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Abstract

In this work, we prove existence and regularity of weak solutions for a class of

nonlinear elliptic equations with variable exponents and measure or L™ data,
with m being small. The functional setting involves Lebesgue-Sobolev spaces
with variable exponents.

1. Introduction

This work is devoted to the study of the nonlinear elliptic problem

{_ div(a (v, u, D))=y,  inQ, (P)

u=0, on 0Q,
where Q is a bounded open subset of RY(N > 2) with Lipschitz
boundary 0Q, the right-hand side p e M(Q) is a Radon’s bounded
measure on Q or in L™, and a:OxRxRY SRY is a Carathéodory

function and satisfying, a.e. x € Q and Vu €e R and Vg, &' ¢ RV, the

following:
a(x, u, E_,)&Z(xﬁp(') ,oau &)=(ap, ..., ay ); (1.1)
|a (x, u, §)|sﬁ(h+|14p(')‘1 +|zy’<~>-1); (1.2)
(a,ud-a( ut))E-8)>0 &x¢, (1.3)

where a, B are strictly positive real numbers, A is a given positive
function in Lp'(‘)(Q), and the variable exponent p(.): Q — (1, + «) is
continuous function such that

1

2-N

< p(x) < N, forall xeQ. (1.4)
As a prototype example, we consider the model problem
~ div(|pyP™2Du)= 5, in B,

(1.5)
u =0, on 0B,
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where § is the Dirac measure at the origin, p(.) asin (1.4), and

B={xeRY ||z <1}.

Variable exponents involve today in various branches of applied
science. In some cases, they provide realistic models for the study of
natural phenomena in electro-rheological fluids and an important
applications are related to image processing. We refer the reader to
([6], [13], [14], [15]) and the references therein. Clearly, the nonlinearity
of (1.5) is more complicated than nonlinearity of the p-Laplacian. As the
exponent which appear in (1.5) depends on the variable x, the functional

setting involves Lebesgue and Sobolev spaces with variable exponent

1”Y(Q) and W(}’p(')(Q). In particular, if a (x, u, &)= a (), with a (&)

the vector field whose components are |£|” (-2 ¢ and p(.) is a continuous

1

N the existence of renormalized

function on Q such that p(.) > 2 -

solution for an elliptic problem with L' data on Q, was proved in [2].
Under the additional hypothesis that the exponent variable p(.) > 1 is

log-Hoélder continuous, that is,

M
iM > 0 : |p(x) - <———F——Vx #yeQsuch that [x —y| <1/2,
Ip(x) - p(y)| (e — ) y e -yl <1/

(1.6)

the existence and uniqueness of both entropy solutions and renormalized

solutions for the p(x)-Laplacian equation with a signed measure in
HO) + W‘l’p'(')(Q), is proved in [17]. Remark here that the Dirac mass

is note in LYQ)+ W_l’p’(')(Q), and there is a counterexample in [5]

showing why the definition of the entropy solution is note suitable for

uniqueness if the right-hand side p = 8. If the variable exponent p(.)
satisfies the log-Holder continuity condition (1.6), p e L}(Q), and the

function a is independent of u, similar results for the notion of entropy
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solution are established in ([16], [18]). When the boundary value
condition is a Neumann boundary condition in the context of variable
exponent and p e L}(Q), the existence and uniqueness of weak and

entropy solution of class of elliptic equations has been proved in [3]. An

existence result of a renormalized solution for the p(x)-Laplacian
equation with Neumann nonhomogeneous boundary conditions and Lt

data is established in [1]. In the constant case p(.)=p > 2 —%, the

existence of a distributional solution u of (P) in the space W& '9(Q) for all

q €1, % ) has been proved in [4]. If the variable exponent p(.) is

assumed to be merely continuous function, the techniques used in [16] (or
in [17]) do not work. Therefore, the study of problem (P) is a new and
interesting topic. Inspired by [2], we prove the existence of weak solution
for the problem (P) with right-hand side is measure, and the variable

exponent p(.) as in (1.4). We prove also, the existence result for the

problem (P) when the datum p is assumed to be in L™(Q) with p : Q —

(1, ) is a continuous function and

1 1 —
1+E—N<p(x)<N, for all x € Q, 1.7

where

Np(x)

, for all x e Q. 1.8
No) - N + p®) (1.8)

l1<m«<

The main steps of the proof consist of obtaining uniform estimates for
suitable approximate problems and then passing to the limit. There are

essentially two difficulties introduced in treating nonlinear elliptic
operators Au=—div(a (x, u, Du)) instead of the Laplacian with variable

exponents. The first one is to obtain uniform estimates on the solution u
and the gradients Du. The second difficulty is to pass to the limit when

the nonlinearity of A depends on u« and Du.
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2. Mathematical Preliminaries

In this section, we first recall some facts on variable exponent spaces
Lp(')(Q). We refer to ([7], [9]) and the references therein, for further

properties of variable exponent Lebesgue-Sobolev spaces.

