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Abstract 

In this work, we prove existence and regularity of weak solutions for a class of 

nonlinear elliptic equations with variable exponents and measure or mL  data, 
with m being small. The functional setting involves Lebesgue-Sobolev spaces 
with variable exponents. 

1. Introduction 

This work is devoted to the study of the nonlinear elliptic problem 

( l ( ) )− = µ Ω


= ∂Ω

div , , , in ,
0, on ,

a x u Du
u

  (P) 

where Ω  is a bounded open subset of ( )2≥NNR  with Lipschitz 

boundary ,Ω∂  the right-hand side ( )Ω∈µ M  is a Radon’s bounded 

measure on Ω  or in ,mL  and l : N Na Ω× × →R R R  is a Carathéodory 

function and satisfying, a.e. Ω∈x  and R∈∀u  and ,, NR∈ξ′ξ∀  the 

following: 

l ( ) ( ) l ( ) ( )ξ ξ ≥ α ξ ξ = ….
1, , , , , , , ;p

Na x u a x u a a   (1.1) 

l ( ) ( ) ( )( )− −ξ ≤ β + + ξ. 1 . 1, , ;p pa x u h u   (1.2) 

( l ( ) l ( ) ) ( )′ ′ ′ξ − ξ ξ − ξ > ξ ≠ ξ, , , , 0, ,a x u a x u   (1.3) 

where βα,  are strictly positive real numbers, h is a given positive 

function in ( )( ),. Ω′pL  and the variable exponent ( ) ( )∞+→Ω ,1:.p  is 

continuous function such that 

( ) .allfor,12 Ω∈<<− xNxpN  (1.4) 

As a prototype example, we consider the model problem 

( )( )






∂=

δ=− −

,on,0

,in,div 2

Bu

BDuDu xp

 (1.5) 
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where δ  is the Dirac measure at the origin, ( ).p  as in (1.4), and 

{ }.1| <∈= xxB NR  

Variable exponents involve today in various branches of applied 
science. In some cases, they provide realistic models for the study of 
natural phenomena in electro-rheological fluids and an important 
applications are related to image processing. We refer the reader to      
([6], [13], [14], [15]) and the references therein. Clearly, the nonlinearity 
of (1.5) is more complicated than nonlinearity of the p-Laplacian. As the 
exponent which appear in (1.5) depends on the variable x, the functional 
setting involves Lebesgue and Sobolev spaces with variable exponent 

( )( )Ω.pL  and ( )( )..,1
0 ΩpW  In particular, if l ( ) l ( ), , ,a x u aξ = ξ  with l ( )a ξ  

the vector field whose components are ( ). 2p −ξ ξ  and ( ).p  is a continuous 

function on Ω  such that ( ) ,12. Np −>  the existence of renormalized 

solution for an elliptic problem with 1L  data on ,Ω  was proved in [2]. 

Under the additional hypothesis that the exponent variable ( ) 1. >p  is 

log-Hölder continuous, that is, 

( ) ( ) ( ) ,21thatsuchln:0 ≤−Ω∈≠∀
−

−≤−>∃ yxyxyx
MypxpM  

(1.6) 

the existence and uniqueness of both entropy solutions and renormalized 
solutions for the ( )xp -Laplacian equation with a signed measure in 

( ) ( )( ),.,11 Ω+Ω ′− pWL  is proved in [17]. Remark here that the Dirac mass 

is note in ( ) ( )( ),.,11 Ω+Ω ′− pWL  and there is a counterexample in [5] 

showing why the definition of the entropy solution is note suitable for 
uniqueness if the right-hand side .δ=µ  If the variable exponent ( ).p  

satisfies the log-Hölder continuity condition (1.6), ( ),1 Ω∈µ L  and the 

function la  is independent of u, similar results for the notion of entropy 
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solution are established in ([16], [18]). When the boundary value 
condition is a Neumann boundary condition in the context of variable 

exponent and ( ),1 Ω∈µ L  the existence and uniqueness of weak and 

entropy solution of class of elliptic equations has been proved in [3]. An 
existence result of a renormalized solution for the ( )xp -Laplacian 

equation with Neumann nonhomogeneous boundary conditions and 1L  

data is established in [1]. In the constant case ( ) ,12. Npp −>=  the 

existence of a distributional solution u of (P) in the space ( )ΩqW ,1
0  for all 

[ ( ) )1
1,1

−
−∈ N

pNq  has been proved in [4]. If the variable exponent ( ).p  is 

assumed to be merely continuous function, the techniques used in [16] (or 
in [17]) do not work. Therefore, the study of problem (P) is a new and 
interesting topic. Inspired by [2], we prove the existence of weak solution 
for the problem (P) with right-hand side is measure, and the variable 
exponent ( ).p  as in (1.4). We prove also, the existence result for the 

problem (P) when the datum µ  is assumed to be in ( )ΩmL  with →Ω:p  

( )∞,1  is a continuous function and 

( ) ,allfor,111 Ω∈<<−+ xNxpNm  (1.7) 

where 

( )
( ) ( ) .allfor,1 Ω∈

+−
<< xxpNxNp

xNpm  (1.8) 

The main steps of the proof consist of obtaining uniform estimates for 
suitable approximate problems and then passing to the limit. There are 
essentially two difficulties introduced in treating nonlinear elliptic 

operators ( l ( ))= − div , ,Au a x u Du  instead of the Laplacian with variable 

exponents. The first one is to obtain uniform estimates on the solution u 
and the gradients Du. The second difficulty is to pass to the limit when 
the nonlinearity of A depends on u and Du. 
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2. Mathematical Preliminaries 

In this section, we first recall some facts on variable exponent spaces 
( )( ).. ΩpL  We refer to ([7], [9]) and the references therein, for further 

properties of variable exponent Lebesgue-Sobolev spaces. 

