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Neumann boundary value problems in anisotropic Sobolev
spaces with variable exponents

H. Abdelaziz

Laboratory of Functional Analysis and Geometry of Spaces, University of Msila,
University Pole, Road Bordj Bou Arreridj, Msila 28000, Algeria.

abdelaziz.hellal@univ-msila.dz

Mots-clés : Anisotropic Sobolev space, variable exponent, Neumann elliptic problem, weak
solutions, existence, uniqueness, trace theorem.

1 Introduction
One of our work’s novelty is that we examine a problem with a nonlinear term on the

boundary, for which a trace theorem must be introduced and proven. More specifically, we
examine the problem :

−
N∑

i=1
∂xiai (x, ∂xiu) + b(x)|u|pM (x)−2u = f(x, u) in Ω,

u ≥ 0 in Ω,
N∑

i=1
ai (x, ∂xiu) νi = g(x, u) on ∂Ω.

(1)

Here Ω ⊂ RN is a bounded open set with smooth boundary, νi, i ∈ {1, . . . , N}, are the
components of the outer normal unit vector, and ai : Ω × R → R, i ∈ {1, . . . , N}, are the
Carathéodory functions characterized by :

(A1) There exists a positive constant c̄i such that ai satisfies the growth condition

|ai(x, s)| ≤ c̄i(di(x) + |s|pi(x)−1),

for all x ∈ Ω and s ∈ R, where di ∈ Lp′
i(·)(Ω) (with 1/pi(x)+1/p′

i(x) = 1), is a nonnegative
function.

(A2) If we denote by Ai : Ω × R → R,

Ai(x, s) =
∫ s

0
ai(x, t)dt,

then the following inequalities hold :

|s|pi(x) ≤ ai(x, s)s ≤ pi(x) Ai(x, s),

for all x ∈ Ω and s ∈ R.
(A3) ai is fulfilling

(ai(x, s) − ai(x, t))(s − t) > 0,

for all x ∈ Ω and s, t ∈ R with s ̸= t ;.



The operator presented above is the anisotropic variable mean curvature operator
N∑

i=1
∂xi

[(
1 + |∂xiu|2

)(pi(x)−2)/2
∂xiu

]
.

In our case, →
p : Ω → RN , →

p (x) = (p1(x), p2(x), ...pN (x)) with pi ∈ C+(Ω), i ∈ {1, ..., N}, and
for all x ∈ Ω we put

pM (x) = max{p1(x), . . . , pN (x)} and pm(x) = min{p1(x), . . . , pN (x)}.

In addition, for the Carathéodory functions f : Ω × R → R and g : ∂Ω × R → R, we consider
the antiderivatives F : Ω × R → R

F (x, s) =
∫ s

0
f(x, t)dt,

respectively G : ∂Ω × R → R
G(x, s) =

∫ s

0
g(x, t)dt.

Under the previous notation, the functions →
p , b, f and g satisfy the conditions :

(B) b ∈ L∞(Ω) and there exists b0 > 0 such that b(x) ≥ b0 for all x ∈ Ω.
(F) There exist a positive constant k1 and q ∈ L∞

+ (Ω) with q+ < p−
m, such that

|f(x, s)| ≤ k1
(
1 + |s|q(x)−1

)
,

for all x ∈ Ω and s ∈ R.
(G) There exist a positive constant k2 and r ∈ C(Ω) with r+ < minx∈∂Ω{p∂

1(x), . . . , p∂
N (x)}

and r+ < p−
m, such that

|g(x, s)| ≤ k2
(
1 + |s|r(x)−1

)
,

for all x ∈ ∂Ω and s ∈ R.
Note that by adding the following assumptions

(F0) f is fulfilling the monotonicity condition

(f(x, s) − f(x, t))(s − t) < 0,

for all x ∈ Ω and s, t ∈ R with s ̸= t.
(G0) g is fulfilling the monotonicity condition

(g(x, s) − g(x, t))(s − t) < 0,

for all x ∈ ∂Ω and s, t ∈ R with s ̸= t.
We can infer that the solution is unique.

