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EXISTENCE RESULTS FOR DOUBLE PHASE PROBLEMS

ABDELAZIZ HELLAL

Abstract. In this paper, we prove the existence of weak solutions for a spe-
cific class of nonlinear double-phase problems involving irregular data and vari-
able exponents. Our findings serve as a natural extension of previous results
obtained in the constant exponents case.

1. Introduction:

In this work, we consider the homogeneous Dirichlet problem associated to the
model equation:

(1.1)

{
−div

(
A(x) |Du|p(x)−2

Du
)
− div

(
F (u) |Du|q(x)−2

Du
)

= f, in Ω,

u = 0, on ∂Ω,

where Ω is a bounded open domain in RN (N > 2) with Lipschitz boundary ∂Ω
and A(·) is a measurable function such that:

(1.2) α ≤ A(x) ≤ β, a.e. x ∈ Ω, with α, β > 0.

Suppose that F : R −→ R such that:

(1.3) F (u) = |u|(r(·)−1)q(·)+1,

and f is a function belongs to Lm(·)(Ω).
Here, the variable exponents p : Ω −→ (1,∞), q : Ω −→ (1,∞), r : Ω −→ (1,∞),

and m : Ω −→ (1,∞) are continuous functions for all x ∈ Ω such that:

(1.4) r(x)q′(x) > 1, and 1 < q− ≤ q+ < p− ≤ p+ < N

where p− := min
x∈Ω

p(x), p+ := max
x∈Ω

p(x), q− := min
x∈Ω

q(x), q+ := max
x∈Ω

q(x) and

q′(·) = q(·)
q(·)−1 . Moreover, p(·) > 1 is logarithm Hölder continuous function, that is

(1.5) ∃C > 0 : |p(x)− p(y)| ≤ − C

ln(|x− y|) , ∀x 6= y ∈ Ω : |x− y| ≤ 1/2.

Problem 1.1 can be esteemed as the stationary problem associated with the para-
bolic equation

∂tu− div
(
A(x) |Du|p(x)−2

Du
)
− div

(
F (u) |Du|q(x)−2

Du
)

= f
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So, it can be seen as the Darcy law of fluid filtration (in a turbulent regime) in a
porous media simulating the pressure u.

Our results depend on the presence of the additional term−div
(
F (u) |Du|q(·)−2

Du
)
,

which has a regularizing effect on the summability of the solution of the problem
1.1. In the particular case f ∈ L1(Ω), the regularizing effect of this term has been
recently investigated in [4]. In point of fact, we shall demonstrate that the solutions
of problem 1.1 are more regular than the ones of the problems (see [3] and [9]) under
an appropriate balance of the parameters p(·), q(·), r(·), and the summability of
f . Inspired by [1, 2, 8], we will provide additional regularity results based on the
summability of the source term f . To achieve this, we need to define the notion
of weak solution we will use in accordance with the summability of the right-hand
side. For simplify our investigation, we will only discuss the case when f belongs
to Lm(·)(Ω) with m(·) > N

p(·) .

2. Preliminaries:

We recall some definitions, facts, and basic properties of Lebesgue-Sobolev spaces
with variable exponents. We refer to [6] and references therein. In this work we
denote

p+ := max
x∈Ω

p(x) and p− := min
x∈Ω

p(x).

We define the Lebesgue space with variable exponent Lp(·)(Ω) as the set of all
measurable functions u : Ω → R for which the convex modular

ρp(·)(u) =
∫

Ω

|u|p(x) dx,

is finite.
The space Lp(·)(Ω) equipped with the norm

‖u‖p(·) := ‖u‖Lp(·)(Ω) = inf
{
k > 0 : ρp(·)

(u

k

) ≤ 1
}
,

which called the Luxemburg norm. The space (Lp(·)(Ω), ‖u‖p(·)) is a separable
Banach space. Moreover, if 1 < p− ≤ p+ < +∞, then Lp(·)(Ω) is uniformly convex,
hence reflexive and its dual space is isomorphic to Lp′(·)(Ω) where 1

p(·) + 1
p′(·) = 1.

For all u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω), the Hölder type inequality

(2.1)
∣∣∣∣
∫

Ω

uv dx

∣∣∣∣ ≤
( 1

p−
+

1
p′−

)
‖u‖p(·)‖v‖p′(·) ≤ 2‖u‖p(·)‖v‖p′(·),

holds.
We define also the Banach space

W 1,p(·)(Ω) =
{
u ∈ Lp(·)(Ω) : |∇u| ∈ Lp(·)(Ω)

}
,

endowed with the norm

‖u‖1,p(·) = ‖u‖W 1,p(·)(Ω) = ‖u‖p(·) + ‖∇u‖p(·).