Let p: Q — [1, ©) be a continuous function. We denote by L (')(Q)

the space of measurable function f(x) on Q such that
pp()(f) = JQ|f(x)|p(x)dx < 4o0.
The space L” (‘)(Q) equipped with the norm
My = Wliponay = nfla > 01 o, /) 1)

becomes a Banach space. Moreover, if p~ = h% p(x) > 1, then L? (‘)(Q) is
xXe

reflexive and the dual of L” (')(Q) can be identified with Lpl(')(Q), where

1 ,L = 1. For any u e I?Y(Q) and v e LZV(Q), the Holder type
p(x)  p'(x)
inequality
1 1
Jmo e = (e Wty = Al ol
Q - p p()™lp'() p()™Ip'()
holds true.

We define also the Banach space Wol’p (‘)(Q) by
whPO(@) = {f e 1PO(@Q), Df| € LPY(Q) and f = 0 on o),
. 1, p(. .
endowed with the norm ||f||WO1,p(.)(Q) = ||Df||p(_). The space W, PO(Q) is

separable and reflexive provided that with 1 < p~ < p* = sup p(x) < .
xeQ)
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The smooth functions are in general not dense in WO1 P (')(Q), but if the

exponent variable p(.) > 1 satisfies the log-Hé6lder continuity condition

(1.6), then the smooth functions are dense in WO1 P (‘)(Q).

For u e Wol’p(')(Q) with p € C(Q, [1, + »)), the Poincaré inequality
holds (see [10])
for some constant C which depends on Q and the function p.

Lemma 2.1 ([8]). Let Q < RY bean open bounded set, with Lipschitz
boundary, and let p:Q — (1, N) satisfy the log-Hélder continuity

condition (1.6). Then we have the following continuous embedding:
wlrO(Q)o 12 O(Q),

Np()

where p*(.) = Nop0)

The following Lemma will be used later.

Lemma 2.2 ([7]). If (u,),u e Lp(')(Q), then the following relations
hold:

. ||u||p(.) <1>1L=1) e pp) <1 1; = 1);

1 1 1 1
. min(pp(.)(u) v pp(.)(u)p—j < ||u||p(‘) < max(pp(.)(u) 5 Pp()(W) - );

o lull ) < Pp)@) + 1

° |u, - u||p(.) - 0 & ppy(u, —u) >0,

since p* < .
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Remark 2.1. Note that the following inequality:

j Py < CI IDf [P dx,
Q Q

in general does not hold (see [9]). But by Lemma 2.2 and (2.1), we have

[ 1P < ¢ maxio? @2

p(x (Q) " f"Lp(x (Q)

Throughout this paper, we denote by C or C;,i=1,2,... some

generic positive constants independent of n.
3. Statement of Results
Definition 3.1. A function u is a weak solution of problem (P) if
weWlh (@), a(x, u, Du)e (L (@)Y
and

I a(x, u, Du)D(pdxzj ody, VoeCy (Q).
o) o)

Our main results are the following:

Theorem 3.1. Let p € M(Q) and assume that p(.) is restricted as in
(1.4). Let a be a Carathéodory function satisfying (1.1)-(1.3). Then the

problem (P) has at least one weak solution u < W(}’q(‘)(Q), where q(.) is a

continuous function on Q satisfying

1<qx)< % for all x € Q. (3.1)

Now, we will improve the regularity of p to obtain more summability

of the gradients of solutions of (P).
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Theorem 3.2. Let ue L™(Q) and assume that p(.) and m are
restricted as in (1.7)-(1.8). Let a satisfying (1.1)-(1.3). Then the problem
(P) has at least one weak solution u e W&’Q(')(Q), where q(.)
continuous function on Q satisfying

1<q(x)< W, for all x € Q. (3.2)

Proof of Theorem 3.1. The proof needs three steps.
Step 1: Approximation.