2 Main results
We present a trace theorem prior to examining the existence of solutions to issue (1).

Theorem 1 Let Ω ⊂ RN (N ≥ 2) be a bounded open set with smooth boundary and let
→
p ∈

(
C+(Ω)

)N
, r ∈ C(Ω) satisfy the condition

1 ≤ r(x) < min
x∈∂Ω

{p∂
1(x), . . . , p∂

N (x)}, ∀ x ∈ ∂Ω.

Then there is a compact boundary trace embedding

W 1,
→
p (·)(Ω) ↪→ Lr(·)(∂Ω).



Hypotheses (H). We consider Ω ⊂ RN , N ≥ 2, to be a bounded open set with smooth
boundary and →

p ∈
(
C+(Ω)

)N
. We assume that for all i ∈ {1, . . . , N}, the applications ai, f :

Ω×R → R, g : ∂Ω×R → R are Carathéodory functions satisfying (A1) - (A3), (F), respectively
(G), and b : Ω → R satisfies (B).

Theorem 2 ([12, 1.2 Theorem]) Suppose X is a reflexive Banach space with norm ∥ · ∥X

and let M ⊂ X be a weakly closed subset of X. Suppose Φ : M → R ∪ {∞} is coercive
and (sequentially) weakly lower semi-continuous on M with respect to X, that is, suppose the
following conditions are fulfilled : (i) Φ(u) → ∞ as ∥u∥X → ∞, u ∈ M. (ii) For any u ∈ M ,
any subsequence (um)m in M such that um ⇀ u weakly in X there holds

Φ(u) ≤ lim inf
m→∞

Φ(um).

Then Φ is bounded from below on M and attains its infimum in M .
Here, we give the notion of weak solution.

Définition 1 By a weak solution to problem (1) we understand a function u ∈ W 1,
→
p (·)(Ω)

such that∫
Ω

N∑
i=1

ai (x, ∂xiu) ∂xiϕ dx+
∫

Ω
b(x)|u|pM (x)−2uϕ dx−

∫
Ω

f(x, u)ϕ dx−
∫

∂Ω
g(x, u)ϕ dS = 0, (2)

for all ϕ ∈ W 1,
→
p (·)(Ω).

We use an energetic functional I : W 1,
→
p (·)(Ω) → R to problem (1), which is described by :

I(u) =
∫

Ω

N∑
i=1

Ai (x, ∂xiu) dx +
∫

Ω

b(x)
pM (x)

|u|pM (x) dx −
∫

Ω
F (x, u+) dx −

∫
∂Ω

G(x, u+) dx,

where u+(x) = max{u(x), 0}. We denote by Λ, J : W 1,
→
p (·)(Ω) → R the functionals

Λ(u) =
∫

Ω

N∑
i=1

Ai (x, ∂xiu) dx

and

J(u) =
∫

Ω

N∑
i=1

Ai (x, ∂xiu) dx +
∫

Ω

b(x)
pM (x)

|u|pM (x) dx = Λ(u) +
∫

Ω

b(x)
pM (x)

|u|pM (x) dx.

We remind the following result.

Lemma 1 (see [8, Lemma 3.4]) The functional Λ is well-defined on : W 1,
→
p (·)(Ω). In addition,

the functional Λ is of class C1(W 1,
→
p (·)(Ω),R) and

⟨Λ′(u), ϕ⟩ =
∫

Ω

N∑
i=1

ai(x, ∂xiu)∂xiϕ dx,

for all u, ϕ ∈: W 1,
→
p (·)(Ω).

