimension 

 


0 0

( 1)
( )

=
nx

m x
m −〈 〉

  1 2( ) ( ) ( )pm x m x m x× ×
  1  

 


( 1)
( )

=
n

p p

x
m x

m −〈 〉
  0 1 2( ) ( ) ( )m x m x m x× ×   1  

 


1 1

( 1)
( )

=
nx

m x
m −〈 〉

  0 2( ) ( ) ( )pm x m x m x× ×
  1p −  

 


2 2

( 1)
( )

=
nx

m x
m −〈 〉

  0 1( ) ( ) ( )pm x m x m x× ×
  1p −  

 

3.1 � The relationship between the maximal cyclic codes and the minimal cyclic 
codes

In this section, we show that every maximal cyclic code of length 
2p  over ,q  with p and q are distinct odd primes and ( ) = 1p pf −  is the 
multiplicative order of q modulo 2 ,p  can be written as an unique direct 
sum of three minimal cyclic codes. Finally, we show that each cyclic code of 
length 2p  generated by the product of two distinct minimal polynomials, 
is the direct sum of two minimal cyclic codes.

Proposition 6 : As any cyclic code of length n over the finite field q  is 
simply a subspace of the vector space ,n

q  we have : if 1C  and 2C  are cyclic 
codes of length n over ,q  then sum 1 2C C+  = 1 2 2 1{ |c c c C+ ∈  and 2 2 }c C∈  
and the intersection 1 2C C∩  are also a cyclic codes.
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Proposition 7 : Let iC  be a cyclic code of length n over q  for = 1i  and 2. 
Then the sum 1 2C C+  is direct, if and only if 1 2 = {0}.C C∩  

The dimension of the cyclic code C is the dimension of C as a vector 
space over .q

Proposition 8 : Let iC  be a cyclic code of length n over q  for {1, 2, 3}.i∈  
Then 1 2 3C C C+ +  is a direct sum if and only if

1 2 3 1 2 3dim( ) = dim( ) dim( ) dim( ).C C C C C C+ + + +

Theorem 9 : Let iC  be a cyclic code of length n over q  with generator polynomial 
( )ig x  for = 1i  and 2. Then
(i)	� The cyclic code 1 2C C∩  has generator polynomial 1 2( ( ), ( )),lcm g x g x  and
(ii)	 The cyclic code 1 2C C+  has generator polynomial 1 2gcd( ( ), ( )).g x g x  

Proof: For the proof see [4].	 

Now we prove our main results.

Proposition 10 : Every maximal cyclic code of length 2p  over ,q  is a 
direct sum of three minimal cyclic codes with p and q are distinct odd 
primes and ( ) = 1p pf −  is the multiplicative order of q modulo 2p. 

Proof: Using the theorem 9 and properties of gcd  of polynomials, we find:
  

0 1 =pm m m+ +

1 2 0 1 2

0 2

( ) ( ) ( ), ( ) ( ) ( ),
gcd

( ) ( ) ( )
p

p

m x m x m x m x m x m x
m x m x m x

 × × × ×
 
 × × 

( )1 2 0 1 2

0 2

gcd ( ) ( ) ( ), ( ) ( ) ( ) ,
= gcd

( ) ( ) ( )
p

p

m x m x m x m x m x m x

m x m x m x

 × × × ×
 
 × × 

1 2 0 2= gcd( ( ) ( ), ( ) ( ) ( ))pm x m x m x m x m x〈 × × × 〉

2 1 0( ) gcd( ( ), ( ) ( ))pm x m x m x m x= 〈 × ×

2= ( )m x〈 〉
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Also, using proposition 8 we find: 
     

0 1 2 0 1dim( ) = dim( ( ) ) = 1 = dim( ) dim( ) dim( ).p pm m m m x p m m m+ + 〈 〉 + + +

then 2M   

0 1= .pm m m⊕ ⊕

In a similar way, we find:
  

0 2 =pm m m+ +

1 2 0 1 2

0 1

( ) ( ) ( ), ( ) ( ) ( ),
gcd

( ) ( ) ( )
p

p

m x m x m x m x m x m x
m x m x m x

 × × × ×
 
 × × 

( )1 2 0 1 2

0 1

gcd ( ) ( ) ( ), ( ) ( ) ( ) ,
= gcd

( ) ( ) ( )
p

p

m x m x m x m x m x m x

m x m x m x

 × × × ×
 
 × × 

1 2 0 1= gcd( ( ) ( ), ( ) ( ) ( ))pm x m x m x m x m x〈 × × × 〉

1 2 0= ( ) gcd( ( ), ( ) ( ))pm x m x m x m x〈 × × 〉 〉

1= ( ) .m x〈 〉

     

0 2 1 0 2dim( ) = dim( ( ) ) = 1 = dim( ) dim( ) dim( ).p pm m m m x p m m m+ + 〈 〉 + + +

1M   

0 2= .pm m m⊕ ⊕

  

1 2 0 2
0 1 2

0 1

( ) ( ) ( ), ( ) ( ) ( ),
= gcd

( ) ( ) ( )
p p

p

m x m x m x m x m x m x
m m m

m x m x m x

 × × × ×
 + +
 × × 

1 2 0 2

0 1

gcd( ( ) ( ) ( ), ( ) ( ) ( )),
= gcd

( ) ( ) ( )
p p

p

m x m x m x m x m x m x
m x m x m x

 × × × ×
 
 × × 

2 0 1= gcd( ( ) ( ), ( ) ( ) ( ))p pm x m x m x m x m x〈 × × × 〉

= ( )pm x〈 ×
2 0 1gcd( ( ), ( ) ( ))m x m x m x× 〉
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= ( ) .pm x〈 〉