Let [ )∞→Ω ,1:p  be a continuous function. We denote by ( )( )Ω.pL  

the space of measurable function ( )xf  on Ω  such that 

( )( ) ( ) ( ) .. +∞<=ρ ∫Ω dxxff xp
p  

The space ( )( )Ω.pL  equipped with the norm 

( ) ( )( ) { ( )( ) }1|0inf: .. . ≤λρ>λ== Ω fff pLp p  

becomes a Banach space. Moreover, if ( ) ,1inf >=
Ω∈

− xpp
x

 then ( )( )Ω.pL  is 

reflexive and the dual of ( )( )Ω.pL  can be identified with ( )( ),. Ω′pL  where 

( ) ( ) .111 =
′

+ xpxp  For any ( )( )Ω∈ .pLu  and ( )( ),. Ω∈ ′pLv  the Hölder type 

inequality 

( ) ( ) ( ) ( ),211
.... pppp vuvu

pp
dxuv ′′−−Ω

≤








′
+≤∫  

holds true. 

We define also the Banach space ( )( )Ω.,1
0

pW  by 

( )( ) ( )( ) ( )( ){ },on0and, ...,1
0 Ω∂=Ω∈Ω∈=Ω fLDfLfW ppp  

endowed with the norm ( )( ) ( )...,1
0 pW Dff p =Ω  The space ( )( )Ω.,1

0
pW  is 

separable and reflexive provided that with ( ) .sup1 ∞<=≤<
Ω∈

+− xppp
x
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The smooth functions are in general not dense in ( )( ),.,1
0 ΩpW  but if the 

exponent variable ( ) 1. >p  satisfies the log-Hölder continuity condition 

(1.6), then the smooth functions are dense in ( )( )..,1
0 ΩpW  

For ( )( )Ω∈ .,1
0

pWu  with ( [ )),,1, ∞+Ω∈ Cp  the Poincaré inequality 

holds (see [10]) 

( ) ( ),.. pp DuCu ≤   (2.1) 

for some constant C which depends on Ω  and the function p. 

Lemma 2.1 ([8]). Let NR⊂Ω  be an open bounded set, with Lipschitz 

boundary, and let ( )Np ,1: →Ω  satisfy the log-Hölder continuity 

condition (1.6). Then we have the following continuous embedding: 

( )( ) ( )( ),..,1 ΩΩ
∗pp LW   

where ( ) ( )
( ) ..

.. pN
Npp
−

=∗  

The following Lemma will be used later. 

Lemma 2.2 ([7]). If ( ) ( )( ),, . Ω∈ p
n Luu  then the following relations 

hold: 

( ) ( ) ( )( ) ( );1;111;11 .. =><ρ⇔=><• uu pp  

( )( ) ( )( ) ( ) ( )( ) ( )( ) ;;max;min
1111

..... 




 ρρ<<





 ρρ• −+−+ pppp uuuuu ppppp  

( ) ( )( ) ;1.. +ρ≤• uu pp  

( ) ( )( ) ,00 .. →−ρ⇔→−• uuuu nppn  

.∞<+pinces  
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Remark 2.1. Note that the following inequality: 

( ) ( ) ,dxDfCdxf xpxp ∫∫ ΩΩ
≤  

in general does not hold (see [9]). But by Lemma 2.2 and (2.1), we have 

( ) { ( )( ) ( )( )
}.;max

−+

ΩΩΩ
≤∫ p

L
p
L

xp
xpxp DfDfCdxf  (2.2) 

Throughout this paper, we denote by C or …,2,1, =iCi  some 

generic positive constants independent of n. 

3. Statement of Results 

Definition 3.1. A function u is a weak solution of problem (P) if 

( ) l ( ) ( ( ) )1,1 1
0 , , , ,Nu W a x u Du L∈ Ω ∈ Ω  

and 

l ( ) ( )0, , , .a x u Du D dx d C∞

Ω Ω
ϕ = ϕ µ ∀ϕ∈ Ω∫ ∫  

 Our main results are the following: 

Theorem 3.1. Let ( )Ω∈µ M  and assume that ( ).p  is restricted as in 

(1.4). Let â  be a Carathéodory function satisfying (1.1)-(1.3). Then the 

problem (P) has at least one weak solution ( )( ),.,1
0 Ω∈ qWu  where ( ).q  is a 

continuous function on Ω  satisfying 

( ) ( )( ) .,1
11 Ω∈

−
−<≤ xallforN

xpNxq  (3.1) 

Now, we will improve the regularity of µ  to obtain more summability 

of the gradients of solutions of (P). 
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Theorem 3.2. Let ( )Ω∈µ mL  and assume that ( ).p  and m are 

restricted as in (1.7)-(1.8). Let la  satisfying (1.1)-(1.3). Then the problem 

(P) has at least one weak solution ( )( ),.,1
0 Ω∈ qWu  where ( ).q  is a 

continuous function on Ω  satisfying 

( ) ( )( ) .,11 Ω∈
−

−<≤ xallformN
xpNmxq  (3.2) 

Proof of Theorem 3.1. The proof needs three steps. 

Step 1: Approximation. 