Due to Lemma 1, a standard calculus leads to the fact that I is well-defined on : W 1,
→
p (·)(Ω)

and I ∈ C1(W 1,
→
p (·)(Ω),R) with the derivative given by

⟨I ′(u), ϕ⟩ =
∫

Ω

N∑
i=1

ai (x, ∂xiu) ∂xiϕ dx+
∫

Ω
b(x)|u|pM (x)−2uϕ dx−

∫
Ω

f(x, u)ϕ dx−
∫

∂Ω
g(x, u)ϕ dS,

for all u, ϕ ∈ W 1,
→
p (·)(Ω). Obviously, the critical points of I are weak solutions to (1), so, by

means of Theorem 2, we intend to establish the existence of critical points in order to deduce
the existence of weak solutions. Our second main result is the following.



Theorem 3 If hypotheses (H) are fulfilled, then there exists a weak solution to problem (1).

For the proof of Theorem 3 we show that our energetic functional I fulfils the hypotheses of
Theorem 2. The uniqueness of the solution is established below.

Theorem 4 The weak solution to problem (1) is unique if the conditions (F0), (G0), and the
hypothesis (H) are fulfilled.
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Introduction:

q Problem with a nonlinear term on the boundary


−

N∑
i=1

∂xiai (x, ∂xiu) + b(x)|u|pM(x)−2u = f(x, u) in Ω,

u ≥ 0 in Ω,
N∑

i=1
ai (x, ∂xiu) νi = g(x, u) on ∂Ω.

(1)

Here Ω ⊂ RN is a bounded open set with smooth boundary, νi,
i ∈ {1, . . . ,N}, are the components of the outer normal unit vector.
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ai : Ω× R → R, i ∈ {1, . . . ,N}, are the Carathéodory functions
characterized by:

∃c̄i > 0, |ai(x, s)| ≤ c̄i(di(x) + |s|pi(x)−1), (2)

for all x ∈ Ω and s ∈ R, where di ∈ Lp′
i (·)(Ω) (with

1/pi(x) + 1/p′i(x) = 1), is a nonnegative function.

If we denote by Ai : Ω× R → R,

Ai(x, s) =
∫ s

0
ai(x, t)dt, then |s|pi(x) ≤ ai(x, s)s ≤ pi(x) Ai(x, s),

(3)
for all x ∈ Ω and s ∈ R.

ai is fulfilling:

(ai(x, s)− ai(x, t))(s − t) > 0, ∀x ∈ Ω, and s, t ∈ R, s ̸= t. (4)
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The operator presented above is the anisotropic variable mean
curvature operator

N∑
i=1

∂xi

[(
1 + |∂xiu|2

)(pi(x)−2)/2
∂xiu

]
In our case, →p : Ω → RN, →p (x) = (p1(x), p2(x), ...pN(x)) with
pi ∈ C+(Ω), i ∈ {1, ...,N}, and for all x ∈ Ω we put

pM(x) = max{p1(x), . . . , pN(x)} and pm(x) = min{p1(x), . . . , pN(x)}.
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In addition, for the Carathéodory functions f : Ω× R → R and
g : ∂Ω× R → R, we consider the antiderivatives F : Ω× R → R

F(x, s) =
∫ s

0
f(x, t)dt,

respectively G : ∂Ω× R → R

G(x, s) =
∫ s

0
g(x, t)dt.

where C+(Ω) = {h ∈ C(Ω) : infx∈Ω h(x) > 1}
h+ = supx∈Ω h(x) and h− = infx∈Ω h(x).

h∂(x) =
{

(N − 1)h(x)/[N − h(x)] if h(x) < N,
∞ if h(x) ≥ N.
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Under the previous notation, the functions →p , b, f and g satisfy the
conditions:

b ∈ L∞(Ω), ∃b0 > 0 : b(x) ≥ b0, ∀x ∈ Ω. (5)

∃k1 > 0, q ∈ L∞
+ (Ω), q+ < p−m : |f(x, s)| ≤ k1

(
1 + |s|q(x)−1

)
,

(6)
for all x ∈ Ω and s ∈ R.