The space (W 1,p(·)(Ω), ‖u‖1,p(·)) is a Banach space. while

W
1,p(·)
0 (Ω) =

{
u ∈ W 1,p(·)(Ω) : u = 0 on ∂Ω

}
,

is Sobolev space with zero boundary values endowed with the norm ‖ · ‖1,p(·). The
space W

1,p(·)
0 (Ω) is separable and reflexive provided that 1 < p− ≤ p+ < +∞.
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The smooth functions (i.e. D(Ω)) are in general not dense in W
1,p(·)
0 (Ω), but if

the exponent variable p(·) > 1 satisfy the logarithmic Hölder continuity condition
(1.5) then D(Ω) are dense in W

1,p(·)
0 (Ω).

For u ∈ W
1,p(·)
0 (Ω) with p ∈ C+(Ω), the Poincaré inequality holds

(2.2) ‖u‖p(·) ≤ C‖∇u‖p(·),

for some C > 0 which depends on Ω and p(·). Therefore, ‖∇u‖p(·) and ‖u‖1,p(·) are
equivalent norms.

Our treatment requires to use the following results:

Proposition 1 ([6]). If (un), u ∈ Lp(·)(Ω) and p+ < +∞, then the following
properties hold:

• ‖u‖p(·) < 1 (resp. = 1, > 1) ⇐⇒ ρp(·)(u) < 1 (resp. = 1, > 1),

• min
(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−

) ≤ ‖u‖p(·) ≤ max
(
ρp(·)(u)

1
p+ , ρp(·)(u)

1
p−

)
,

• min
(‖u‖p−

p(·), ‖u‖p+

p(·)
) ≤ ρp(·)(u) ≤ max

(
‖u‖p−

p(·), ‖u‖p+

p(·)
)
,

• ‖u‖p(·) ≤ ρp(·)(u) + 1,
• ‖un − u‖p(·) → 0 ⇐⇒ ρp(·)(un − u) → 0.

Remark 2.1. As in [7], the following inequality
∫

Ω

|u|p(x) dx ≤ C

∫

Ω

|Du|p(x) dx,

in general does not hold. So, thanks to Proposition 1 and (2.2), we get the following
inequality which will be used later

(2.3) min{‖Du‖p−

p(·); ‖Du‖p+

p(·)} ≤
∫

Ω

|u(x)|p(x) dx ≤ max{‖Du‖p−

p(·); ‖Du‖p+

p(·)}.

We need an important embedding as follows

Lemma 2.2 (Sobolev embedding). Let Ω ∈ RN be an open bounded set with Lip-
schitz boundary and assume that p : Ω → (1, N) satisfy the logarithm Hölder conti-
nuity condition (1.5). Then we have the following continuous embedding:

W 1,p(·)(Ω) ↪→ Lp?(·)(Ω),

where p?(·) = Np(·)
N−p(·) .

For the notion of weak solutions to problem 1.1, we will use through this work,
the truncation function Tk at height k (k > 0) and the associated function which
denoted by

(2.4) Tk(t) = min
{

k, max{−k, t}
}

, Gk(t) = t− Tk(t)

It is obvious that Tk is Lipschitz functions satisfying |Tk(t)| ≤ k.
Throughout this work, C always indicate any non-negative constant which de-

pends only on data and whose value may change from line to line.
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3. Main result:

Definition 3.1. If f ∈ Lm(Ω) with m > 1, by a weak solution of the problem 1.1
we mean a function u ∈ W

1,p(·)
0 (Ω) such that

(3.1) F (u) |Du|q(·)−1 ∈ Lp′(·)(Ω)

and the integral identity

(3.2)
∫

Ω

A(x) |Du|p(x)−2
Du ·Dϕ dx +

∫

Ω

F (u) |Du|q(x)−2
Du ·Dϕ dx =

∫

Ω

fϕ dx

holds for every ϕ ∈ W
1,p(·)
0 (Ω).

We have the following theorem:

Theorem 3.2. Under the assumptions (1.2)-(1.5). If f ∈ Lm(·)(Ω) with m(·) > N
p(·)

then the problem 1.1 has at least one solution u ∈ W
1,p(·)
0 (Ω) ∩ L∞(Ω).

The idea of the proof of Theorem 3.2: The proof is based on three steps: First, we
introduce a suitable sequence of problems approximating. In addition, we establish
some priori estimates for the solutions of the problem 1.1. Finally, we pass to the
limit in the approximate problems.
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