Let ( )nµ  be a sequence of ( )Ω∞
0C  which converges to ( )Ω∈µ M  in 

( )Ω′D  and verifies the inequality 

( ) ( ) .1,1 ≥∀µ≤µ ΩΩ nMLn   (3.3) 

For ( )( ),.,1
0 Ω∈ pWu  we put 

( l ( ) )= − div , , .Au a x u Du  

The operator A maps ( )( )Ω.,1
0

pW  into ( )( )( ) ,.,1
0

′
ΩpW  thanks (1.3) A is 

monotone. The growth condition (1.2) implies that A is hemicontinuous, 

i.e., for all ( )( ),,, .,1
0 Ω∈ pWwvu  the mapping ( ) wvuA ,λ+λ 6R  is 

continuous. By (1.1) and Lemma 2.2, we can write 

( )( )

( )( )
( )( )ΩΩ

ρ
α≥

.,1
0

.,1
0

.,
pp W

p

W u
Du

u
uAu  

( )( ) ( )( )
( )( )

,
,min

.,1
0

.,1
0

.,1
0

Ω

ΩΩ 







α≥

−+

p

pp

W

p
W

p
W

u

uu
 

this prove that A is coercive. The operator A is bounded. In fact, if 
( )( ),.,1

0 Ω∈ pWu  we get 
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( )( )( ) ( )( ) ( )( )

( ) ( )( ) dxDDuuhAu xpxp

W
W

pW
p

p ϕ++β≤ −−

Ω≤ϕΩ∈ϕ

′
Ω ∫

Ω

11

1, .,1
0

.,1
0

.,1
0

sup  

( ) ( )( ) ( )
( )

,
1.

.
11

1
−

−− ++≤
p

p
xpxp DuuhC  

using the fact that ( ) ( )( ) ,1.. +ρ≤ uu pp  we have 

( )( )( ) ( ) ( ) ( )( ).32.,1
0

xpxpxp
W DuuhCCAu p +++≤ ′

Ω
′

Ω ∫  

Thus, we get the desired result. A result given in [12] (or see [11]) shows that 

A is surjective, and hence there exists a sequence ( ) ( )( )Ω⊂∈
.,1

0
p

nn Wu N  

satisfying 

( ) ( )( ).,,,ˆ .,1
0 Ω∈ϕ∀ϕµ=ϕ ∫∫ ΩΩ

p
nnn WdxdxDDuuxa  (3.4) 

Step 2: Uniform estimates. 

Lemma 3.1. There exists a constant 4C  such that 

( ) ( ) ,0,4 >∀≤∫Ω kkk CdxuDT xp
n   (3.5) 

where kT  is the function defined by 

( )













−<−

≤

>

=

.,

,,

,,

kk

k

kk

k

vif

vifv

vif

vT  

Proof. Take ( )nuTk  as a test function in (3.4). We find 

l ( ) ( ( ) ) ( ), , .n n n n na x u Du D T u dx T u dx
Ω Ω

= µ∫ ∫k k  

( )Ω≤ µ .Mk  
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Using (1.1) and the fact that ( )xpTT kk ′=′  for all ,0>k  we obtain 

( ) ( ) ( ) ( ),. ΩΩ
≤′α∫ Mn

xp
n dxuTuD ukk  

so that 

( ) ( ) .0,4 >∀≤∫Ω kkk CdxuDT xp
n  

 

Lemma 3.2. Let ( ).p  be a continuous function on Ω  and .1>δ  Then 

there exists a constant ( ) 0>δC  independent of n, such that 

( )

( )
( ).

1
δ≤

+ δΩ∫ Cdx
u

Du

n

xp
n  

Proof. For fixed ,1>δ  we define the function δ/v  for all R∈t  by 

( )
( )

,
10 δδ
+

=/ ∫ x
dxtv

t
 

then we have ( ) 10,00 ≤′/<=/ δδ vv  and .1
1
−δ

≤/δv  Taking ( )nuvδ/  as a 

test function in (3.4) and using the last fact, we find 

( )

( )
( ) ,.

1
dxuvdx

u
Du

nn
n

xp
n

δ
ΩδΩ

/µ≤
+

α ∫∫  

,1
1 dxnµ−δ

≤ ∫Ω  

( ) .1−δ
µ

≤ ΩM  

So that we have the proof of Lemma 3.2.   
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Lemma 3.3. Let ( ).p  as in (1.4). Then there exists a constant 5C  such 

that 

( )( ) ,5.,1
0

Cu qWn ≤Ω  

for all continuous functions ( ).q  on Ω  satisfying (3.1). 

Proof. In a first step, let +q  be a constant satisfying 

( ) .1
1 −

−
+ <

−
−

< pN
pNq  (3.6) 

Let us apply Hölder inequality, and Lemma 3.2, we obtain 

( )
( ) dxu

u

DudxDu p
q

p
q

n

n

q
nq

n −

+

−

+

+
+ δ

δΩΩ
+

+

= ∫∫ 1
1

 

( )
( )

−

+

+−−

+−

+
− −

δ

ΩδΩ 









+















+
≤ ∫∫

p
q

qp
qp

q

dxudx
u

Du
n

n

p
n

1

1.
1

 

( ) .1.
1

−

+

+−−

+ −
δ

Ω
δ 










+≤ ∫

p
q

qp
q

dxuC n  

Notice that (3.6) imply .:
+

+
+

+−

+

−
=<

− qN
Nqq

qp
q   Then there exists 

1>δ  such that .+
+−

+
<

−
δ q

qp
q  Using Poincaré-Sobolev inequality 

−

+

++ −

ΩΩ







+≤ ∫∫ p
q

dxuCCdxDu q
n

q
n

1

76


 

( )
−

+

+

+

+ −

Ω







+≤ ∫ p
q

q
q

dxDuCC q
n

1

86


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,86

θ

Ω







+=
+

∫ dxDuCC q
n  (3.7) 

where ( ),1
−

+

+
−

−
=θ

p
q

qN
N  by (1.4) we have ( ).1,0∈θ  We deduce that 

.9CdxDu q
n ≤

+

∫Ω  

Since ( ) ,1+≤
+q

n
xq

n DuDu  we get 

( ) .10CdxDu xq
n ≤∫Ω  

In particular, there exists a constant 011 >C  such that 

( ) .111 Cu Ln ≤Ω   (3.8) 