Let (p,) be a sequence of Cy(Q) which converges to p e M(Q) in
D'(Q) and verifies the inequality

Inlz @) < W)y v =1 (3.3)
For u e W(}’p(')(Q), we put

u:—div(a(x, u, Du)).

The operator A maps Wol’p(')(Q) into (W&’p(')(Q)), thanks (1.3) A is
monotone. The growth condition (1.2) implies that A is hemicontinuous,
ie., for all u, v, w e Wol’p(')(Q), the mapping R 5 A > (A(u + Av), w) is
continuous. By (1.1) and Lemma 2.2, we can write

(Au, u) - Pp()(Du)
||u||WOl,p(.)(Q) ||u||W1 0)(q)

minf o7, 0 02 0

"u”W&’p(')(Q)

> o

this prove that A is coercive. The operator A is bounded. In fact, if

ue W&’p(‘)(Q), we get
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Vsl 0] = o [ B+ 1 4w g
o<W (@) Joly P o<1 ~

< (o + P 4 D@
p()-1

using the fact that |y o) SP p()@) +1, we have
[Aul- )] < Ca2 +Cs j . (b7 4 ufP®) 1 | DyP)),

Thus, we get the desired result. A result given in [12] (or see [11]) shows that
A is surjective, and hence there exists a sequence (), .y < Wol’p(’)(Q)

satisfying
J a(x, u,, Du, )De dx = I u,odx, Vo e W&’p(')(ﬂ). (3.4)
Q Q

Step 2: Uniform estimates.

Lemma 3.1. There exists a constant C4 such that

J DT, ()P Pdx < kC,, Wk > 0, (3.5)
Q

where T}, is the function defined by
k, if v>k,
T;.(v) = Jv, if v <k,
-k, if v<-—k.

Proof. Take T} (u,) as a test function in (3.4). We find
[ @Gy Du) DT, @)= 10, T )

<kl -
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Using (1.1) and the fact that T} = T;P*) for all k > 0, we obtain
o j Q|D(un)|l’(x).T,; () dx < K] 70y

so that

j DT}, (u,)|P®dx < kC,, Yk > 0.
Q

O

Lemma 3.2. Let p(.) be a continuous function on Q and & > 1. Then

there exists a constant C(8) > 0 independent of n, such that

| [Du, P

o |un|)6 dx < C(3).

Proof. For fixed 8 > 1, we define the function pgs for all t € R by

L dx
O (1 +|xf)
then we have y5(0) = 0, 0 < p5 <1 and [ps| < 5 i T Taking ys(u, ) as a

test function in (3.4) and using the last fact, we find

p(x)
“ J 2

dx < j I s (2 )| i,
(L +[uy|)° ol T

1
< ﬁjgmnw’%

< ||H||M(Q) .
5-1

So that we have the proof of Lemma 3.2. O
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Lemma 3.3. Let p(.) as in (1.4). Then there exists a constant Cs such

that
"un”W&"I(')(Q) < G5,
for all continuous functions q(.) on Q satisfying (3.1).

Proof. In a first step, let ¢* be a constant satisfying

+<M< - (3.6)

q N -1 b .

Let us apply Holder inequality, and Lemma 3.2, we obtain

q" +
[ D ax = [ APl g, oz
Q a_
(1+|un|)6p7

+
o -

Dul” s VT
< [Igmde .UQ(1+|un|) —= dx]

q+

+ 1=
< cg.UQa+|un|)f3p_"_q+ dxj P

Notice that (3.6) imply ——— < q"" = —. Then there exists

+
8 > 1 such that S_q—+ < ¢**. Using Poincaré-Sobolev inequality
p —q

1_£

j |Dun|qu dx < Cg + C{I |un|q+* dxj P
Q 0

x +
‘I_(l,‘I__)

< Cg+ CSU \Du, |9 dx) @ p
Q
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L0
= Cg+ CSU Du | dxj , (3.7)
Q

N
N -q

where 0 =
+

+
(1- q__ ), by (1.4) we have 0 € (0, 1). We deduce that
p
J' IDu,|?" dx < Cy.
Q

Since |Du,|?%) < |Dun|q+ +1, we get

'[ Du, |1 dx < €.
Q

In particular, there exists a constant C;; > 0 such that
len o) < Cra- (3.8)
In a second step, we suppose that (3.1) hold and

g > N(pi_l)‘
N -1

By the continuity of p(-) and q(-) on Q, there exists a constant & > 0
such that

max  q(t) < min %, for all x € Q. (3.9

te B(x,8)NQ te B(x,3)NQ

Note that Q is compact and therefore we can cover it with a finite

number of balls (B;);_; . Moreover, there exists a constant v > 0 such
that

|Q;| = meas(Q;) > v, Q; :=B;NQ, foralli=1, ...,k (3.10)