∃k2 > 0 and r ∈ C(Ω), r+ < minx∈∂Ω{p∂1(x), . . . , p∂N(x)}, r+ < p−m :

|g(x, s)| ≤ k2
(

1 + |s|r(x)−1
)
, (7)

for all x ∈ ∂Ω and s ∈ R.
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Note that we can deduce the uniqueness of the solution by adding
the following assumptions:

f is the monotonicity condition:

(f(x, s)− f(x, t))(s − t) < 0, (8)

for all x ∈ Ω and s, t ∈ R with s ̸= t.

g is fulfilling the monotonicity condition

, (g(x, s)− g(x, t))(s − t) < 0, (9)

for all x ∈ ∂Ω and s, t ∈ R with s ̸= t.
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Variable exponent spaces:

For any measurable subset Ω ⊂ RN, N ≥ 2, with 0 < |Ω| < ∞, we
consider p ∈ C+(Ω).

The continuous embedding: [1]
If 0 < |Ω| < ∞ and p1, p2 ∈ C(Ω;R), 1 < p−i ≤ p+i < ∞
(i = 1, 2), are such that p1 ≤ p2 in Ω, then the embedding
Lp2(·)(Ω) ↪→ Lp1(·)(Ω) is continuous.

Hölder-type inequality: [1]∣∣∣∣∫
Ω

u(x)v(x) dx
∣∣∣∣ ≤ 2 ∥u∥Lp(·)(Ω)∥v∥Lp′(·)(Ω)

for all u ∈ Lp(·)(Ω) and v ∈ Lp′(·)(Ω).
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The connection between the p(·)-modular and ∥u∥Lp(·)(Ω): [3]

If u ∈ Lp(·)(Ω) and p < ∞ then,

∥u∥Lp(·)(Ω) < 1 (= 1; > 1) ⇔ ρΩ, p(·)(u) < 1 (= 1; > 1)

∥u∥Lp(·)(Ω) > 1 ⇒ ∥u∥p−

Lp(·)(Ω)
≤ ρΩ, p(·)(u) ≤ ∥u∥p+

Lp(·)(Ω)

∥u∥Lp(·)(Ω) < 1 ⇒ ∥u∥p+

Lp(·)(Ω)
≤ ρΩ, p(·)(u) ≤ ∥u∥p−

Lp(·)(Ω)

∥u∥Lp(·)(Ω) → 0 (→ ∞) ⇔ ρΩ, p(·)(u) → 0 (→ ∞).

If, in addition, (un)n ⊂ Lp(·)(Ω), then

lim
n→∞

∥un − u∥Lp(·)(Ω) = 0 ⇔ lim
n→∞

ρΩ, p(·)(un − u) = 0 ⇔

⇔ (un)n converges to u in measure and lim
n→∞

ρΩ, p(·)(un) = ρΩ, p(·)(u).
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The trace theorem for the isotropic case: [2]
Let Ω ⊂ RN, N ≥ 2, be a bounded open set with smooth boundary.
Suppose that p ∈ C+(Ω) and r ∈ C(Ω) satisfy the condition

1 ≤ r(x) < p∂(x), ∀ x ∈ ∂Ω.

Then there is a compact boundary trace embedding
W1,p(·)(Ω) ↪→ Lr(·)(∂Ω).
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Next, we consider the space W1,→p (·)(Ω), where →p : Ω → RN is the
vectorial function

→p (·) = (p1(·), ..., pN(·))

and pi ∈ C+(Ω) for all i ∈ {1, . . . ,N}. The anisotropic variable
exponent Sobolev space is defined by

W1,→p (·)(Ω) = {u ∈ LpM(·)(Ω) : ∂xiu ∈ Lpi(·)(Ω), i ∈ {1, . . . ,N}}
= {u ∈ L1

loc(Ω) : u ∈ Lpi(·)(Ω), ∂xiu ∈ Lpi(·)(Ω)}

endowed with the norm

∥u∥W1,→p (·)(Ω)
= ∥u∥LpM(·)(Ω) +

N∑
i=1

∥∂xiu∥Lpi(·)(Ω) .
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The space

(
W1,→p (·)(Ω), ∥ · ∥W1,→p (·)(Ω)

)
is a reflexive Banach space

and the following embedding theorem takes place.