In a second step, we suppose that (3.1) hold and 

( ) .1
1

−
−

≥
−

+
N
pNq  

By the continuity of ( )⋅p  and ( )⋅q  on ,Ω  there exists a constant 0>δ  

such that 

( )
( )

( )

( )( ) .allfor,1
1

,
min

,
max Ω∈

−
−<

ΩδΩδ ∈∈

xN
tpNtq

xBxB tt ∩∩
 (3.9) 

Note that Ω  is compact and therefore we can cover it with a finite 
number of balls ( ) .,,1 k…=iiB  Moreover, there exists a constant 0>ν  such 

that 

( ) .,,1allfor,:,meas k…∩ =Ω=Ω>Ω=Ω iBiiii ν   (3.10) 

We denote by +
iq  the local maximum of q on iΩ  (respectively, −

ip  the 

local minimum of p on iΩ ), such that 
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( ) .,,1allfor,1
1

k…=
−
−

<
−

+ iN
pNq i

i  (3.11) 

By Poincaré-Wirtinger inequality, we have 

j
( ) ( )

+ +
Ω Ω− ≤ 12 ,q qi ii in n nL Lu u C Du  (3.12) 

with 

j ( )1 , and .
i

i
n n i

i i

Nqu u x dx q
N q

+
+

+Ω
= =
Ω −∫


 

From (3.8), (3.10), and (3.12), we deduce that 

( )
j

( )
j

( )
q q qi i ii i in n n nL L Lu u u u+ + +

Ω Ω Ω≤ − +    

( ) .1312 CDuC
iiq

Ln +≤ Ω
+  

Now, arguing locally as in (3.7), we obtain 

( ) ,11,1514 <−
−

=θ







+≤

−

+

+

θ

ΩΩ

++

∫∫
i

i

i
i

q
n

q
n

p
q

qN
NdxDuCCdxDu

i
i

i
i

i
 

(3.13) 

so that 

.,,1allfor,16 k…=≤
+

∫Ω iCDu i
i

q
n  

Knowing that ( ) +≤ iqxq  for all ,ix Ω∈  and all ,,,1 k…=i  we get 

( ) ,16 i
xq

n CdxDu
i

Ω+≤∫Ω  

so that 

( ) ( ) ,17
1

CdxDudxDu xq
n

i

xq
n

i
=≤ ∫∑∫ Ω=Ω

k
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where 17C  is a constant independent of n. This finishes the proof of the 

Lemma 3.3.   

Step 3: Passage to the limit. 

From Lemma 3.3 together with the continuous embedding 
( )( ) ( ),,1

0
.,1

0 ΩΩ
−qq WW   we have a subsequence (still denoted ( )nu ) such 

that 

( ),inweakly ,1
0 Ω

−q
n Wuu    (3.14) 

( ),instrongly Ω→
−q

n Luu   (3.15) 

,ina.e. Ω→ uun   (3.16) 

( ) ( ) ( )( ),inweakly .,1
0 Ωp

n WuTuT kk    (3.17) 

( ) ( ) ( )( ).instrongly . Ω→ p
n LuTuT kk   (3.18) 

To complete the proof, we need the following lemmas: 

Lemma 3.4. We have 

... Ω→ ineaDuDun   (3.19) 

Proof. In order to prove this lemma it is sufficient to show that 

.measureinDuDun →   (3.20) 

Let ,0>λ  we set for some 0>ε  and ,0>k  the following sets: 

{ } { } { } { },,,,,1 kkkk >Ω∈>Ω∈>Ω∈>Ω∈= DuxDuxuxuxE nn ∪∪∪  

{ },,2 ε>−Ω∈= uuxE n  

{ }.,,,,,,3 λ≥−≤≤≤≤ε≤−Ω∈= DuDuDuDuuuuuxE nnnn kkkk  

We remark that 

{ } ., 321 EEEDuDux n ∪∪⊂λ≥−Ω∈  
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From (3.15), for 0>ε  fixed, we see that 

( ) .as0meas 2 +∞→→ nE  

We choose k  large enough in order to have ( )1meas E  arbitrarily small 

(this is possible by (3.14)). It remains to control ( ).meas 3E  Because the 

set { }λ≥ξ−ξ≤ξξ 2121 ,,, ks  is a compact set and ( ) l ( ), , ,s a x sξ ξ6  

is continuous for a.e. ,Ω∈x  the quantity 

( l ( ) l ( ) ) ( )1 2 1 2, , , , 0,a x s a x sξ − ξ ξ − ξ >  

reaches its minimum value on this compact set, and we will denote it by 
( ).xw  Consequently, for any ,0>η  there exists 0>η′  such that 

( ) ( ) .meas 3
3

η≤⇒η′<∫ Edxxw
E

  (3.21) 

Hence, it is sufficient to show that for any given 0>η′  one can produce a 

small enough ,0>ε  such that 

( ) .
3

η′<∫ dxxw
E

  (3.22) 

By the definition of ( )xw  and ,3E  we can write 

( ) ( l ( ) l ( ) ) ( )
3 3

, , , ,n n n n
E E

w x dx a x u Du a x u Du Du Du dx≤ − −∫ ∫  

{ }
( l ( ) l ( ) ) ( ) ( )ε

≤ ≤
≤ − − χ −∫ :