We denote by g; the local maximum of ¢ on Q_L (respectively, p; the

local minimum of p on Q_L ), such that
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Npi =) pani=1 .k (3.11)

+
<
di N-1

By Poincaré-Wirtinger inequality, we have
[ @) < G2 | D 5 ©;)° (3.12)
with

N 1 J~ L+ NqZ’
U, =— u, (x)dx, and g¢q =—"—.
S o o " ' N-q;

From (3.8), (3.10), and (3.12), we deduce that
il oy <t =t 15 1 1158™ )
< CraDuy |4 (o) + Cis-
Now, arguing locally as in (3.7), we obtain

N

+
(-1 <1,
N -gq;

bi

9;
J.Qll)unlq:r dx < C14 + C15(J.Q|Dun|ql+dx] , ei =

(3.13)

so that

J' \Du,|% < Cp, foralli=1,..,k
Q;

Knowing that q(x) < ¢ forall x € Q;, andall i =1, ..., k, we get
[ 1w, Wax < €y + jo].
12

so that

k
j [Duy [ < ZIQ IDu,|*®dx = Cyq,
i=1% >
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where C;; is a constant independent of n. This finishes the proof of the

Lemma 3.3. O
Step 3: Passage to the limit.
From Lemma 3.3 together with the continuous embedding

W&’Q(‘)(Q)‘a Wol’qi (Q), we have a subsequence (still denoted (u,,)) such

that
u, ~u weakly in W&’q_ (Q), (3.14)
u, > u strongly in LI (Q), (3.15)
u, >u aein Q, (3.16)
T, (uy)~Tp(w) weakly in  WrPU(Q), (3.17)
T (u,) = T,(u) strongly in Lp(')(Q). (3.18)

To complete the proof, we need the following lemmas:
Lemma 3.4. We have

Du, - Du ae.in Q. (3.19)

Proof. In order to prove this lemma it is sufficient to show that

Du,, - Du in measure. (3.20)
Let & > 0, we set for some ¢ > 0 and k£ > 0, the following sets:
El={xeQu,|>kU{x e u>kUx e, |Du,|>kU{x e, |Dy >k},
Ey ={x eQ, |u, —ul > ¢},
Ey={xeQlu, —u <¢g |u,| <k |u <k, |Du,| <k, |Dy| <k, |Du,, — Du| = A}.
We remark that

{x € Q, |Du, — Du| 2 A} « E; UEy UEj.
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From (3.15), for ¢ > 0 fixed, we see that

meas(Eq) —> 0 as n — +o.

We choose k large enough in order to have meas(E;) arbitrarily small

(this is possible by (3.14)). It remains to control meas(Ej3). Because the

set {|s|, [&1], [£g] < k. [&1 — 5] = A} is a compact set and (s, &) > a (x, s, £)

is continuous for a.e. x € Q, the quantity

(a(x, s &)-a s &))E —&)>0,

reaches its minimum value on this compact set, and we will denote it by

w(x). Consequently, for any n > 0, there exists ' > 0 such that
J- w(x)dx < = meas(E3) < n. (3.21)
Ej

Hence, it is sufficient to show that for any given 1’ > 0 one can produce a

small enough ¢ > 0, such that
I w(x)dx < 1. (3.22)
E3
By the definition of w(x) and Ej3, we can write

IE3w(x)dxsjE3( a(x, u,, Du,)—a (x, u,, Du))(Du, — Du)dx

sj (a(x, u,, Du,)—a(x, u,, Du*))(Du, - Du* )y, (|u, —u* |)dx

{ocs|uy <k, Jul<k}

SI (a(x, U, , Dun)—a(x, u,, Du” ))(Dun—Duk )x8(|un—uk|)dx
Q

<[ a . Duy) DT, (w, ~u)=[ a(u,, D) DI, (u,-u")
Q Q

=Ty - T7 ., (3.23)
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where y, denotes the characteristic function of [0, €] [0, 1]. We begin

with 772

> that we write as

T2 =I a(x, u,, Du" )( Du, - Du* )y, (|u, -u"|)dx
Q
=J. a (x, uf*, Dub ) (DUl - DU )y, (Jult - uF |)da.
Q

