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EXISTENCE RESULTS FOR DOUBLE PHASE PROBLEMS

ABDELAZIZ HELLAL

ABSTRACT. In this paper, we prove the existence of weak solutions for a spe-
cific class of nonlinear double-phase problems involving irregular data and vari-
able exponents. Our findings serve as a natural extension of previous results
obtained in the constant exponents case.

1. INTRODUCTION:

In this work, we consider the homogeneous Dirichlet problem associated to the
model equation:

ay { (A(x) | Du|P®) 2 Du) —div (F(u) | Du| 72 Du) —f inQ,
. u =0, on 0,

where €2 is a bounded open domain in RY (N > 2) with Lipschitz boundary 05
and A(-) is a measurable function such that:

(1.2) a<A(z)<pB, ae xz€Q, witha, 8>0.
Suppose that F': R — R such that:
(1.3) F(u) = |u‘(r(-)71)q(~)+1’

and f is a function belongs to L™()(€).
Here, the variable exponents p :  — (1,00), ¢ : @ — (1,00), 7 : Q@ — (1,00),
and m : Q — (1, 00) are continuous functions for all z € Q such that:

(1.4) r(r)g(z) >1, and 1<q <q¢"<p <p" <N
where p~ := minp(z), p* = maxp(z), ¢~ := ming(z), ¢* := maxgq(z) and
e e EASY) €N
q() = q(q-g%r Moreover, p(-) > 1 is logarithm Holder continuous function, that is
C

(1.5) 3C >0: |p(m)—p(y)|§—m, Ve#yeQ: |[z—y| <1/2.

Problem 1.1 can be esteemed as the stationary problem associated with the para-
bolic equation

dpu — div <A(x) | Du|P™) 2 Du) — div (F(u) | Du| 72 Du) —f
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2 ABDELAZIZ HELLAL

So, it can be seen as the Darcy law of fluid filtration (in a turbulent regime) in a
porous media simulating the pressure w.

Our results depend on the presence of the additional term —div (F(u) |Du|q<')72 Du) ,
which has a regularizing effect on the summability of the solution of the problem
1.1. In the particular case f € L'(Q), the regularizing effect of this term has been
recently investigated in [4]. In point of fact, we shall demonstrate that the solutions
of problem 1.1 are more regular than the ones of the problems (see [3] and [9]) under
an appropriate balance of the parameters p(-), ¢(-), r(:), and the summability of
f. Inspired by [1, 2, 8], we will provide additional regularity results based on the
summability of the source term f. To achieve this, we need to define the notion
of weak solution we will use in accordance with the summability of the right-hand
side. For simplify our investigation, we will only discuss the case when f belongs
to L™0(Q) with m(-) > 5.

2. PRELIMINARIES:

We recall some definitions, facts, and basic properties of Lebesgue-Sobolev spaces
with variable exponents. We refer to [6] and references therein. In this work we
denote

pT :=maxp(r) and p  :=minp(x).
€ €N

We define the Lebesgue space with variable exponent LP()(Q) as the set of all
measurable functions u : £ — R for which the convex modular

o) (u) = / |ufP) da,
Q
is finite.
The space LP()(Q) equipped with the norm
. u
lellpy =l ooy = inf {k > 0 pyy (1) < 1},

which called the Luxemburg norm. The space (LPO)(Q),lull,.)) is a separable
Banach space. Moreover, if 1 < p~ < p* < 400, then LP()(Q) is uniformly convex,
hence reflexive and its dual space is isomorphic to Lpl(')(ﬂ) where ﬁ + p%(_) =1.

For all u € LPO)(Q) and v € LF'()(Q), the Hélder type inequality

/ uv dx
Q
holds.

We define also the Banach space
wrO(Q) = {u e LPO(Q) : |[Vu| € LFO(Q)},

endowed with the norm

(2.1)

1 1
§(7+7) u MU p(- SQ u NV () s
P lwllpeyllollpr ey < 2llullpeyllvlly

[ullpc) = llullwree @) = lullpey + IVallp)-
The space (WP0)(Q), llul[1,p(.y) is @ Banach space. while
Wo P (@) = {u e WHO(Q) : u =0 on 9},
is Sobolev space with zero boundary values endowed with the norm || - || ;.. The

space WO1 P (‘)(Q) is separable and reflexive provided that 1 < p~ < p™ < +o0.
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The smooth functions (i.e. D(2)) are in general not dense in Wol’p(')(ﬂ), but if
the exponent variable p(-) > 1 satisfy the logarithmic Holder continuity condition

(1.5) then D(R2) are dense in Wol’p(i)(Q).
For u € I/VO1 P (')(Q) with p € C4(Q), the Poincaré inequality holds

(2.2) ||qu(~) < CHVUHP(')’

for some C' > 0 which depends on Q and p(-). Therefore, ||Vu||,.) and |Jul|; 5. are
equivalent norms.
Our treatment requires to use the following results:

Proposition 1 ([6]). If (u,),u € LPO)(Q) and p* < +oo, then the following
properties hold:

ltllpiy <1 (resp. =1.> 1) <= pyy(u) < 1 (resp. =1,> 1),
min () (u) 7% ,p,,<>< )*-><||u||p><max( W
. - +

min (a2, ull2)) < oy () < masx (Jlull2 Hull,’;(.)),

[ullpey < ppey(u) +1,
|t — ullpy = 0 <= pp()(tun —u) — 0.