, , , ,
n

n n n n n
x u u

a x u Du a x u Du Du Du u u dxk k k

k, k
 

( l ( ) l ( ) ) ( ) ( )ε
Ω

≤ − − χ −∫ , , , ,n n n n na x u Du a x u Du Du Du u u dxk k k  

l ( ) ( ) l ( ) ( ), ,n n n n na u Du DT u u a u Du DT u uε ε
Ω Ω

≤ − − −∫ ∫k k k  

ε ε= −1 2
, , ,n nT T  (3.23) 
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where εχ  denotes the characteristic function of [ ] [ ]0, 0, 1 .ε ⊂  We begin 

with 2
, ,nT ε  that we write as 

l ( ) ( ) ( )ε ε
Ω

= − χ −∫2
, , ,n n n nT a x u Du Du Du u u dxk k k  

l ( ) ( ) ( )1 1 1, , .n n na x u Du Du Du u u dx+ + +
ε

Ω
= − χ −∫ k k k k k k  

Using Lemma 3.1, assumption (1.2), the fact that ,p+ < ∞  and Lebesgue’s 
dominated convergence theorem, we obtain 

l ( ) ( ) l ( ) ( )1 1 1 1, ,n na u Du u u a u Du u u+ + + +
ε εχ − → χ −k k k k k k k k  

( ) ( )′ Ω.strongly in ,pL  

and in view of (3.17), we get 

( )( ),inweakly .11 Ω++ p
n LDuDu kk   

so that 

l ( ) ( ) ( )2 1 1 1
,lim , , .nn

T a x u Du D u u u u dx+ + +
ε ε

Ω
= − χ −∫ k k k k k k  

Therefore, we conclude 

2
,0

lim lim 0.nn
T εε→

=  (3.24) 

To estimate 1
, ,nT ε  we choose ( )nT u uε − k  as a test function in (3.4), we 

have 

( ) ( ) 0as01
, →ε→µε≤−µ= Ωε

Ω
ε ∫ Mnnn dxuuTT k  (3.25) 

uniformly in n. For ε  small enough, we have from (3.23), (3.24), and 
(3.25) that (3.22) holds, and by (3.21), also that ( ) .meas 3 η≤E  Thus, we 

have the convergence of ( )nDu  to ( )Du  in measure, which proves the 

Lemma.   
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Lemma 3.5. We have 

l ( ) l ( ) ( ) ( )→ Ω., , , , ,q
n na x u Du a x u Du strongly in L   (3.26) 

for some continuous function ( ) [ ).1,1:.
−

→Ω N
Nq  

Proof. To prove (3.26), we apply Vitali’s theorem. In one hand, by 

(3.16), (3.19) and the fact that la  is a Carathéodory function, we have 

( ) ( ) .ine..a,,,, Ω→ DuuxaDuuxa nn  

On the other hand, for all continuous function ( ) [ )1,1:.
−

→Ω N
Nq  

and from (1.4), we can choose a continuous function ( ).r  on Ω  such that: 

For all Ω∈x  

( ) ( )

( ) ( )







−
<<

−

−
<<≤

.11
1

,11

N
Nxrxp

N
Nxrxq

 

Therefore, we have 

( ) ( )( ) ( )( ) ( ) ( )..1.and1
1.1..1 pN

NrN
pNpr ′<

−
<

−
−<−<  (3.27) 

Using (1.2), we get that the sequence ( l ( ) ), ,n n na x u Du  is bounded in 

( )( ).. ΩrL  Indeed, we have 

l ( ) ( ), , r x
n na x u Du dx

Ω∫  

( ) ( ) ( ) ( )( ) ( ) ( )( ) .3 111
18 







 ++≤ −

Ω

−

ΩΩ

− ∫∫∫ dxDudxudxhC xpxr
n

xpxr
n

xrxr  

Since ( ) ( ),.. pr ′<  we get 

( ) ( ) .∞<Ω+< ′

ΩΩ ∫∫ dxhdxh xpxr  



F. MOKHTARI et al. 90

Using (3.27) together with Lemma 3.3, (2.2), and the Poincaré inequality, 
we find 

( ) ( )( ) ( ) ( )( ) ,and 20
1

19
1 CdxDuCdxu xpxr

n
xpxr

n ≤< −

Ω

−

Ω ∫∫  

To prove the equi-integrability of l ( ), , ,n na x u Du  using the Hölder’s 

inequality and Lemma 2.2 together with the boundedness of 
l ( ), ,n na x u Du  in ( )( ),. ΩrL  we obtain 

l ( ) ( ) l ( ) ( ) ( )
( ) ( ( )

( ) )
′≤∫ . .

. .
, , 2 , , 1r r

q q

q x q x
n n n n

E
a x u Du dx a x u Du  

{ } ( )
( ) ( ) ,..

.,,max
11

21 qr
rEEC
−

=ω≤ −ω+ω  

which finish the proof of this Lemma.   

Finally, for ( ),0 Ω∈ϕ ∞C  we have 

l ( ) ( ), , .n n na x u Du D dx x
Ω Ω

ϕ = ϕµ∫ ∫   (3.28) 

Using (3.26), we can pass to the limit for +∞→n  in the weak 
formulation (3.28) and we obtain that u is a weak solution for (P).   

Proof of Theorem 3.2. By proceeding as in Theorem 3.1, the proof 
needs three steps. 

Step 1: Approximation. 

By the density property, we can choose a sequence ( ) ( )Ω⊂µ ∞
0Cn  

( ) ,as,instrongly ∞→Ωµ→µ nLm
n  

such that 

( ) ( ) .1, ≥∀µ≤µ ΩΩ nmm LLn   (3.29) 

Hence, by the same manner as above, the weak formulation (3.4) holds 
true for ( )nµ  satisfy (3.29). 
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Step 2: Uniform estimates. 