Using Lemma 3.1, assumption (1.2), the fact that p* <, and Lebesgue’s

dominated convergence theorem, we obtain

a (up™, Dub )y, (Jup™ —u® ) > a (u", Du )y, (Jut —u])

strongly in 17V (@),
and in view of (3.17), we get
Dufl ~ DUl weakly in  IPU(Q),
so that

lim 72 , :I a (x, "t Dub ) D (WP —ub )y, (|6 -uF ) da
n ’ Q

Therefore, we conclude

lim lim T
e—>0 n

2
2. =0, (3.24)

To estimate 7T ., we choose T, (u, —u* ) as a test function in (3.4), we

n,e>

have
|T,},8| = UgunTs(un —uF)dx| < s||u||M(Q) —>0ase—0 (3.25)

uniformly in n. For ¢ small enough, we have from (3.23), (3.24), and
(3.25) that (3.22) holds, and by (3.21), also that meas(E3) < n. Thus, we

have the convergence of (Du,) to (Du) in measure, which proves the

Lemma. O
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Lemma 3.5. We have

a(x, u,, Du,) - a (x, u, Du) strongly in L9 (Q), (3.26)
. . — N
for some continuous function q(.) : Q — [1, ~N_1 ).

Proof. To prove (3.26), we apply Vitali’s theorem. In one hand, by
(3.16), (3.19) and the fact that a isa Carathéodory function, we have

a(x, u,, Du, ) - a(x, u, Du) ae.in Q.

On the other hand, for all continuous function g(.): Q — [1, % )

and from (1.4), we can choose a continuous function r(.) on Q such that:

Forall x e Q
1<qx) <r(x) < NZ\zl’
B S L
plx)-1 N -1
Therefore, we have
. NeO-1) :
1<r()(p()-1)< N 1 and r(.) < N7 < p'(). (3.27)

Using (1.2), we get that the sequence ( a (x, u,, Du,)), is bounded in

Lr(')(Q). Indeed, we have
I |a (x, u,, Du, )™ dx
Q
< O y(x)l( I s + I [P g I | Dunr(x)(p(x)-l)dx}
Q Q Q

Since r(.) < p'(.), we get

j A dx < j WP @) dx 110 < o,
Q Q
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Using (3.27) together with Lemma 3.3, (2.2), and the Poincaré inequality,

we find

I |un|r(x)(p(x)_1)dx <Cy9 and J |Dun|r(x)(p(x)_l)dx < Cyy,
Q Q

To prove the equi-integrability of a(x, u,, Du,), using the Hoélder’s
inequality and Lemma 2.2 together with the boundedness of

a (v, u,, Du,) in ’V(Q), we obtain

[ 1@ Duy) " dx <2 a .y, Duy) 7 0 10y
E q() q()

< Cyy max{|Eer, B[}, o = —LU__

r()-q()’
which finish the proof of this Lemma. O
Finally, for ¢ € Cy(Q2), we have
IQE (x, u,, Du, ) Dedx = IQ@un (x). (3.28)

Using (3.26), we can pass to the limit for n — 4+ in the weak

formulation (3.28) and we obtain that u is a weak solution for (P). O

Proof of Theorem 3.2. By proceeding as in Theorem 3.1, the proof

needs three steps.

Step 1: Approximation.
By the density property, we can choose a sequence (u, ) = Cg(Q)
u, > p strongly in L™(Q), as n — oo,
such that
Iunllzm @y < IMlpmqy  vn =1 (3.29)

Hence, by the same manner as above, the weak formulation (3.4) holds
true for (u, ) satisfy (3.29).
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Step 2: Uniform estimates.
We prove the following estimates:

Lemma 3.6. Let p(.) as in (1.7), and m as in (1.8). Then, for any

constant 0 < & < 1, there exists a constant Cs independent of n such that

p(x) m m
j D™ e < )1+ U 1+ |un|)(1‘5)mdxj . (3.30)
Q

1+ fuy])°

Lemma 3.7. Let p(.) as in (1.7), m as in (1.8), and p € L™(Q). Then

there exists a constant Cqg such that
lenllw-a0q) < Caz,

for all continuous functions q(.) asin (3.2).