The compact embedding for the anisotropic case:[1]
Let Ω ⊂ RN be a bounded open set and for all i ∈ {1, . . . ,N},
pi ∈ L∞(Ω), let pi(x) ≥ 1 a.e. in Ω. Then for any q ∈ L∞(Ω) with
q(x) ≥ 1 a.e. in Ω such that

ess inf
x∈Ω

(pM(x)− q(x)) > 0

we have the compact embedding

W1,→p (·)(Ω) ↪→ Lq(·)(Ω).

Note that since p−i > 1, W1,→p (·)(Ω) ↪→ W1,1(Ω) continously and
by the Gagliardo trace theorem W1,1(Ω) ↪→ L1(∂Ω) compactly,
with Ω ⊂ RN being a bounded open set with smooth boundary.
Hence for u ∈ W1,→p (·)(Ω) the trace has definite meaning.

H. Abdelaziz [University of M’sila] CNMT2A2025



Introduction Variable exponent spaces Main results Proof of the main results Conclusion-Perspectives Some references13/33
Result 1

Theorem 1 [2]
Let X be a reflexive Banach space, and let f : M ⊆ X → R be
Gâteaux differentiable over the closed, convex set M. Then the
following conditions are equivalent:
(i) f is convex over M.
(ii) We have

f(u)− f(v) ≥ ⟨f′(v), u − v⟩X⋆×X ∀ u, v ∈ M,

where X⋆ denotes the dual of the space X.
(iii) The first Gâteaux derivative is monotone, that is,

⟨f′(u)− f′(v), u − v⟩X⋆×X ≥ 0, ∀ u, v ∈ M.

(iv) The second Gâteaux derivative of f exists and it is positive,
that is,

⟨f′′(u) ◦ v, v⟩X⋆×X ≥ 0, ∀ v ∈ M.
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Result 2

Theorem 2 [4]
Suppose X is a reflexive Banach space with norm ∥ · ∥X and let
M ⊂ X be a weakly closed subset of X. Suppose
Φ : M → R ∪ {∞} is coercive and (sequentially) weakly lower
semi-continuous on M with respect to X, that is, suppose the
following conditions are fulfilled:
(i) Φ(u) → ∞ as ∥u∥X → ∞, u ∈ M.
(ii) For any u ∈ M, any subsequence (um)m in M such that
um ⇀ u weakly in X there holds

Φ(u) ≤ lim inf
m→∞

Φ(um).

Then Φ is bounded from below on M and attains its infimum in M.
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The trace theorem for the anisotropic case: [2]
Let Ω ⊂ RN (N ≥ 2) be a bounded open set with smooth
boundary and let →p ∈

(
C+(Ω)

)N, r ∈ C(Ω) satisfy the condition

1 ≤ r(x) < min
x∈∂Ω

{p∂1(x), . . . , p∂N(x)}, ∀ x ∈ ∂Ω.

Then there is a compact boundary trace embedding

W1,→p (·)(Ω) ↪→ Lr(·)(∂Ω).

The proof of this theorem is based on the trace theorem for the
isotropic case, the Gagliardo trace theorem, and the previous
continuous embedding.
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Main results:

Hypotheses (H)
We consider Ω ⊂ RN, N ≥ 2, to be a bounded open set with
smooth boundary and →p ∈

(
C+(Ω)

)N. We assume that for all
i ∈ {1, . . . ,N}, the applications ai, f : Ω× R → R,
g : ∂Ω× R → R are Carathéodory functions satisfying (2)-(4), (6),
respectively (7), and b : Ω → R satisfies (5).

The notion of weak solution

A function u ∈ W1,→p (·)(Ω) is a weak solution to problem 1 if∫
Ω

N∑
i=1

ai (x, ∂xiu) ∂xiϕ dx +
∫
Ω

b(x)|u|pM(x)−2uϕ dx

−
∫
Ω

f(x, u)ϕ dx −
∫
∂Ω

g(x, u)ϕ dS = 0, for all ϕ ∈ W1,→p (·)(Ω).
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Existence Theorem
If hypotheses (H) are fulfilled, then there exists a weak solution to
the problem 1.