We prove the following estimates: 

Lemma 3.6. Let ( ).p  as in (1.7), and m as in (1.8). Then, for any 

constant ,10 <δ<  there exists a constant δC  independent of n such that 

( )

( )
( )( ) .11

1

1

1
1

1




















 ++≤
+

−
δ−

Ω
δδΩ

−∫∫
m

m
m

dxuCdx
u

Du
n

n

xp
n  (3.30) 

Lemma 3.7. Let ( ).p  as in (1.7), m as in (1.8), and ( ).Ω∈µ mL  Then 

there exists a constant 22C  such that 

( )( ) ,22.,1
0

Cu qWn ≤Ω  

for all continuous functions ( ).q  as in (3.2). 

Proof of Lemma 3.6. For any given ,10 <δ<  we define the 

function RR →/δ :v  by 

( )
( )

.
10 δδ
+

=/ ∫ x
dxtv

t
 

It’s a clear that 

( )
( )

( ),sign
1

111
1

1 t
t

tv 










+
−

−δ
=/ −δδ  

where sign(t) denotes the sign of t. Note that δ/v  is a continuous function 

satisfies ( ) ,00 =/δv  and ( ) .1≤⋅′/ δv  In the same way as in above, we take  

( )nuvδ/  as a test function in (3.4), we obtain 

( ) ( ) ( ) .,,ˆ dxuvdxuvDDuuxa nnnnn δ
Ω

δ
Ω

/µ=/ ∫∫  

By (1.1) and using Hölder’s inequality, we obtain 
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( )

( ) ( ) ( ) ( )ΩδΩδΩ
′/µ≤

+
α∫ mm LnLn

n

xp
n uvdx
u

Du .
1

 

( ) .
11

123
m

dxuvC m
m

n

−

−δ
Ω









/≤ ∫  

Since for any ( )
( )

,1
1

1
1

1,10 1 









−

+δ−
=/<δ<

−δδ
t

tv  we have 

( ) ( )( ) .11 11 1
24 





 ++≤/ −−

δ−
δ m

m
m

m
nn uCuv  

So, 

( ) ( )( ) .11
1

1

1

1
1

1
25

1





















 ++≤







/

−
δ−

Ω

−

δ
Ω

−− ∫∫
m

m
mm

m
m

dxuCdxuv nn  

Hence, 

( )

( )
( )( ) .11

1

1

1
1

1




















 ++≤
+

−
δ−

Ω
δδΩ

−∫∫
m

m
m

dxuCdx
u

Du
n

n

xp
n  

 

Proof of Lemma 3.7. Firstly, note that since 1>m  and ( ).p  is 

defined as in (1.7), we get 

( )( ) .allfor,11 Ω∈
−

−< xmN
xpNm  

Now, consider the following cases: 

Case (a): Let +q  be a constant satisfying 

( ) .1
mN

pNmq
−

−
<

−
+  (3.31) 

Note that the assumption (1.8) implies that 
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( ) .1 −
−

<
−

− pmN
pNm  (3.32) 

Using Hölder’s inequality with (3.30), we obtain 

( )
( ) dxu

u

DudxDu p
q

p
q

n

n

q
nq

n −

+

−

+

+
+ δ

δΩΩ
+

+

= ∫∫ 1
1

 

( )
( )

−

+

+−−

+−

+
− −

δ

ΩδΩ 









+















+
≤ ∫∫

p
q

qp
qp

q

dxudx
u

Du
n

n

p
n

1

1.
1

 

( )( ) ( )
−

+

+−−

+−

+

−

−
δ

Ω

−
δ−

Ω
δ 










+





















 ++≤ ∫∫
p
q

qp
qp

q

m
m

m
dxudxuC nn

11
1 1.11

1

1  

( )( )
( )

( ) ,11.11
11

1
26

1

1
−

+

+−−

+
−

+

−

−
δ

Ω

−
δ−

Ω 



















++
























 ++≤ ∫∫
p
q

qp
qp

q
m

m
m

dxudxuC nn  

so, 

≤
+

∫Ω dxDu q
n  

( )( )
( )

( ) .11.11
11

1
1

1
−

+

+−−

+
−

+

−

−
δ

Ω

−
δ−

Ω 



















++















 ++ ∫∫
p
q

qp
qp

q
m

m
m

dxudxuC nn  

(3.33) 

By (3.31) and (3.32), we get 

( )
( ) ( )

.1
1

0 <
−+−

−
<

+−+

+−

qpmqm
qpm  
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On the other hand, since the inequality ,
NpNp

Npm
−+

<
−−

−
 is equivalent 

to ( ) ,1
mNmN

mN
mN

pNm
+−

<
−

−−
 by (3.31), we obtain <+q .mNmN

mN
+−

 

This inequality is equivalent to 

.110 




 −










−
−<

+

+

m
m

qN
Nq  

Also, (3.31), is equivalent to 

( )
( ) ( )

.
1

11
+−+

+−

+

+

−+−

−
<





 −










−
−

qpmqm
qpm

m
m

qN
Nq  (3.34) 

Now, choose ( )1,0∈δ  such that 

( ) ,1
1
−
δ−

<
−

δ
+−

+

m
m

qp
q  (3.35) 

and 

( ) .:1
1

+

+
+

−
=<

−
δ−

qN
Nqqm

m   (3.36) 

Notice that (3.35) and (3.36) are, respectively, equivalent to 

( )
( ) ( )

,
1 +−+

+−

−+−

−
<δ

qpmqm
qpm  (3.37) 

and 

.11 




 −










−
−>δ

+

+

m
m

qN
Nq  (3.38) 