     

0 1 2 0 1 2dim( ) = dim( ( ) ) = 2 1 = dim( ) dim( ) dim( )).pm m m m x p m m m+ + 〈 〉 − + +

  

0 1 2= .pM m m m⊕ ⊕

  

0 1 2 0 2
1 2

0 1

( ) ( ) ( ), ( ) ( ) ( ),
= gcd

( ) ( ) ( )
p

p
p

m x m x m x m x m x m x
m m m

m x m x m x

 × × × ×
 + +
 × × 

0 1 2 0 2

0 1

gcd( ( ) ( ) ( ), ( ) ( ) ( )),
= gcd

( ) ( ) ( )
p

p

m x m x m x m x m x m x
m x m x m x

 × × × ×
 
 × × 

0 2 0 1= gcd( ( ) ( ), ( ) ( ) ( ))pm x m x m x m x m x〈 × × ×

0 2 1= ( ) gcd( ( ), ( ) ( ))pm x m x m x m x〈 × × 〉

0= ( ) .m x〈 〉

     

1 2 0 1 2dim( ) = dim( ( ) ) = 2 1 = dim( ) dim( ) dim( )).p pm m m m x p m m m+ + 〈 〉 − + +

  

0 1 2= .pM m m m⊕ ⊕
 	 

Proposition 11 : Every cyclic code of length 2p  over q  generated by 
product of two minimal polynomials is a direct sum of two minimal 
cyclic codes with p and q are distinct odd primes and ( ) = 1p pf −  is the 
multiplicative order of q modulo 2 .p  

Proof: Using the theorem 9 and properties of gcd  we find:
 

0 1 2 0 1 2= gcd( ( ) ( ) ( ), ( ) ( ) ( ))p pm m m x m x m x m x m x m x+ 〈 × × × × 〉

1 2 0= ( ) ( )gcd( ( ), ( ))pm x m x m x m x〈 × 〉

1 2= ( ) ( ) .m x m x〈 × 〉

Also, using proposition 7 and properties of of lcm  we find:
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 

0 1 2 0 1 2( ( ) ( ) ( ), ( ) ( ) ( ))p pm m lcm m x m x m x m x m x m x∩ = 〈 × × × × 〉
 

0 1 2= ( ) ( ) ( ) ( )pm x m x m x m x〈 × × × 〉

2= 1 = {0}.px〈 − 〉

so  

1 2 0( ) ( ) = .pm x m x m m〈 × 〉 ⊕

In a similar way, we find:  

2 0 1,( ) ( ) =pm x m x m m〈 × 〉 ⊕

 

1 0 2( ) ( ) = ,pm x m x m m〈 × 〉 ⊕

 

0 2 1( ) ( ) = ,pm x m x m m〈 × 〉 ⊕

 

0 1 2( ) ( ) = ,pm x m x m m〈 × 〉 ⊕

 

0 1 2( ) ( ) = .pm x m x m m〈 × 〉 ⊕  	 

Example 12 : Take = 3,q  = 17p  and = 1.n  The maximal ternary cyclic 
codes 0 ,M  ,pM  1 ,M  2M  of length 34  and The minimal ternary cyclic 
codes 



0 ,m   ,pm  1 ,m  2m  of length 34 have the following parameters: (a) The 
minimal polynomial corresponding to each cyclotomic coset is obtained 
below:

0 ( ) = 1,m x x −  17 ( ) = 1,m x x +

17 16 15 14 13 12 11 10 9 8 7
1

6 5 4 3 2

17 16 15 14 13 12 11 10 9 8
2

7 6 5 4 3 2

( ) =
1,

( ) =
1.

m x x x x x x x x x x x x
x x x x x x

m x x x x x x x x x x x
x x x x x x x

− + − + − + − + − +

− + − + − + +

+ + + + + + + + +

+ + + + + + + +

(b) If ( )sg x  is the generating polynomial of sm  then we have 
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34
33 32 31 30 29 28 27 26 25 24

0 0
23 22 21 20 19 18 17 16 15 14 13 12 11

10 9 8 7 6 5 4 3 2

34
33 32 31 30 29 28 27 26 25

17 17

( 1)
( )

( 1)
( )

( ) = =

1,

( ) = =

x
m x

x
m x

g x x x x x x x x x x x

x x x x x x x x x x x x x
x x x x x x x x x x

g x x x x x x x x x x

−

−

+ + + + + + + + +

+ + + + + + + + + + + + +

+ + + + + + + + + + +

− + − + − + − + − 24

23 22 21 20 19 18 17 16 15 14 13 12 11

10 9 8 7 6 5 4 3 2

34
18 17

1 1
34

18 17
2 2

( 1)
( )

( 1)
( )

1,

( ) = = 1,

( ) = = 1.

x
m x

x
m x

x

x x x x x x x x x x x x x
x x x x x x x x x x

g x x x x

g x x x x

−

−

+ − + − + − + − + − + − +

− + − + − + − + − + +

+ − −

− + −
.

(c) The generating polynomial and dimension of the maximal ternary 
cyclic codes of length 34 are given by:

Table 3
Codes  0M   17M   1M   2M  
Generating polynomial  0( )m x   17 ( )m x   1( )m x   2( )m x  
Dimension  33   33   18   18  

 
d) The generating polynomial and dimension of the minimal ternary 

cyclic codes of length 34 are given as:
Table 4

Codes 
 


0m   


pm
  



1m   


2m  
Generating polynomial 

 0
( )g x

  17
( )g x

  1
( )g x

  2
( )g x

 
Dimension  1   1   16   16  
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