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Abstract

This paper analyzes a fractional SECIR model to study infectious disease dynamics, particularly
their impact on individuals with chronic conditions. We establish the existence, uniqueness,
and stability of solutions under specific parameter constraints. Using Algerian health data, we
estimate model parameters and demonstrate that the basic reproduction number for Tuberculosis
in Algeria is below one, suggesting disease control is achievable through vaccination, treatment,

and isolation measures.

Keywords: Mathematical modeling; infectious disease; existence; stability; estimation

parameters.



Introduction

Our SECIR model divides the population (denoted as N) into five classes: Susceptible S,
Exposed E, Chronic diseases C', Infected I, and Recovered R. The parameters of the SECIR
model are defined as follows:

o A is the influx rate that expresses the arrival of people (birth rate and visitors from other
societies).

o We denote by p < A the rate of natural death population.

o o signifies the death rate of infected individuals with chronic conditions, excluding
infectious diseases. The inclusion of ¢ accounts for the higher significance of the death rate
among individuals with chronic diseases compared with other compartments.

o (1 and [, are the contact rates between the susceptible S and infectious populations C'
and [.

o # and ¢ describe the rates of transfer of exposed E to infectious populations C' and [
respectively.

o p and ¢ represent the recovery rates from infectious populations C' and I respectively.

o k and v are the death rates of the populations C' and I due to the infectious diseases
respectively.

o v is the vaccine rate of the suspected population, and 7 is the rate of transfer of recovered
population R even those who were vaccinated to the susceptible population S, (taking into
account some infectious diseases have various versions, and the vaccine might not always be
fully effective due to mutations).

For 0 <t<T < o0, and 0 < a < 1, we have:

CDgS(t) = AN () — (2GR0 4y 1) S (1) + 7R (1),

Dy E(t) = 2CQERIS (1) — (0+5+p) E(1),

CDLC(t) = OE(t)—(p+r+o+p)C(t), (1)
Dyl(t) = 0E(t)—(g+y+n)I(t),

Dy R(t) = vS(t)+pC(t)+ql(t)—(T+p) R(t).

Infection transmission alterations within the SECIR model can be interpreted by referring
this chart:
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Figure 1: Transmission scheme for the SECIR model of an infectious disease



Analysis for the Fractional SECIR Model

Lemma 1 Let Ny be the initial total population at t = 0, where 0 < t < T < oo, then the

solution of the considered population dynamic model is restricted to the feasible region given by

(S,E,C.LR) €RL, SO+ EM)+C () +1(0)+R(t) =N (1) SN = Noexp (W) |

This shows the boundedness of the population dynamic model under consideration.
Now, we need to normalize the SECIR model (1). Therefore, we put:
S C
s =5 =5 co=5 zT@W=4 RO=5 (2)

then we obtain

DgS(t) = A= (BiC(t)+BI(t)+v+u)SEH) +TR(1),

CDE(t) = (BC(t)+ BT (1)S(t) = (0+5+p)E(t),

CDg.C(t) = 6E()—(p+r+o+p)C(1), (3)
“DHI(t) = oE(t)—(a+rv+u)I(t),

“DyR(t) = vS(t)+pC(t)+qZ(t)— (1+p)R(t),

along with the positive initial conditions
S0)=uy, £0)=wuy, C0)=wuz, Z(0)=wuy, R(0)=us. (4)
Theorem 2 Let o € (0,1] and p1, B2, p,q,0,0,k,7,7,v,0,u, T € Ry, be such that
C=max{f +Ps+v,0+0,p+K+0,q+,T}

We assume
T (€ + p)

I'(a+1)

Hence, there ezists a unique solution to problem (3)-(4) on [0,T].

< 1. (5)

Theorem 3 The basic reproduction number of system (3) is expressed as

Rpy — A(T + ) 00 02
b= + .
p@+o+p)(t+v+p) \p+r+o+u qg+v+nu

We define the positive real values

A =0+0+pu, A =p+Kr+o+u,

As=q+7+u, m=v(k+o)+pu(v—p),
772:U”Y(5+/L6(U—Q), 773:)\1()\3—’[))"‘)\2()\1—U)+)\3()\2—U),
_mb Mo O(kto+p)  S(y+p)



to simplify the calculation for getting the following theorem.
Theorem 4 The system (3) has two types of equilibrium points

1. Disease-free equilibrium

70707077

AT+ A
Dfp = (S0, E9, Co, Tos Ro) = ((T“) “) |
[ P

2. Endemic equilibrium point Eqp = (S*,E*,C*,T*, R*) which is

X' Mds T Aadsds T Aadshg
where )
* = 1—- 22 (mp—1
R =R (1235 (- 1)),
with o
)\0:%, )\4:T+U+,u,
A _ T )\6:@ P20
° pAs A2 Az

The existence of the endemic equilibrium point is contingent upon Rp > 1.

Data Fitting Analysis through Numerical Simulation

In this section, we validate our analytical findings by establishing specific parameter values and
employing the Adams-type predictor-corrector method [5, 6] to achieve a numerical simulation
of the proposed nonlinear system (1) to obtain an approximate solution for the proposed model.

This section also provides a focused data analysis of the Tuberculosis pandemic in Algeria to
reveal the dynamics and trends of the virus in the country. Utilizing a dataset from authoritative
health sources, we employ statistical and graphical methods to scrutinize key epidemiological
indicators over specific periods. This study contributes valuable insights into ongoing endeavors
aimed at comprehending and addressing the Tuberculosis situation in Algeria (see [1]).

Figure 2 presents a 40-year timeline (1982 onwards) of confirmed Tuberculosis cases, high-
lighting a noteworthy decline after an initial surge [7]. This decline substantiates the effectiveness
of the Algerian government’s health interventions for disease control.

The consistent alignment of the predictive model with the observed cumulative infection

pattern further reinforces the robustness of the analysis over an extended period.
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