Proof of Lemma 3.6. For any given 0 <3 <1, we define the

function y5 : R -> R by

tod
vs(t) = J' _xS
0 (1 + %)
It’s a clear that
1 1 .
vs(t) = 1- sign(t),
-1 ( @+ |t|)5_1J

where sign(?) denotes the sign of t. Note that ps is a continuous function
satisfies y5(0) = 0, and |pj(-)] < 1. In the same way as in above, we take

vs(w, ) as a test function in (3.4), we obtain
[ e,y Dy )Dvsen)dix = [ sy,

By (1.1) and using Holder’s inequality, we obtain
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Du..|P®)
] e Y Y A T

Q1 +u,|)P

m 17#
< 023(JQ|W5 (uy, )|mdx] )

Since for any 0 < & < 1, |p5(¢) = 1 ! 5 [( |1|)8 - —lj, we have
- 1+))

m

105 )T < 024(1 1+ |un|)<1-5>mj.

So,

1-L 1-L
U Iwza(un)lﬁdxj " 3025[1+U (1+|un|)(1‘5)#dxj ’”J
Q Q

Hence,

p(x) m 1
J D™ 4 < 05[1 n U (1+ |un|)(1_6)mdxj ]
Q

(1 +[uy|)°

O

Proof of Lemma 3.7. Firstly, note that since m >1 and p() is

defined as in (1.7), we get

| . Nm(p(x) -1)

N —m , for all x € Q.

Now, consider the following cases:

Case (a): Let ¢* be a constant satisfying

+t < M (3.31)

9 N-m

Note that the assumption (1.8) implies that
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Nm(p~ -1) _

Using Holder’s inequality with (3.30), we obtain

N
+ Du,,|? a’
[ Dt ae = | APl L el
(1 +[un )
- R
D P —
< J de . J (1+|un|)6 —q_+dx b
3 p —q
Q1+ |uy|) 0

< +

1-L1 + Z
< 05[1 + [Iﬂ(l + |un|)(1_6)ﬁdxj " ]p . [J.Q(l + |un|)8p_q—q+ dx] P

m ( ,}1)% * B
< Cyq|1+ Uﬂ(l +uy, |)(1_5)Fdxj P .[1 + Ug(l +u, |)5p7qfq+ dx]] "

S0,

Du q+dx <
| nl
Q

(1-L)a" - -4
0(1+['[Q(1+|un|)(1‘5)%dxjj " p.(l+“9(1 g )5 o7 de ”.
(3.33)
By (3.31) and (3.32), we get
0< m(p - q+) < 1.

(m-1)g" +m(p~ -q")
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On the other hand, since the inequality m < __Np , 1s equivalent
Np +p -N
Nm(p~ -1) mN N mN
to N —m <mN_N+m,by(3.31),weobtamq <mN—N+m'

This inequality is equivalent to

+
O<1—( Ng j(m—l).
N -q* m

Also, (3.31), is equivalent to

- | N m-1)_ m(p~ -q")
1 [N—q+j( m ) m-1q" +m(p -q") (3.34)

Now, choose & € (0, 1) such that

o — (3.35)
and
_ +
’"(1—15) <qtt= N (3.36)
Notice that (3.35) and (3.36) are, respectively, equivalent to
(m-1g* +m(p~ -q")
and
N
5>1—[ Ng J(m‘l). (3.38)
N -q¢" m

So, a such choice of § € (0, 1) is possible since the inequalities (3.34) hold

true. Therefore, by (3.33), we can write
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o+

+ e

I |Du,|? dx < C27(1 +I (1 +|unl) m—1dxj pop
Q Q

So that

1_L

(1-3)m
J. |Dun|q+dx < C28(1+J. 172 dx) e
Q Q

Taking in consideration (3.36), the last inequality becomes

+

1--4

I |Du,, |q+ dx < C[l +J. |un|q+*dxj mp (3.39)
Q Q

Using Sobolev inequality with ¢™*, we obtain

)
'[ | Du,|? " dx < 029(1 N '[ | Du,, |9 dxj[N-q+ mp”
Q Q

7))
< Cgp + 030( j Q|Dun|q dxj N-g"J\ o), (3.40)

By the fact that

me—2Np N (3.41)
Np -N+p p°

together with the assumption (3.31), this implies that

+
q" <mp~ and O<( N J(l—q J<1.
N-q* mp~

Hence, the estimate (3.40) imply that (Du,, ) is bounded in 5 (Q). Since

| Du, |7) < |Dun|q+ +1, we obtain that (u,) is bounded in WOI’Q(')(Q).