Uniqueness Theorem
If, in addition to the hypotheses (H), the conditions (8), (9) are
fulfilled, then the weak solution to the problem 1 is unique.
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Strategy of the proof of the existence theorem:

q We determine the energetic functional Φ associated with the
problem 1.

q We show that the energetic functional Φ fulfills the
hypotheses of Result 2 (Theorem 2).

For the problem 1 we associate an energetic functional
Φ : W1,→p (·)(Ω) → R, defined by

Φ(u) =
∫
Ω

N∑
i=1

Ai (x, ∂xiu) dx +
∫
Ω

b(x)
pM(x) |u|

pM(x) dx −
∫
Ω

F(x, u+) dx

−
∫
∂Ω

G(x, u+) dx,

where u+(x) = max{u(x), 0}.
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We denote by T, J : W1,→p (·)(Ω) → R the functionals

T(u) =
∫
Ω

N∑
i=1

Ai (x, ∂xiu) dx

and

J(u) =
∫
Ω

N∑
i=1

Ai (x, ∂xiu) dx +
∫
Ω

b(x)
pM(x) |u|

pM(x) dx = T(u)

+

∫
Ω

b(x)
pM(x) |u|

pM(x) dx.
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Lemma 1 [4]

The functional T is well-defined on W1,→p (·)(Ω). In addition, the
functional T is of class C1(W1,→p (·)(Ω),R) and

⟨T′(u), ϕ⟩ =
∫
Ω

N∑
i=1

ai(x, ∂xiu)∂xiϕ dx,

for all u, ϕ ∈ W1,→p (·)(Ω).
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Due to this Lemma 1, a standard calculus leads to the fact that Φ
is well-defined on W1,→p (·)(Ω) and Φ ∈ C1(W1,→p (·)(Ω),R) with the
derivative given by

⟨Φ′(u), ϕ⟩ =
∫
Ω

N∑
i=1

ai (x, ∂xiu) ∂xiϕ dx +
∫
Ω

b(x)|u|pM(x)−2uϕ dx

−
∫
Ω

f(x, u)ϕ dx −
∫
∂Ω

g(x, u)ϕ dS,

for all u, ϕ ∈ W1,→p (·)(Ω). Obviously, the critical points of Φ are
weak solutions to the problem 1, so, by means of Result 2
(Theorem 2), we establish the existence of critical points in order
to deduce the existence of weak solutions.
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To this end, we proceed with the following lemma.

Lemma 2
q If hypotheses (H) are fulfilled, then the functional Φ is

coercive.
q If hypotheses (H) are fulfilled, then the functional Φ is weakly

lower semi-continuous.
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For the coercivity of Φ, we use (3) to get

T(u) ≥ 1
p+M

N∑
i=1

∫
Ω
|∂xiu|pi(x).

By the connection between the pi(·)-modular and ∥u∥Lp(i·)(Ω), (5),
(6), and the compact embedding for the anisotropic case, we
deduce that

T(u) ≥ 1
p+M

 1
Np−

m−1

( N∑
i=1

∥∂xiu∥Lpi(·)

)p−
m

− N

 .

It follows from the two cases corresponding to the values of
∥u∥LpM(·) that there exists k̃0, k̃3 > 0 such that

J(u) ≥ k̃0∥u∥p−
m − k̃3.

and there exists k̃1 > 0 such that∫
Ω

F(x, u+) dx ≤ k̃1∥u∥q+
.
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Using hypothesis (7) and the trace theorem for the anisotropic
case, by similar arguments we obtain the existence of a positive
constant k̃2 such that∫

Ω
G(x, u+) dx ≤ k̃2∥u∥r+ ,

Putting together the previous inequalities, we arrive at

Φ(u) ≥ k̃0∥u∥p−
m − k̃1∥u∥q+ − k̃2∥u∥r+ − k̃3.