So, a such choice of ( )1,0∈δ  is possible since the inequalities (3.34) hold 

true. Therefore, by (3.33), we can write 
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( )( )
( )

.11
1

1
11

1
27

−

+

−

+

−
+ −−+

δ−

ΩΩ







 ++≤ ∫∫ p
q

p
q

m
m

m
dxuCdxDu n

q
n  

So that 

( )
.1

1

28 1
1 −

+

−
δ−+ −

ΩΩ







 +≤ ∫∫ mp
q

m
m

dxuCdxDu n
q

n  

Taking in consideration (3.36), the last inequality becomes 

.1
1

−

+

++ −

ΩΩ







 +≤ ∫∫ mp
q

dxuCdxDu q
n

q
n


 (3.39) 

Using Sobolev inequality with ,+q  we obtain 









−









ΩΩ

−

+

+−++







 +≤ ∫∫ mp
q

qN
N

dxDuCdxDu q
n

q
n

1

29 1  

.
1

3030








−









Ω

−

+

+−+







+≤ ∫ mp
q

qN
N

dxDuCC q
n  (3.40) 

By the fact that 

,
−−

−
<

+−
<

p
N

pNNp
Npm  (3.41) 

together with the assumption (3.31), this implies that 

.110and <







−









−
<<

−

+

+
−+

mp
q

qN
Nmpq  

Hence, the estimate (3.40) imply that ( )nDu  is bounded in ( ).Ω
+qL  Since 

( ) ,1+≤
+q

n
xq

n DuDu  we obtain that ( )nu  is bounded in ( )( )..,1
0 ΩqW   

This completes the proof in Case (a).  
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Case (b): Let q be a continuous function satisfying (3.2) and 

( ) .1
mN

pNmq
−

−
≥

−
+  

Now, similarly as in proof of Theorem 3.1, we have the following 
estimates as in (3.9), (3.10), and (3.11): 

( )
( )

( )

( )( ) .allfor,1,0
,

min
,

max Ω∈
−

−
<>η∃

ΩηΩη ∈∈
xmN

ypNmyq
xBxB yy ∩∩

(3.42) 

and 

,,,1allfor,:,,0 k…∩ =Ω=Ωρ>Ω>ρ∃ iBiii   (3.43) 

and 

( ) ,,,1allfor,1
k…=

−
−

<
−

+ imN
pNmq i

i  (3.44) 

where ( )xqq
ix

i
Ω∈

+ = max  and ( ).min xpp
ix

i
Ω∈

− =  Using the same arguments as 

before locally, we obtain the similar estimate as in (3.39) 

.,,1allfor,1
1

31 k…=









+≤

−

+

++
−

ΩΩ ∫∫ idxuCdxDu imp
iq

i
i

i
i

q
n

q
n



 (3.45) 

On the other hand, the Poincaré-Wirtinger inequality gives 

j
( ) ( )32 ,q qi ii in n nL Lu u C Du+∗ +
Ω Ω− ≤  (3.46) 

where 

j 1 .
i

n n
i

u u dx
Ω

=
Ω ∫  

Moreover, note that the sequence ( )nnu  is bounded in ( ).1 ΩL  So, from 

(3.43), we have 

j
( )Ω ≤1 33.n Lu C  
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Therefore, by (3.46), we deduce that 

( )
j

( )
j

( )
q q qi i ii i in n n nL L Lu u u u+ + +

Ω Ω Ω≤ − +
    

( ) .,,1allfor,3432 k…=+≤ Ω
+ iCDuC

iiq
Ln  

Thus, using (3.45), we obtain 

.
1

3535













−














ΩΩ

−

+

+−++







+≤ ∫∫ imp
iq

iqN
N

ii dxDuCCdxDu q
n

q
n  

By (3.44) and arguing locally as in (3.41), we deduce 

,110 <









−











−
<

−

+

+
i

i

i mp
q

qN
N  

so that 

.,,1allfor,36 k…=≤
+

∫Ω iCDu i
i

q
n  

Recall that 

( ) .,,1alland,allfor k…=Ω∈≤ + ixqxq ii  

So, we get 

( ) .37CdxDudxDu i
q

n
xq

n i
ii

≤Ω+≤
+

∫∫ ΩΩ
 

Since i
i

i
Ω⊂Ω

=

=
∪
k

1
 for all ,,,1 k…=i  we deduce that 

( ) ( ) .38
1

CdxDudxDu xq
n

i

xq
n

i
=≤ ∫∑∫ Ω=Ω

k
 

This finishes the proof of the Case (b).   
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To end the proof of Theorem 3.2, we need the following lemmas which 
are similar to (3.16), Lemmas 3.4 and 3.5. So, we omit their proofs. 

Lemma 3.8. 

... Ω→→ ineaDuDuanduu nn  

Lemma 3.9. 

l ( ) l ( ) ( ) ( )→ Ω., , , , ,q
n na x u Du a x u Du strongly in L  

for some continuous function ,,1: 






−
→Ω mN

Nmq  where m is as defined 

in (1.8). 

Finally, we pass to the limit for +∞→n  in the weak formulation and 
we obtain that u is a weak solution for (P).   