This completes the proof in Case (a).
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Case (b): Let g be a continuous function satisfying (3.2) and

g > Nm(p~ _1)'
N-m

Now, similarly as in proof of Theorem 3.1, we have the following
estimates as in (3.9), (3.10), and (3.11):

In > 0, max 9(¥) < min %, for all x € Q.(3.42)
YeB(x,nNQ YeB(x,nNQ
and
Ip>0, |Q>p, Q=B NQ, forali=1,..,k, (3.43)
and
¥ < Nm(p; -1) foralli =1, ..., k, (3.44)

q; N

where ¢ = max g(x) and p; = min p(x). Using the same arguments as
xeQ); xe);

before locally, we obtain the similar estimate as in (3.39)

+
9

* 1- _
j | Du, |% dx < 031[1+j I, |7 dxj " foralli=1, .., k (3.45)
Q; Q:

1

On the other hand, the Poincaré-Wirtinger inequality gives
+

[t =t 119" () < o | Dty 150 3 (3.46)

where

U, =—— u, dx.
" |Qi| Q; "

Moreover, note that the sequence (u,), is bounded in LHQ). So, from

(3.43), we have

l4n 2 ) < Cas-
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Therefore, by (3.46), we deduce that

4%

A (@) = |t =24 [ Q) + ey N9 (@)

< Cs9|Du, ||Lqi+(gi) +Cyy, foralli=1,...

Thus, using (3.45), we obtain

+

N 1- 9; J

I |Dun|qi+dx < Cgs + 035(". |Dun|q;r dx\J[N_q;rJ[ mp; )
Q Q

By (3.44) and arguing locally as in (3.41), we deduce

+
0<( N +j(1—q—‘]<1,
N -gq; mp;

so that
J' |Du, |% < Csq, foralli=1,...,k
Q;
Recall that
q(x)<qf forall x e Q;, and alli=1,..., k.
So, we get
j | Du, |99 dx < j | Du, |% dix +]Q;] < Cyy.
Q; Q;
i=k
Since Q < U Q; forall i =1, ..., k, we deduce that
i=1

k
IQ|Dun|q(x)dx < ZIQ | Du, |9 dx = Cyg.
i=1" "

This finishes the proof of the Case (b).

97
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To end the proof of Theorem 3.2, we need the following lemmas which

are similar to (3.16), Lemmas 3.4 and 3.5. So, we omit their proofs.
Lemma 3.8.

u, >u and Du, > Du ae in Q.

Lemma 3.9.
a (x, u,, Du, ) —> a (x, u, Du) strongly in 70 (@),

Nm

for some continuous function q : Q —> [1, _
N-m

j, where m is as defined
in (1.8).

Finally, we pass to the limit for n — +o in the weak formulation and

we obtain that u is a weak solution for (P). O

Remark 3.1. Remark that in the constant case and p e L™(Q), we

choose in (3.33),

=pN—mp—mNp+mN

5 N —mp € (0, 1),
to obtain
_mN(p-1) _sy.m _ 3 _ Ng
1= "N_m = ( 8)m—l_p—q_N—q'

It is easy to check that, instead of the global estimate (3.40), we find

N -2
ngDunlqu <C+ c“gwunwdx](lv‘q)(l m,,)’

where
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Then (P) has at least one weak solution u, possesses the regularity
u e W(}’q(Q) for all ¢ = %r_nl) For the nonconstant case, it remains

an open problem to show that

we Wh@Q) with g() = %)m‘l)

Remark 3.2. Note that the result given in Lemma 3.3 (resp., in

Lemma 3.7) also holds for any measurable function ¢ : Q — R such that

ess il’ﬁlf (% - q(x)) >0 (resp., ess il’ﬁlf (% - q(x)D > 0.

Indeed, in both cases there exists a continuous function s : Q — R such

that for almost every x € Q :

q(x) < s(x) < % (resp,,q(x) < s(x) < %x’)n_l)j

From Lemma 3.3 (resp., Lemma 3.7), we deduce, in both cases, that (,,)
is bounded in Wol’s(')(Q). Finally, by the continuous embedding

Wol’s(')(Q) - Wg’q(‘)(Q) we have the desert result.

Remark 3.3. Under the assumption u € L™(Q) in Theorem 3.2, we

can deduce that p is never in the dual space (W&’p(')(Q))’, so that the

result of this paper deals with irregular data. If m tends to be 1, then

q() = % tends to be %
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