Knowing that q+, r+ < p−m, we find that Φ(u) → ∞ when
∥u∥ → ∞, hence Φ is coercive.
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Now, we show that Φ is weakly lower semi-continuous.
According to Brezis [1], to show that J is weakly lower
semi-continuous, it is enough to prove that J is lower
semi-continuous. By (4) and Result 1 (Theorem 1) with ε > 0, we
deduce that

J(v) ≥ J(u)+
N∑

i=1

∫
Ω

ai(x, ∂xiu)(∂xiv−∂xiu) dx+
∫
Ω

b(x)|u|pM(x)−2u(v−u) dx.

Using (2), (5), the Hölder-type inequality, and the connection
between the pi(·)-modular and ∥u∥Lp(i·)(Ω), we deduce that there
exists C > 0 such that

J(v) ≥ J(u)− C∥v − u∥ ≥ J(u)− ε,

for all v ∈ W1,→p (·)(Ω) with ∥v − u∥ < δ = ε/C. Therefore, J is
weakly lower semi-continuous.
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Next, we denote

w1(u) =
∫
Ω

F(x, u) dx and w2(u) =
∫
∂Ω

G(x, u) dx.

Then w′
1, w′

2 : W1,→p (·)(Ω) → (W1,→p (·)(Ω)))⋆ are completely
continuous, that is, if un ⇀ u, then w′

1(un) → w′
1(u) and

w′
2(un) → w′

2(u). Hence the functionals w′
1, w′

2 are weakly
continuous and, since J is weakly lower semi-continuous, we
conclude that Φ is weakly lower semi-continuous.
Finally, the proof of the existence theorem follows directly from
Lemma 2 and Result 2 (Theorem 2).
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Proof of the uniqueness theorem

We suppose there exist two weak solutions to problem 1, that is,
u1 and u2. We replace the solution u by u1 in the definition of
weak solution and we choose ϕ = u1 − u2. Then∫
Ω

N∑
i=1

ai (x, ∂xiu1) ∂xi(u1−u2) dx+
∫
Ω

b(x)|u1|pM(x)−2u1(u1−u2) dx

−
∫
Ω

f(x, u1)(u1 − u2) dx −
∫
∂Ω

g(x, u1)(u1 − u2) dx = 0.

Next, we replace the solution u by u2 in the definition of weak
solution and we choose ϕ = u2 − u1. We have∫
Ω

N∑
i=1

ai (x, ∂xiu2) ∂xi(u2−u1) dx+
∫
Ω

b(x)|u2|pM(x)−2u2(u2−u1) dx

−
∫
Ω

f(x, u2)(u2 − u1) dx −
∫
∂Ω

g(x, u2)(u2 − u1) dx = 0.
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By combining the previous two equalities we obtain∫
Ω

{ N∑
i=1

[ai (x, ∂xiu1)− ai (x, ∂xiu2)] (∂xiu1 − ∂xiu2)

}
dx

+

∫
Ω

b(x)
[
|u1|pM(x)−2u1 − |u2|pM(x)−2u2

]
(u1 − u2) dx

−
∫
Ω
[f(x, u1)− f(x, u2)] (u1 − u2) dx

−
∫
∂Ω

[g(x, u1)− g(x, u2)] (u1 − u2) dx = 0.

By (4), (8) and (9), all the terms in the above equality are positive
unless u1 = u2, and this yields the uniqueness of the solution.
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Conclusion and perspectives


−

N∑
i=1

∂xiai (x, ∂xiu) + b1(x)|u|pM(x)−2u = f(x, u) + b2(x) in Ω,

u ≥ 0 in Ω,
N∑

i=1
ai (x, ∂xiu) νi = g(x, u) on ∂Ω,

where Ω, ai, b1,
→p , f, g satisfy hypotheses (H) and b2 ∈ L∞(Ω).
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