Remark 3.1. Remark that in the constant case and ( ),Ω∈µ mL  we 

choose in (3.33), 

( ),1,0∈
−

+−−=δ mpN
mNmNpmppN  

to obtain 

( ) ( ) .111
qN

Nq
qp

q
m

m
mN

pmNq
−

=
−
δ=

−
δ−⇒

−
−=  

It is easy to check that, instead of the global estimate (3.40), we find 

( )( )
,

1 mp
q

qN
N

dxDuCCdxDu q
n

q
n

−

ΩΩ

−







+≤ ∫∫  

where 

.110 <




 −







−
< mp

q
qN

N  
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Then (P) has at least one weak solution u, possesses the regularity 

( )Ω∈ qWu ,1
0  for all ( ) .1

mN
pNmq
−
−=  For the nonconstant case, it remains 

an open problem to show that 

( )( ) ( ) ( )( ) .1..with.,1
0 mN

pNmqWu q
−

−=Ω∈  

Remark 3.2. Note that the result given in Lemma 3.3 (resp., in 
Lemma 3.7) also holds for any measurable function R→Ω:q  such that 

( )( ) ( ) ( )( ) ( ) .01infessresp.,01
1infess >














 −

−
−>






 −

−
−

ΩΩ
xqmN

xpNmxqN
xpN  

Indeed, in both cases there exists a continuous function R→Ω:s  such 

that for almost every :Ω∈x  

( ) ( ) ( )( ) ( ) ( ) ( )( ) .1.,resp1
1









−
−<≤

−
−<≤ mN

xpNmxsxqN
xpNxsxq  

From Lemma 3.3 (resp., Lemma 3.7), we deduce, in both cases, that ( )nu  

is bounded in ( )( )..,1
0 ΩsW  Finally, by the continuous embedding 

( )( ) ( )( )ΩΩ .,1
0

.,1
0

qs WW   we have the desert result. 

Remark 3.3. Under the assumption ( )Ω∈µ mL  in Theorem 3.2, we 

can deduce that µ  is never in the dual space ( ( )( )) ,.,1
0

′ΩpW  so that the 

result of this paper deals with irregular data. If m tends to be 1, then 

( ) ( )( )
mN

pNmq
−

−= 1..  tends to be ( )( ) .1
1.

−
−

N
pN  

 

 

 

 



F. MOKHTARI et al. 100

References 

 [1] E. Azroul, A. Barbara, M. B. Benboubker and S. Ouaro, Renormalized solutions for a 
( ) Laplacian-xp  equation with Neumann nonhomogeneous boundary conditions and 

data,-1L  Annals of Univ. of Craiova, Mathematics and Computer Science Series      
40 (2013), 9-22. 

 [2] M. Bendahmane and P. Wittbold, Renormalized solutions for nonlinear elliptic 

equations with variable exponents and data,-1L  Nonlinear Analysis TMA 70(2) 
(2009), 567-583. 

 [3] K. Bonzi Bernard, I. Nyanquini and S. Ouaro, Existence and uniqueness of weak and 
entropy solutions for homogeneous Neumann boundrary-value problems involving 
variable exponents, Electronic Journal of Differential Equations 12 (2012), 1-19. 

 [4] L. Boccardo and T. Gallouët, Nonlinear elliptic equations with right hand side 
measures, Comm. Partial Differential Equations 17 (1992), 641-655. 

 [5] L. Boccardo, T. Gallouët and L. Orsina, Existence and uniqueness of entropy 
solutions for nonlinear elliptic equations with measure data, Ann. Inst. H. Poincaré 
Anal. Non Linéaire 13(5) (1996), 539-551. 

 [6] Y. Chen, S. Levine and M. Rao, Variable exponent, linear growth functionals in 
image restoration, SIAM J. Appl. Math. 66 (2006), 1383-1406. 

 [7] L. Diening, P. Harjulehto, P. Hästö and M. Ruzicka, Lebesgue and Sobolev Spaces 
with Variable Exponents, Vol. 2017 of Lecture Notes in Mathematics, Springer, 
2011. 

 [8] D. Edmunds and J. Rakosnik, Sobolev embeddings with variable exponent, Studia 
Math. 143 (2000), 267-293. 

 [9] X. L. Fan and D. Zhao, On the spaces ( )( ) ,UL xp  and ( ) ( ) ,, UW xpm  J. Math. Anal. 
Appl. 263 (2001), 424-446. 

 [10] P. Harjulehto, P. Hästö, M. Koskenoja and S. Varonen, The Dirichlet energy integral 
and variable exponent sobolev spaces with zero boundary values, Potential Analysis 
25(3) (2006), 205-222. 

 [11] B. Lv, F. Li and W. Zou, Existence of weak solutions for some nonlinear elliptic 
equations with variable exponents, Complex Variables and Elliptic Equations          
58 (2013), 1431-1447. 

 [12] J.-L. Lions, Quelques Méthodes de Résolution des Problémes aux Limites non 
Linéaires, Dunod, 1969. 

 [13] M. Mihailescu and V. Radulescu, A multiplicity result for a nonlinear degenrate 
problem arising in the theory of eletro-rheological fluids, Proc. R. Soc. A. 462 (2006), 
2625-2641. 

 



NONLINEAR ELLIPTIC EQUATION WITH VARIABLE … 101

 [14] K. Rajagopal and M. Ruzicka, Mathematical modelling of electro-rheological fluids, 
Contin. Mech. Thermodyn. 13 (2001), 59-78. 

 [15] M. Ruzicka, Electrorheological fluids: Modeling and Mathematical Theory, Springer, 
Berlin, Lecture Notes in Mathematics 1748, 2000. 

 [16] M. Sanchon and J. M. Urbano, Entropy solutions for the ( ) Laplace-xp  equation, 
Trans. Amer. Math. Soc. 361 (2009), 6387-6405. 

 [17] C. Zhang and S. Zhou, Entropy and renormalized solutions for the ( ) Laplacian-xp  
equation with measure data, Bull. Aust. Math. Soc. 82 (2010), 459-479. 

 [18] C. Zhang, Entropy solutions for nonlinear elliptic equations with variable exponents, 
Electronic Journal of Differential Equations 92 (2014), 1-14. 

g 