Remark 2.1. As in [7], the following inequality

/ Ju|P@ da < C/ | DulP® du,
Q Q

in general does not hold. So, thanks to Proposition 1 and (2.2), we get the following
inequality which will be used later

(23)  min{|Dull’, ;| Dull7f, } < / fu(@)|"®) de < max{||Dull%,: | Dull%;, ).

p()
We need an important embedding as follows

Lemma 2.2 (Sobolev embedding). Let Q € RY be an open bounded set with Lip-
schitz boundary and assume that p : Q — (1, N) satisfy the logarithm Holder conti-
nuity condition (1.5). Then we have the following continuous embedding:

whrO(Q) — LP"O(Q),

* () — Np(-)
where p*(-) = 772 p0)-
For the notion of weak solutions to problem 1.1, we will use through this work,
the truncation function T} at height k& (k > 0) and the associated function which
denoted by

(2.4) T},(t) = min {k, max{—k, t}}, Gi(t) =t — Ti(1)
It is obvious that T} is Lipschitz functions satisfying |Tx(t)| < k.

Throughout this work, C always indicate any non-negative constant which de-
pends only on data and whose value may change from line to line.
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3. MAIN RESULT:

Definition 3.1. If f € L™(2) with m > 1, by a weak solution of the problem 1.1
we mean a function u € Wol’p(')(Q) such that

(3.1)

F(u)|[Du["7" € L7O(Q)

and the integral identity

(3.2)

/ A(z) |[DulP' "2 Du - Dy dx + / F(u) [Du|"™ ™% Du - Dy dx = / fodx
Q Q Q

holds for every ¢ € Wol’p(‘)(ﬂ).

We have the following theorem:

Theorem 3.2. Under the assumptions (1.2)-(1.5). If f € L™)(Q) with m(-) > 2~

then

p()
the problem 1.1 has at least one solution u € Wol"p(')(Q) NL>®(Q).

The idea of the proof of Theorem 3.2: The proof is based on three steps: First, we
introduce a suitable sequence of problems approximating. In addition, we establish
some priori estimates for the solutions of the problem 1.1. Finally, we pass to the

limit

(1]

in the approximate problems.

REFERENCES

H. Abdelaziz; Singular Elliptic Equations with Variable Exponents. Int. J. Math. And Appl.,
11(4): (2023) 141-168.

H. Abdelaziz and F. Mokhtari; Nonlinear anisotropic degenerate parabolic equations with
variable exponents and irregular data, J. Ellip. Para. Equa. 8 (2022) 513-532.

F. Achhoud and G.R. Cirmi; Regularity results for an anisotropic nonlinear Dirichlet prob-
lem. Complex Variables and Elliptic Equations, (2024) 1-22.

L. Boccardo and G.R. Cirmi ; Regularizing effect in some Mingione’s double phase problems
with very singular data. Math Eng. 5(3): (2022) 1-15.

[5] Y. Chen, S. Levine, and M. Rao; Variable exponent, linear growth functionals in image

(6]
[7]
(8]

(9]

restoration. SIAM J. Appl. Math. 66 (2006) 1383-1406.

L. Diening, P. Hasto, T. Harjulehto, and M. Ruzicka; Lebesque and Sobolev spaces with vari-
able exponents, Lecture Notes in Mathematics, Vol. 2017, Springer-Verlag, Berlin, (2011).
X. L. Fan and D. Zhao; On the spaces LP(®)(U), and W™P(®) (1), J. Math. Anal. Appl.,
263 (2001) 424-446.

F. Mokhtari, K. Bachouche, and H. Abdelaziz; Nonlinear elliptic equations with variable
exponents and measure or L™ data, J. Math. Sci. 35 (2015) 73-101.

G. Stampacchia, Le probléme de Dirichlet pour les équations elliptiques du second ordre a
coefficients discontinus. Ann. Inst. Fourier (Grenoble), 15 (1965) 189-258.

UNIVERSITY OF M’SILA, UNIVERSITY POLE, ROAD BORDJ BOU ARRERIDJ, M’SiLA 28000, AL-
GERIA.
E-mail address: abdelaziz.hellal@univ-msila.dz



